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PREFACE

This e-book, Calculus 1: Limits aimed to help students in
mathematic subject. Targeted users for this module is
students who take foundation course. Mathematical tips
and formulas will be placed in accordance to the
subtopics whilst each questions will be displayed based
on the syllabus carried out during the lesson. At the end
of each topic, targeted students should meet up with the
lecturer to discuss over the solution of mathematics
problem. With the existence of this e-book, hopefully it will
be beneficial and give positive impact towards teaching
and learning for students and lecturers as a whole.



Basic Theorems on Limit




S “Letlim f(x) =L and lim g(x) =M *

X—=d X—=d

1) lim [£(x) +g(x)] =tim f(x) + lim g(x)

X—=a x—a x—a

=L+ M

2) lim [f(,r) —g(x) ]= lim f(x) = lim g(x)

xX—=a x—a x—a

=L-M

3) lmMf(x)=M limf(x)

x—=a xX—a

=M(L)

4) lim f(x) - g(x)=lim f(x) - lim g(x)

X—=d X—=a X—=d

=L M

lim f ( x)
5) Lim f(x) _x—a
g &(X) lim f ( x)

2|~ T
o

6) lim[f(xn] = [Iimj(x)}"

x—a x—a

=L¢

7)  lim A/f(x) = [lim f(x)
N



el

Limit : Direct Substitution




Properties of Limits

lim f(x) = f(c)

X—=cC

Exercise 1:

Determine the limit for each of the following.

lim x2 4+ 3x— 18
a) x—=3

lim 2x3—x2+3x-4

b) x—=-2

lim(7+\f.r3+ 11)

C) x5

Exercise 2:

Evaluate the limit for the following functions.

(Xl_4)

lim

a) =1\ X+ 1
. ( X<+ 6x+8)
lim -

b) x-2 x=+4



Solution:
Exercise 1

a) lim x24 3x— 18

r=3
=324+3(3) 18
=0

b) lim 2x3—x24+3x—4

x—=-2
=2(-2)3-(-2)2+3(-2) - 4
=-30

c) fim ( 74 %2+ 11)

x=5

=T7+4/52+11

silg

Exercise 2

()
1m
a) =t A xt+

x?+6x+8
b) lim %
r=2\ x°+4
_22+6(2) +8
224+ 4

24

=3

10



Limit : Factorization %



Find the limits by factoring

Exercise 1 :

Determine the limit for the following
function.

. x24+x-6

lim ——
a) x—=72 x—2
2144 513
b) lim——

rm0 61O+ 413

Exercise 2 :

' e 2x _ e 4x
Evaluate lim "
x—=0 l—e*

Exercise 3 :
o 3—x
Evaluate the limit : 1im
o3 x2—3x

Exercise 4 :

Evaluate lim f(x) if f(x) =

x—-2

Don't leave your
answer “Undefined”.

Use other method to
solve the problems.




Solution:

Exercise 1 :

a) 1% Method : Direct Substitution

0
=E ( Undef ined)

2" Method : Factorization

x24+x-6 o (x=2)(x+ 3
lim

lim =
x—2 x—2 x—2 x=2
lim x+3

x—=2

=2+3
=%

b) 1% Method : Direct Substitution

o 244513

lim ———

-0 66— 473

_ 2(0)4-9-5(0)3
6(0)6—4(0) 3

0 .
=— ( Undef ined)
0

13



27 Method : Factorization

2+ 513 132+ 5)

lim = lim
10 615— 413 g 13( 63~ 4)

 u+5
lim
=0 6I3_4
_2(0) +5
6(0)3-4
5

4

Exercise 2 :

15t Method : Direct Substitution

2 4x

e
lim
x=0 L— e

2200) _ p4(0)

—e

1- 20

0

= 6 ( Undef ined)

2" Method : Factorization

) 6‘2* e4r ) 62"{ 1— el\')
lim ~—= lim -
=0 1—e? x—=0 l—e™

=lim e
x=0

— 2D

=1

14



Exercise 3 :

15t Method : Direct Substitution

i 3—x

lim

x—3 X°—3x
3-3

32-3(3)

( Undef ined)

o|o

2" Method : Factorization

. 3—x . 3—-x
lim = lim
x-3x2=3x 3 x(x=3)

Exercise 4 :

Left Hand Limit
2_
lim f(x)= lim
x—=-2" x—-2" x=3
_2A-2)2-5
T (-5

3
4



Right Hand Limit

13 Method : Factorization

. . i x2—-2x—8
lim f(x)= lim ——————
ro 2t vt X —dx—12

(-2)2-2(-2) -8

(-2)2=4(-2)-12

0
— ( Undef ined)
0

2" Method : Factorization

. . x2-2x-8
lim f(x)= lim ————
et yos.a+ X2—dx—12
(x—4)(x+2)

it (3= 6) (x+2)

