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Abstract:

This paper demonstrates the basic feasibility of using n-gram string matching 
method to grade on a set of four linear algebraic equations. The degree of 
correctness between the worked-out solutions submitted by respondents 
and the solutions schemes provided by the examiner is measured using 
Dice coefficient. Experiments have been conducted on 180 respondents for 
each question. The scores obtained by n-gram method are compared with 
the manually marked scores. The n-gram method is proven to be suitable 
when applied to these four linear algebraic equations as its performance is 
satisfactory and the results suggest feasibility. It is also realized that n-gram 
method has the advantage of producing uniformity and consistency.

Keywords: n-gram, algebraic equations, Dice coefficient, manual marking

1 Introduction

Automated marking is a marking mechanism that is processed by a computer 
via a computational scheme while manual marking is the mechanism 
processed by human beings based on a prepared solution scheme. Marking 
of mathematics tutorials manually is indeed laborious and time consuming. 
Thus, efforts in producing an efficient automated marking scheme are actively 
researched area. Although many computer-aided assessment packages have 
emerged, majority of them utilize the multiple-choice questions, filling in the 
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blanks, and keying in end answer formats. Thus, the challenge of producing an 
efficient algorithm to grade symbolic texts in free-format is still wide open.

This paper concentrates on automated marking of the free-form or open­
type format where each line is checked by an efficient computational means. 
The n-gram is well reported in document retrieval systems such as spelling 
corrections, word variants, text retrieval, string or pattern matching, hypertext, 
document retrieval, natural language, and information retrieval.

2 n-Gram Method

The n-gram method assumes that strings whose structures are highly similar 
have a high probability of having the same meaning. The similarity between 
two strings are measured by comparing unique n-gram from both strings which 
can be expressed as n - gram(x Cl y). The number of common n-gram between 
both strings indicates the degree of similarity. A high value of common n- 
gram indicates a high degree of similarity (Angell ct al. 1983; Owolabi & 
McGregor 1988).

Marking simple algebraic equations computationally via an algorithm 
that adopts the n-gram method with the string similarity approach has shown 
promising results (Arsmah & Zainab, 2003). Several experiments have been 
carried out on simple algebraic equation whereby the Dice coefficient is used 
in evaluating one term against another. Dice coefficients are calculated to 
represent the degree of accuracy of the respondents’ solutions. Dice coefficient 
is mathematically expressed as

d,,
2 common token(x, r^y .) 

tokeni^) + tokenty,)
I£j£n [1]

where x. is the i-th row of the solution scheme’s string andy. the j-th row of the 
respondent’s solution scheme string where i and j are positive integers.
The best Dice coefficient D is chosenJ

D, = max d,, [2]

Then the average Dice coefficient is calculated as

Average Dice coefficient -----
n 

[3]



Line-by-line marking of simple algebraic equations by adopting the 
procedures above has shown promising results.

3 Test Collection

Four types of data are required: a set of linear algebraic equations; a solution 
scheme for automated marking; a set of worked-out solutions; and a solution 
scheme for manual marking.

A tutorial consisting of samples of linear algebraic equations must 
be designed in free-form or open format. The sample questions must be 
designed in increasing complexity. As this is the first attempt, very simple 
linear algebraic equations are set. Second, a solution scheme to the questions 
designed must be obtained for this will be required in the similarity measure. 
Third, a substantial number of worked-out solutions must be obtained for each 
question. These will be used as data for the automated marking algorithm 
and manual marking. The scores obtained will be compared. Manual graded 
scores will be used as the benchmark.

3.1 Sample Questions

Four simple questions in solving linear algebraic equations arc designed 
for a tutorial class. Each question involves solving equations of the form 
ax + b = 0 where a and b are nonzero real numbers. Questions 1 - 3 designed 
take the simplest form of the linear algebraic equation where Question 
I involves two terms only, Question 2 involves three terms and Question 
3 involves four terms. Question 4 however apparently is not linear but 
becomes linear when cross multiplied. Here it is assumed that the respondents 
would apply the basic rules in algebra of real numbers in solving the 
equation.

