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For ages, researchers have conducted numerous studies exploring
every aspect of problems related to univalent functions. Most of the
research has been concentrated on investigating the diverse
properties of univalent functions. Notably, finding the upper bound of
Hankel determinants has become an intriguing problem among
researchers in this field. The aim of this paper is to solve on the second

Hankel determinant problem for the class qﬁ(l) of close-to-convex

functions related with the certain generalized starlike functions. We
first give the definition of the class Ckﬂ(z) and use certain preliminary

lemmas to achieve on the main goal of this research. The finding of
this research generalizes certain results related to the second Hankel
determinant of other classes of close-to-convex functions.
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1. Introduction

Let A denote the class of analytic functions normalized by f(0) = f'(0)-1=0 in the unit disc

U= {z el : |z| < 1}. Functions feA has the Taylor series expression of the form

f(z):z+ianz” (1)
n=2

where a,is the coefficient of f. Now, let  be the subclass of A consists of functions f which are

univalent in Y. Also, let T , K and X be the subclasses of ¥ containing functions f which represent

the class of starlike functions, convex functions and close-to-convex functions respectively. The

class T , K and X are defined as follows.
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Definition 1.1 [1] Let f be given by (1). Then f e STbif and only if
zf'(2)
Rei——=:>0, ze U.
f(2)
Definition 1.2 [1] Let f be given by (1). Then f € Kbif and only if

!

Re M >0, ze U.

(2)

Definition 1.3 [1] Let f be given by (1). Then f e (bif there exist the function g(z) e STb and a real
number g e (-z/2,7/2) such that

Re{e’ﬁ %(zz))} >0, ze U. )

The most important example of a function in the = is the Koebe function given by

Kk(z)=—Z =1[1+ZJ2—1=inz”.
(1_2)2 41\1-z pr

This function plays a crucial role, as it is pivotal in numerous findings concerning univalent functions.

Noonan and Thomas [2] defined the " Hankel determinant of f € S=for positive integers n and q by

an a1 o an+q—1
any1 2 an+q—2
Hy(m)=| " e :
g1 n+g-2 an+2(q—1)

Easily, we can see that for the casen =2 and q =2 we have
a a3

2
=aya, —a
a, a,| 24

Hy(2) =

known as the second Hankel determinant.

The study on the second Hankel determinant, that is finding the upper bound of the functional
‘aza4 —asz‘ of f € S began since 1960. Many studies have been conducted to solve the problem of

finding the upper bound of ‘aza4 - a32‘ for various subclasses of X (see, for examples [3] [4] [5], [6]
(7], (8], [9], [10], [11], [12]). Particularly, for f € (bsatisfying (2) with certain functions g(z) and value

B, Janteng et al. [13] obtained |a,a, - a,%| < g , Soh and Mohammad [14] obtained |a,a, - a;°| < %

73

Mehrok et al. [15] obtained ‘aza4 —832‘ <= and Ullah et al. [16] obtained ‘a2a4 —332‘ <1

36
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Inspired by the previous study, our objective in this paper is to establish the upper bound of
the functional ‘aza4 —a32‘ for the subclass of f € Cbwith respect to generalized Koebe function,

G, (z) defined as follows.

Definition 1.4 Let f € S= be given by (1). Then f e Ckﬂ(z) if and only if for 0 < B <2 there exist

kﬂ(z) —_— % ST suchthat

(12

Re{z'u(z)} >0, zeU.

ky(2)

To prove on the main theorem of this paper, we give some preliminaries results related to the class
of function whose real parts are positive in Y

2. Preliminaries

Let IT denote the class of analytic functions p(z) whose real part are positive in Y normalized by
p(0) =1 and satisfying Re p(z) > 0. All functions p € P has the form

p(z)=1+> c,2". 3)

Lemma 2.1. [17]
Let p € P be analytic functions in Y given by (3). Then the sharp inequality |c,|< 2 hold for all

n >1. Equality occurs for the function p(z) = 1+—Z
-z

Lemma 2.2. [18]
Let p € P be analytic functions in Y given by (3). Then,

2c, =c12+x(4—c12)
for some x, [x| <1 and
4c,y =3 +2(4—c12)c1x—c1 (4—012)x2 +2(4—c12)(1—|x|2)z

for some z, |z| <1.

