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PREFACE

This e-book, Introduction of Integration aimed to he|p students in Calculus subject.
Targeted users for this module is students who take Calculus course. This e-book
is divided into four subtopics which includes Integration by Part, Integration of
Trigonometric Functions, Integration of Substitutions, and Integration of Rational
Functions. All the four topics above will be completed in accordance to lesson
planned. Mathematical tips and formulas will be placed in accordance to the
subtopics whilst each calculus questions will be displayed based on the syllabus
carried out during the lesson. At the end of each topic, targeted students should
meet up with the lecturer to discuss over the solution of Calculus problem. With
the existence of this e-book, hopefully it will be beneficial and give positive impact

towards teaching and |ecrning for students and lecturers as a whole.






CHAPTER 1
METHODS OF INTEGRATION

e INTEGRATION BY PARTS

L -In/log I-Inverse A-Algebra E-

trinnnnmet Fxnanent

e TRIGONOMETRIC FUNCTIONS

SINE ODD COSINE ODD SIN/COS EVEN
Split to sin”™ x Splitto cos™" x| G2 l(l —c0s2x)@
and sinx and cosx 2

.2 2 2 — in 2
sin“x=1-cos”"x | co : - cos’x=—(1+CO52x)
U=Ccosx = sin x 2

TAN ODD SEC EVEN
Split to sec x tan x

tan’ x = sec’ x -1

Split to sec™? x
sec’ x =tan’ x +1
u=tanx

uUu=secx

e TRIGONOMETRIC SUBSTITUTION

EXPRESSION SUBSTITUTION RESULT
[ — 2 x=asinf acos@

x=atan@ asect

x =asecl atan@
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CHAPTER 1
METHODS OF INTEGRATION

*» RATIONAL FUNCTIONS

Completing the square (when g{x) cannot be factorized)

o eheresq (o) (5] 0
ax” +bx+c=dal| x+—| -| — | +—
2a 2a) a

Partial functions (when g(x) can be factorized)
f(x) a b
(AX+B)(CX+D) ) Ax+B+ Cx +D
f(x) = d + b +...+L
(Ax+B)" Ax+B (Ax+BY (Ax+B)'
f(x) _ax+b ecx+d
[Ax’ + B)(Cx‘ + 1“_‘1)[1‘:'mrz +Fx + 6] TAX 1B CX 1D
L ex+ f
Ex* +Fx+6

:| 1 E 1 an 1

=— —+ L
1.‘2+||:;‘1 o o

J-H =sin"£+(3
o —H

o

Distinct linear factors :

Repeated linear factors :

Irreducible factors :

G(x) cannot be factorized, f(x) is not a constant : f(x) = dg (x)] +5
glx)  glx)
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INTEGRATION BY PART

f2x sin(2 — x) dx

u=2x dv = sin(2 — x) dx
—cos(2 — x)
du = 2dx V= _—1
= cos(2 —x)

J.udv=uv—[vdu

= Zx(cos(z — x)) — f cos(2 — x).2dx
=2xcos(2 —x) — 2 f cos(2 —x) dx

= 2x cos(2 — x) —2[@]4{

= 2xcos(2 —x) +2sin(2—x) + ¢

2.
fsin‘l 4x dx
u = sin"14x dv = dx
4
du = ——= v=x+c
V1 — 16x2

fud\.*:uv—fvclu

4
= sin~1 4x. -f P
sin"l4x.x X T X let u
= xsin~14x J = i
- Ju ' —32x du
1 =
=xsin‘14x+f—du d
8vu

y 1 1
= xsin"14x + 3 u’z du

= xsin~14x + 1
B 8

1
=xsin"14x + i 1—16x2+c¢
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INTEGRATION BY PART

f e¥sin 3x dx

u = sin 3x dv = e¥dx
du=3cos3xdx v=eX*+c

fudvzuv—fvdu

= sin3x.ex—fex.3cos3xdx

= sin 3x eX — f 3e¥cos 3x dx

judv=uv—]vdu|

=sin3x.e*— [cos 3x.3eX — f 3eX.—3 sin 3x dx]