= lim
x—-2%F x=6

(- -4
T(-2-6
-6
)
3
T

16
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Limit : Conjugate




Find the limit using conjugate

Exercise 1 :

Evaluate each of the following limit :

35— 9
a)  lim——

x—3 «1x+6—3
b) lim A xZ+5-3

) x—2

Exercise 2 :

Flnd Fen (51—2) +\ﬂ,\"+4

2x

x—-0

Exercise 3 :

Determine :
Jx+6—4/7
a) lim—Y+———
x—1 x—1

b) 1im—‘/§_ v 10-x

75 x2-125

Don't leave your
answer “Undefined”.

If you see a square root
symbol you have to use
conjugate.




Solution:

Exercise 1 :

a) 1% Method : Direct Substitution

. 3x—9 3(3) -9
lim =
r=34/x+6-3 (3H+6-3
_9—9
3-3
2 Undef ined)
= JRraef meda
0

2" Method : Conjugate

i 3x—9 i 3x-9 x+6+3
lim =lim .
x=34fx+6-3 x-34x+6-3 x+6+3

(3x—9) -+ /x+06+3

= lim
r=3x4+64+3Jx+6-3/x+6-9
T (3x=9) - y/x+6+3

=im-—-—-—--"

x+6-9

x=3
3(x=3)-/x+6+3
(x=13)

=lim
x=3

=lm3-y/x+6+3

x=3
=3-4/(3) +6+3
=3-6
=18

b) 1% Method : Direct Substitution

. \/x2+5—3=\/(2)2+5—3

2 x=2 (2)-2
_3-3
2-2
0 .
= —( Undef ined)
0

19



2" Method : Conjugate

lim XX *5=3 _ . Vx*+5-3 yx’+5+3
- x=2 X=2  [y24543
o X245-3Yx?+543x*+5-9
= lim
x=2 (x=2){x2+5+3
M x2-4
= lim——————
x=2(x—2)/x*+5+3
= lim (x=2)(x+2)
x+2(x=2)x>+5+3
= tim ——x*2)__
x*2m+3
__ [(2)+2]
V2P +5+3
_2+2
3+3

x=2

—e
6 3

Exercise 2 :
15t Method : Direct Substitution

P (55=2) +4/x+4 [5(0) = 2]+ +/(0) +4

g 2 2(0)

0
= H( Undef ined)

2" Method : Conjugate
lim (5x=2)+yx+4 _ lim (5x-2)+yx+4 (5x-2)—-yx+4

x=0 2x x=0 2x (5x-2)-x+4
- lim (5x=2)(5x=2)—(5x—2)yx+4 +(5x-2)yx+4—-(x+4)

x=0 2x-(5x-2)-x+4
= lim 25x°—10x—-10x+4-x—-4
x=0 2x-(5x-2)—-Jx+4
- 25x* = 21x
x=02x-(5x=2)—y/x+4

- lim x(25x-21)
x=02x-(5x—2)—y/x+4

- lim 25x—-21
x=02-(5x—2)—\x+4

- 25(0)-21
2-[5(0)-2]-v(0)+4
__-21

2:(-4)

_-a_21

-8 8

20



Exercise 3 :

a) 1% Method : Direct Substitution

Jve- 7 _[Tive- 7

1 (-1

1=

lim

x=1

- 2 D' ]: 7 .]
=9 ( Undef ined)
2" Method : Conjugate

im \"'H.é_ﬁ:]im \p'.t+(3—\/?‘ \p‘.r+6+ﬁ
el X—1 =1 x—1 NITYEWE

. X464+ x+64/7—/x+6/7-7
- (x=1) 3+ 6447

. x+6-T
=lim

¥=1(x— 1)-‘,1.r+6+\/?

) (x-1)
=lim—
=1 (2= 1346447

=lim

1
1 r B+ T
1
T D r6+yT
1
T
1

i

b) 1% Method : Direct Substitution

i V5-10-x  f5-/10-(5)
1 =

s x2=125 (5)2-125

545

25-125

0
= 6( Undef ined)

21



2" Method : Conjugate

hm\/?-,/m—x i V5-J10-x J5+10-+
a5 X2=25 zs5  X2-25 NEFSY ST
_“m:s—\/?‘fw—xhﬁ 10— x - (10-x)

x5 (x2-25) - /5+/10-x

. 5-10+x
=lim

x5 (.vl— 25) E \/.?+ V 10—x

i (x=35)
=lm
v=5 (x+35) (x=5) - /5 +/10-x

. 1
=lim

x5 (x4 5) /5 + 10— x
1
[(5) +5)- /5 +/10= (5
1

10-4/5+4/5
1
1025

1

204/5

2
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Divide the numerator and denominator by the highest
power of x in the denominator.