3. Results and Discussion

To achieve on the main result for this paper, we first find the coefficients a,, a;and a, by relating
the fegﬁ(z) with p € P.. Then, we apply Lemma 2.1 and Lemma 2.2 to establish on the upper

bound of ‘aza4 —aaz‘ for the class G ;).
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Theorem 1
If f(z) given by (1) is in the class qﬂ(z) , then

-32p+64°+ f° - B*)- 49" —ﬂ(ZﬂZ_ﬂ_so) 1247 -6+ 180 +3
36(74° -9 -18) 486 9

‘aza4 - aaz‘ < ﬁ(

Proof.

From definition 1.4, we see that f ¢ qﬂ(z) if and only if there exist p € P such that

F(z) :[ L } p(2) 4)

(1-2)

where, f'(z) were obtained from the series given by (1), p(z) is the series given by (3) and

12 =‘I+ﬂz+(%ﬂ2 +% jzz +(%ﬂ3+%ﬁ2+%ﬁjza +....

Now, by comparing the coefficients in (4), we have

1
a, = — +C4),
- 2(p+c)
111 1
a3=§(5ﬁ2+5ﬁ+ﬁc1+02j,
and

111 1 1 1 1
a, :Z{Ef +Eﬁ2 +§ﬂ+(5ﬂ2 +§ﬁ]c1 + B¢, +c3}.

Then, the application of the triangle inequality gives

‘aza4 —a32‘ < ﬁ‘—ﬂ“ +83+ 2,82‘ +%|A| +%|B| ()
where,
A= (—2ﬂ3 + B2 +3ﬁ)c1 +(ﬁ2 ~83)c, +9c,
and

B =(-7p° +9p)c ~14fcc, +18c,c; ~16¢,”.
Next, to establish the upper bound of ‘aza4 —332‘, we first, seek the upper bound of |A| and |B| using

the following approach.

Letc,=c, = |x| <1 and applying Lemma 2.1 and Lemma 2.2 along with the triangle inequality we
obtain

127



< Gﬂc—%ﬁj@—cz)qz +%(,82 —8ﬁ+9ﬂc)(4—02)n +%ﬁc3 +%(/§'2 —8ﬂ)02

9
(28 + 5 +3ﬂ)c+§ﬂ(4—cz) = F(B,c.n).
For n <1, we obtain

F(p.cm)<F(p.et)= —2503 +(-28° + B> +308)c +25° ~16.

The application of derivatives test with respect to c, for ¢ €[0,2]and S <[0,2], we obtain that, the

maximum of F(f,c,1) occur at ¢ =%\/180+6ﬂ—1252. Hence,
|A|s%ﬁ[%ﬂ—(Zﬁz—ﬂ—30)w/180+6ﬂ—12ﬂ2—108}. (6)

Next, we seek the bound for |B| by using the same approach as seeking the bound for |A|. Replacing

x| = v we have,
1B| = ‘(—7[;2 +9p)cf ~140,0, +180,C; - 16022‘

6% 3e 4 7o+ 77 ~9p |+ 8o(4-c%)+(7pe- ¥ (4-c?)o
+ [%cz —90+16j(4 -c?)v? =G(B,c.v)

where for v <1,
G(B,c0)<G(B,c1) = (7ﬂ2 —9,[3—18)02 +28fc + 64
14

and for ¢ €[0,2]and g <[0,2], the maximum of G(p,¢,1) occurat ¢c=-————— Thus, we
78°-95-18
have,
|B| < 64—# (7)
782 -95-18

Now, applying (6) and (7) into (5), we obtain

1 493° p(25% - p-30)-1257 +65+180 4
‘aza“_a3z‘gm(‘32ﬂ+6ﬂ2+ﬂ3‘ﬂ4)_36(752—9ﬁ—18)_ 286 *3

as required. This completes the proof of Theorem 1.

Corollary 3.1

. _ _ C»] C2 _ C3 2
By setting =0, we get the same results a, = > a; = 3 a, = 7 and ‘aza4 -a; ‘s

which were

|~

earlier obtained in [13].

4. Conclusion
This study focuses on finding the upper bound for the functional ‘32a4 —a32‘ of the class

Q(ﬁ(z).The objective of this study was achieved by applying Lemma 2.1 and Lemma 2.2. The result

obtained can be reduced to the class studied by [13], as given in Corollary 3.1. Additionally, from
Theorem 1 for =1 and B =2, we can obtain new results of second Hankel determinant for the

class G, and G, satisfying the conditions Re{(1—z)f’(z)}>0 and Re{(1—z)2f’(z)}>0
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respectively. Future studies are suggested to further generalized the class G, 5(2) such that the

results obtained can be reduced to many subclasses studied by previous researchers. Furthermore,
further studies could be conducted to solve other problems such as finding the third Hankel
determinant and logarithmic coefficients for the class C;(ﬁ(z).
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