= sin 3xe* — [Bexcus 3x + j 9e*sin 3x dx]

f eXsin 3x dx = sin 3xe* — 3eXcos 3x — f‘)ex sin 3x dx

10 f eX sin 3x dx = sin 3xe* — 3eX*cos 3x

fe"sin g sin 3xe* — 3e* cos 3x o
u = cos 3x dv = 3eX*dx 40
du= —3sin3xdx v=3eX*+c
4.
fln(Bx — 1) dx By long division:
u=In(Bx—-1) dv = dx i
du = i v=X+¢C 3x —1v 3x
3x—1 (=) 3x-1
1
Iudv:uv—fvclu
1
3 =1+3
=In(Bx—1 .x—J.x. dx Al
( ) 3x—1
In(3x — 1) I &
=xIn(3x—-1) — X = —1)—
T xIn(3x—1) [1+3x_1dx]

=xIn(3x—1) — [x + %ln(Sx - 1)] +c

1
=xIn(3x — 1)—x—§1n(3x— 1) +c
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INTEGRATION BY TRIGONOMETRIC FUNCTIONS

1.

sinSx dx = fsin“x.sinx dx

= f(sinzx) (sin?x) .sin x dx let u = cos x

du du

—— =-—sinx
—sinx dx

= f(l — c0s2x) (1 — cos2x) .sinx .

z—f(l—uz)(l—uz)du
m—f1—2u2+u4du
_ +2u3 u5+
= =g =i

2 1
= — cosx + §c053x - gcossx +c

fsinzzx cos32x dx

J.sin22x .cos22x cos 2x dx let u = sin 2x

du
jsinZZx (1 — sin?2x) . cos 2x dx = = 2 cos 2x dx
du

2 cos 2x

fuz(l —u?) .cos2x .

1
EJ. uZ(1 —u?) du

%J.uz—u‘* du
1[u® u®
37 E
1

—sin32x — Lsi1152x +c
6 10
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INTEGRATION BY TRIGONOMETRIC FUNCTIONS

jsinZZX cos?2x dx

gl 1
ji(l—cos‘@x) .E(l + cos 4x) dx

1

4—fl—c0524x dx

1[1 S [ coniin] @
- - cos 8x] dx
4 2

1

-[1118:1
2 7~ pcos8x dx

1-[1 1 8x d
z) 3 2cos x dx
1[1 1sin8x]

C

2127278

o 2
8}{ 645m X Cc
4,

[tanSX secx dx|

ftan“x tan x secx dx

an?x) (tan?x) tanxsecx dx u = secx
(tan2x) (tan?x) t d
f(seczx —1) (sec?x —1) tanxsecx dx du = secxtanx dx
du
f(uz —1) (u2—-1) tanxsecx ———
secxtanx

fu4—u2—u2+1 du

fu4—2u2+1du

u’ 2u3+ 2
=———+u+c
5 3

sec’x 2

= ——sec3x+secx+c
z 3 + +
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INTEGRATION BY TRIGONOMETRIC SUBSTITUTIONS

1. |
f X d inB 1
—dx sin
VRt 16 4] ——do SETE
cosO cosO X
Xx=4tanB 4] sin 6
dx cos?8
— = 4sec?@ sin® du 4
dé 4f .
u? —sin®
4tan0 i
f—.‘l—seczﬂdﬂ _4ju ? du x=4tan0
4/ (4tanB)? + 16 =
4tanB -
—n.4sec29d9 _*4__14"‘: 4tanB = x
V16tan?@ + 16 4 .
4 tan0 =— = o
f—.élseczede i whl= 2
4/ 16 (tan26 + 1) 4 4
4 tan = *e cosh = ———
j—.4sec29 de cos B V2t 16
4Vsec?d 4
fél- tan 0 2.0 =T+c
.sec e
Nend ‘7‘2*'_16 letu = cos @
f4 tan 0 sec 0 do =\/x2+16+c
du = —sin@
2.
2 9 sin 20
fJg—x dx =—[e+ ]+c
2 2 3
9 9 . X
x = asinB =EG+Zsm26+c
x = 3sin0 9 9
dx =—0+-2sinfBcosB+c 32 _ 42
— =3cos0 2 4
dé _9__1x+9(x)\‘9—x2+
. =23 3T \3/ T3 .
fJg—(asine)2.3cose de 9 . x x
=Esm‘1§+5 9—x%Z+c¢
f\/g—gsinza.BcosB de 3sinf=x
_ ) X
J.\/g(l—sinze).BcosB de sm8=§
f3 c0s20 .3 cos@ do cos @
1!9_ 2
9fc0526 de = 3x