Question 1: 2x = 10
Question 2: 3x - 15 = 9
Question 3: 5x + 4 = 10 - 3x

x — 4
Question 4: Solve —-— = 3



3.2 Solution Schemes

A mathematician prepares three sets of solution schemes. Scheme 1 consists 
of one typical solution for each question. Scheme 2 considers various possible 
ways of solving the four equations. The order of the solutions for both 
schemes is not regarded since every line of the solution will undergo repeated 
comparison as the search of similarity process progresses.

4 Implementation

Seven experiments of different variations are carried out ranging from the 
simplest to modified versions. The variation is based on the token type used, 
the n-gram values, the order of tokens and the solution schemes used for 
the Dice coefficient measure. Polya’s method is employed for the manual 
marking.

4.1 Experiment 1

In Experiment 1, token of the first variation is used. The value of the n-gram 
is fixed to be ‘1’. The order of the tokens is maintained. All coefficients, 
symbols and variables including the repeated ones are considered as individual 
tokens. In other words, duplicate n-grams are not removed. They are,treated 
as strings and are evaluated against solution Scheme 1. This is illustrated in 
Figure 1. For each question, the degree of accuracy or correctness between the 
worked-out solutions submitted by respondents and the solution Scheme 1 is 
measured using Dice coefficient.

Figure 1: Illustration of Experiment 1

4.2 Experiment 2

In Experiment 2, token of variation 1 is also adopted. As in Experiment 1 
the value of the n-gram is fixed to be ‘1’. However, the order of the tokens 



is not maintained but sorted in ascending order while duplicate n-grams 
are removed. The remaining tokens are treated as strings and are evaluated 
against solution Scheme 1 too. Figure 2 illustrates how the first lines of the 
worked-out solution and the solution scheme arc sorted before the best match 
search scheme is done. Similarly, for each question the degree of accuracy or 
correctness between the worked-out solutions submitted by respondents and 
the solution Scheme 1 is measured using Dice coefficient.

4.3 Experiments

In Experiment 3, varied values of n according to the size of each term 
inclusive of the *+’ or sign preceding it, is used. In these experiments, 
tokens are compared instead of characters and Scheme 1 solution is still used 
in evaluating the tokens. This is illustrated in the Figure 3.

Figure 3: Illustration of Experiment 3

Similarly, the degree of correctness between the worked-out solutions 
submitted by respondents and the solution Scheme I used is measured using 
the Dice coefficient.

4.4 Experiment 4

Experiment 4 is carried out using varied values of n, according to the size 
of each term inclusive of the ’+’ or ‘-‘signs preceding it. This experiment 
repeats Experiment 3 but solution Scheme 2 is used instead of solution 
Scheme 1 in evaluating the similarity of the tokens. The degree of correctness 



between the worked-out solutions submitted by respondents and the solution 
Scheme 2 used is measured using Dice coefficient.

4.5 Experiment 5

After performing Experiment 3 and Experiment 4 using tokens of the first 
variation, it is found that the degree of correctness is inaccurate. This is 
because tokens that are located at the wrong locations in the equation are 
counted in the Dice coefficient thus giving a higher value. This is illustrated 
in the following examples.

Example 1:©@0®0®OO « (6/3) + 3 = 5

Example 2: « 6/(3 +3) = 1

Example I and Example 2 have the same set of tokens but arranged 
in different order. The Dice coefficient of these equations is thus equals 
to 1.00. This implies perfect match. However this is not true in mathematical 
context because the original equations are different. This means that 
the order of characters or symbols in a mathematical equation must be 
preserved. So in Experiment 5, tokens of the second variation is employed 
(Figure 4). This experiment is similar to Experiment 4 except for the token 
variation.

Figure 4: Illustration for Application of Token of Second Variation

4.6 Experiment 6

After performing Experiment 5 it is observed that if two tokens are only 
different by the arithmetic sign ‘+’ or then these tokens will not be counted 
(Figure 5).



Figure 5: Illustration for Tokens Differed by *+’ and Symbol

If these tokens are placed on the left hand side of the *=’ sign and closed 
under the algebraic laws that encompass properties such as commutative, 
associative, distributive, identity, inverse, and quotients (Flaunders & Price, 
1975), only then these tokens will be counted in the Dice coefficient. In Figure 
5 only two tokens are matched but after shifting all tokens to the left hand side 
of the'=’ as in Figure 6, three tokens are matched.