Exercise 1 :

Evaluate the limit for the following functions.

X34+ 2x2=3x+5

a) lim
xX— 0 X3+6)C
-5 2
b) Lim (=357

ro— o 4x2— 13x

Exercise 2 :

Evaluate

X— 00

Exercise 3 :

Determine the limit for the following function.

6 2
a)  lim 7Vx+9

s Ax-—1

x4+ 7
b)) fim —

-0 4/9x*+ 6



Solution:

Exercise 1 :

a) Answer :

x4 202-3x+5 o

lim = = lim
G=3E x4+ 6x )
= lim
o I+—
X
3 5
1+ = =
_ () () ()P
6
1+ S
(o0)~

b) Answer :

X (x—95)?2 . x2— 10x+ 25
lim = lim
om0 X2 13x oL 4xZ-13x

x*  1ox 25
e

2 & 5B

ro - 4xT 0 13x

25



Exercise 2 :

x4 7
i 3 -3
lim Zill = | lim 2
foo ¥ X34 202 oo X3 2x2
PRl
7
x— —
3
= | lim
=
X
(e0) !
cai) =
_ (00)?
: 2
1+
(o0)
(c0)=0
- 140
_ (@)
1
=0
Exercise 3 :
a) Answer :
6x2
= 4+ =
6x2+9 ) 2
= lim
X— 00 dx—1 X— 00 4_X_i
X X
9
\/g‘l- 7
X
= lim 7|
X —r 00 4__
x
9
J6+
_ (o)?
1
(o0)

—X




b) Answer :

92 Tx
_+_
Ox2+ Tx . 3
lim = lim
xo—w [0t + 6 - x4 [}
x4 * x4
7
9+ —

. X
= lim

r—n—oc\/g+ {i
x4

]
g

There is some
special case if
—00

Either numerator
or denominator
have to put
negative (-).




Limit : Trigconometric Function




i sin x
Theorem a) r‘“; .

=1

b)1im 1-cosx =0

x—=0 3%

Exercise 1 :

i sin 4x
1im
Evaluate "~ 3
Exercise 2 :

Evaluate the limit : jj,, — S27%
=0 3x(6—2cos x)

Exercise 3 :

tan x

Evaluate lim
x—0 2x

Exercise 4 :

Evaluate 1im il 6
=0 sin 20

Exercise 5 :

Evaluate the limit : lim SEWET = BINAT

x—=0 3x



Exercise 1 :

~ sindx 1 . sindx
lim = —lim
x—0 3x x—0
1 sindx 4
= — lim N
x—=0 2 4
4  sindx
= — lim
3 x—=0 4x
=—(D
4
3
Exercise 2 :
i sin 7x . sinTx . 1
lim ———— = 1li X lim ———
10 3x(6—2cosx) 103X r=0 (6—2cosx)
1 . sin7x . 1
= —li X lim
Y =0 (6— 2cosx)
1 . sin7x 7 . 1
= —Ilim =% lim ———
—_—n & 7 x=0 (6—2cosx)
7 sin 7x
= —1li x i
3,0 Tx =0 (6—2cosx)
7
=—(1) X ———
3 (6—2cos0)
7 1
= — X —
3 4
_ 7
12

Solution:

30



Exercise 3 :

(sinx)
tan x . COS X
= lim
X 1=0 2x
. sin x 1
= lim R
x>0 COSX 2x
. sinx 1
= lim .
r0 2% COS X
sin x 1
= lim - lim
0 2x x>0 COSX
1 sin 1
= —1li * . lim
2y50 ¥ r—0 COSX
1
= —(1)
2 cos 0
1
= (1)
2
1
2

31



Exercise 4 :

im

= lim

= lim
g—o Sin26

(2]
sin 60

lim
2]

-0

sin 26

0
_o Sin 28 - 1
60 Sl 0= Gin2g . [E]

32



Exercise 5 :

lim
x=0 3x

x cos 4x — sin 2x

[x cos 4x sin 2x J

im =
(i) 3x 3x
. cosdx . sin 2x
li -
x—=0 3 x=0 3x
cos 4x 1 . sin2x
lim — —lim
x—=0 3 3 x—=0 X
. cosdx 1 sin2x |2
lim — —lim —
x—=0 x—=0 X 2
. cosdx 2 . sin2x
lim — — lim
x—0 3 3 x—=0 2x
cos 4(0) 2
=——— -~
3 3
1 2
3 3
1
3

33
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