1
9]5(1+c0528) de

9
Ej(l + cos28) dé
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INTEGRATION BY TRIGONOMETRIC SUBSTITUTIONS

3.
J’sz - 36
dx
X
X = asecB
X = 6secH

dx = 6secBbtanb db

\/(6 sec0)? — 36

.6secBtanb do

6secH
V36 sec?0 — 36
.6secBtan 6 d6
6secH
f\/36(sec28—1) .tan O d@ .
x% —36
f6 tan?6 .tan 6 d6 PN
6
f6tan26 de
6sech =x
Gftanze de X
sec8=g
6]5&028—1d8 1 x
8 6
= 6(tan 6 — 0) “’56 )
=6tanB — 608 + ¢ SRS
Vx2 — 36 X cosB=§
=6—=% — 6sec” g-i—c X
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INTEGRATION OF RATIONAL FUNCTIONS

16x — 16x —
J-(xz—4)(x+5]| f(x—Z](x+2](x+5}

16x— 8 g 2 5
x—-2)+2)x+5) x—z 3,._-+2 z[(x—2)(x+2)(x +5)]

16x— 8 = A(x+ 2)(x + 5)+ B{x—Z}(x+ 5) + C(x— 2) (x + 2)

whenx—2 =10
x=2
16(2) — 8 = A(4NT)
24 =28A

whenx+2 =10
x=-2
16(—2)— 8 = 0 + B(—4)(3)
—40=-12B

-12B =—-40
—40
=7
10

3

B=

whenx—-5=0
x=5
16(5) —8=0404+C(-7)(-3)
—88=21C
21C=-88

—88
=

Hence,
16 6 10 88
5 — 8 £
I de= [ L+~ 21
(x—

DT TS ) x=2 x+Z x+5
10 88
=—ln|x—2.|+—1n|x+2| |n|x+5|+c

= O
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INTEGRATION OF RATIONAL FUNCTIONS

J‘ 5x+ 7 d
x(x—1)? %

S5x+7 A B C 5
EEtTﬁ=I+x—1+&—1Fh&_D]
5x+7=AK—-1)2+Bx)(x—1) +Cx)

whenx =0
5(0) + 7 = A(-1)2
7T=A
whenx=1
5 +7=71-1)2+B(1)(1-1)+cC(1)
2 =1
whenx =2

5(2) +7=7(1)2+B(2)(1) +12(2)
17=7+ 2B+ 24
2B=—-14
B=-7

J‘Sx+?d_j7 ?+ 12 q et 4
x(x —1)2 =)x x-1 (x—1)2 4 B

12(1 du_
w2 dx

=f12u‘2 du

12u~l

-1
12
= =4
—1
-12 "
= C
x—1

+c

12
=7Inx—7nlx—1]——+¢
x—1



21

INTEGRATION OF RATIONAL FUNCTIONS

x2—-2x—1 i
j{x"~1)zix2+1)
x% —2x—1 A B Cx+D
{X"UE(XZ'!"U=X~—1+{xv—1)2+x2+1 [(x—1)2(x2 + 1)]
x2—2x—1=Ax—-1)x2+1)+B(x2+ 1) + (Cx+ D) (x — 1)2

x2—-2x—1=(Ax—-A)x2+1)+Bx*+B+ (Cx+D)x—-1)x—-1)

=Ax3 4+ Ax—Ax2 —A+Bx2+B+ (Cx+D)x%2—-2x+1)

= Ax3 + Ax — Ax?2 — A+ Bx?2 + B + Cx3 — 2Cx2 + Cx + Dx?
- 2Dx+ D

Ax3 + Cx = 0x3
(A + 0)x3 = 0x3
A+C=0 — 1

—Ax? + Bx? — 2Cx? + Dx2 = x?
(-A+B—-2C+D)x?=1x?2
—A+B-2C+D=1 —» 2
—A+B+D=-1 —» 4

Ax+Cx—2Dx = —2x
(A+C—2D)x = —2x
AL C—D=—2 =~ 8

substitute [1 Jinto [3 |
A+C—-2D=-2

0—-2D=-2
D=1
substitute |{I =-A |1'nt0

—-A+B—-2(-A)+D=1
-A+B+2A+D=1
A+B+D=1—*5

=
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INTEGRATION OF RATIONAL FUNCTIONS

substitute [D = 1 Jinto|5 |and |4
A+B+1=1
A+B=0 — &

~A+B+1=-1
-A+B==-2 — 7

61171

ZA=2

A=1

substitute |A =1 intﬂ|?|

-A+B=-2

-1+B=-2
B=-2+4+1
B=-1

substitute |[A = 1 finto|[C = —A |
C=-1

xZ2—2x—1 3 J’ 1 1 1-:+1{1
G_1rE+D & )i &E—17F 2315

-1 —x® 1 &
=ln|x~1|m(—)+j + dx

x—1 x2+1 x2+41

1 ]
=lnlx—1|+—— I(*—Inlxzﬁr ll) + 1tan'1x] +c
x—1 2

1 1
=Injlx—1|+—+=In|x2+1|-tan"1x+ ¢
x—1 2
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INTEGRATION OF RATIONAL FUNCTIONS

letu=x—1 ® letu=x2+1
du i du 5
dx dx
du
du = dx dx = —
2x
J’l 4 —x du
u X u 2x
1 1 1
Iqu "Efﬁdu
1
fu'z du =—Elnu+c
LRt k2 + 1]
= C ——Enx + 1|l +c
1
=——+c
u
S g
= &1
& T 1

X D 12 = 42
X=1u 1=a2a
J’ : q J’ 1
=
x*+1 2 4+ a2
i B u
—Etan'1—+c

=1tan"1x+c
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INTEGRATION OF RATIONAL FUNCTIONS

2
- dx
f 16x2 + 25
u? + a? = 16x2 + 25

u = 16x2 aZ =25
(uW)? = (4x)2 aZ = 52
u=4x a=Dh
du_
o
4 _du
el
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INTEGRATION OF RATIONAL FUNCTIONS

7
P N
f4x2~4x+3 »

By Applying Completing The Square

4x? — 4x + 3
S0 = e
z

ey

1
e~
f4x2—~4x+3 X

1

W] -2

T tanT =
V2 V2
j: j\fitan‘lﬁ(x - %)] +c
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27
1.j6x1n2xdx
Ans: 3x21In Zx-—ixz*i- c
2. Find f{l + cos4x)? dx
3 cos4x sinB8x

Ans: — +
ns zx—i- 5 16 +cC

3. Find jx31!25 — x2 dx by using the trigonometric substitution.

Ans: 3125

+c

[{st—mxff‘ Nara)
15 20

sinx

dx

4. Make a substitution of u= cos x and then find f 5
cos“x+ cosx— 2

1 1
Ans: wglnlcnsx =i ilnlcosx +2l+¢

5-jsin‘1 4x dx by using integration by parts.
1
Ans: x sin~1 dx+o1- 16x2 + (|



TUTORIAL

28

1
6. Find j cos30 sint0 de
0

Ans: 0.0417

X
7. By a suitable trigonometric substitution, evaluate f —— dx
Vx2 + 9
Ans:yx2+9+¢c
3x+ 6 A B C
8.If = — + —— , find values of A, Band C.
X3 — 3x2 x+:?z x—3"' .
Ans: A 2 B 2,C :
ns: A= g 8= (=3
7
9.[ 5x secx dx
0
Ans: 29.08822
10. Find I(sin 3x — cos 2x)(sinx + cosx) dx
1rsin2x sindx cos2x cosdx CoSs 3% sin 3x]

ﬂns:i E - 2 - 2 — 2 + cosX + 3 — sinx — 3 _+c



TUTORIAL

29
4x
11. Evaluate f dx the nometric substitution, x
2 by using the trigo n,
= 2sech

Ans: 4Jx2 — 4 + ¢

IZ.IXZE-3 dx by using integration by parts.

i xze—Ex zxe-ﬂx ze—3x+
ns: 3 ) 57 C

13. Find Itan3x sec3x dx

sec®x secox

Ans: — +c
5 3

14. By using integration by parts and trigonometric substitution, determine

x2cos1x dx

x3

Ans:

3
cosTlx Vvi—xZ (VI—%?%)
3 = 3 + 9 +:€

14 3x

— T
Ans: 15'tan z +C



TUTORIAL

30

16.fx2 tan 1x dx by using integration by parts.

x3tan~1x x?2
Ans: T~E+—ln|1+x2|+c

3
17. Prove that f tan ® sec*0 do = 0.01026
0

18. Find f dx by using trigonometric substitution, x = 6 tan 6

X
V36 1-1!{.E
Ans: /36 +x2 + ¢

12}:2" 6x+ 1
19. Findj dx
+x

1
Ans: — 61nlx| —= +3In]1 +x?| +11tan"1x+¢

5t+ 8

5
Ans: Elrsll:2 +2t+ 2|+ 3tanHt+1)+¢
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