Figure 6: Tokens Differed by *+’ or Shifted to LHS

In Experiment 6, both the worked-out solutions and the prepared solution 
Scheme 2 are transformed into tokens of second variation. All the right hand 
side tokens are shifted to the left hand side of the ‘=’ sign (Figure 6). In so 
doing all tokens with '+’ will be changed to and vice versa. In this way 
the chance of each respondent getting a better score is preserved.

4.7 Experiment 7

According to Zipf Law (1949) the most occurring term is considered to be 
common and removing it leaves the rest of the terms to be significant. Thus in 
Experiment 7 tokens '=’ are removed and the remaining tokens of worked-out 
solutions and Scheme 2 are evaluated (Figure 7).

Figure 7: Common Symbol Removed



4.8 Manual Marking

Manual marking is the conventional process of marking and giving scores 
to students’ worked-out solution by hand. Five experienced Mathematics 
lecturers of UiTM are selected to examine the test collection gathered. As 
consistency is important in any assessment the examiners sat together to 
examine the sample questions to produce a common marking scheme. The 
concept implemented in the marking scheme designed is based on Polya’s 
problem solving theory (1957). Polya put forward a four-point approach to 
learning i.e:

i. Understanding the problem.
ii. Devising a plan to solve the problem.
iii. Carrying out the plan.
iv. Checking the result.

Table 1: Manual Grading Solution Scheme

No Solutions Marks
Polya’s Criteria

Understanding 
Problem

Devising Plan Executing Plan Checking 
Result

1
2x = 10
x = 5 1

Reflected from 
answer given

• Determine x • Divide RHS 
and LHS by 2 x = 5

2
3x-15 = 9
3x = 24 1
x = 8 1

Reflected from 
equation 
3x = 24

• Isolate x terms 
on LHS

• Determine x

• Add 15 to RHS
• Divide RHS 

and LHS by 3
'x = 8

3

5x + 4 = 10-3x
5x + 3x = 10-4 1
8x = 6 1
x = 6/8 1
x = 3/4 1

Reflected from 
equation 
5x + 3x = 10-4

• Collect all x 
terms to LHS

• Determine x
• Simplify

answer

• Add 3x to 5x 
on LHS and 
minus 4 to RHS

• Divide RHS 
and LHS by 8

• Divide deno and 
nume on RHS 
by 2

x = 3/4

4

^=3
X

x - 4 = 3x 1
-2x = 4 1
x = -2 1

Reflected from 
equation 
x-4 = 3x

• Remove 
denominator 
on LHS

• Collect all x 
terms to LHS

• Determine x

• Multiply RHS 
byx

• Minus 3x to 
LHS and add
4 to RHS

• Divide LHS 
and RHS by-2

x = -2

TOTAL 10



Based on these criteria a total of 10 marks is distributed among 
the 4 questions (Table 1). As the solution of Question 1 is very simple and 
consists of only one arithmetic operation, only 1 mark is allocated to the 
accurate answer. The examiners agree that 1 mark is conclusive to show the 
four criteria. As for Question 2,2 marks are allocated. 1 mark is for the correct 
formation of the equation that reflects understanding and correct planning 
while the other 1 mark is allocated to the accurate answer. The solution of 
Question 3 basically involves four arithmetic operations to arrive to the 
answer, so 4 marks are allocated to it. 1 mark is for correct formation of the 
equation that follows the question, 1 mark for the algebraic manipulation to 
simplify the equation, 1 mark for the answer that follows and 1 mark for an 
accurate simplified answer. In Question 4, 3 marks are allocated. 1 mark is 
for the formation of the succeeding equation that reflects understanding and 
correct planning. The next 1 mark is for carrying out the plan correctly and 1 
mark is allocated for the accurate answer. In all cases the checking of result 
criteria is achieved by substituting the variable with the answers obtained. It 
can be observed that the manual grading solution scheme is a subset of the 
automated solution scheme (Table 1).

All the marks obtained from each respondent of each question arc 
scaled between 0.0 - 1.0. The main reason for doing this is to provide 
a uniform representation of the marks similar to Dice Coefficient, 1.00 
being 100% similar or correct while 0.0 implies no match or totally 
incorrect.

5 Results and Discussion

It can be seen from Table 2, that employing solution Scheme 2 and the 
token concept in Experiments 4, 5, 6 and 7 can successfully identify correct 
worked-out solutions. Here the Dice coefficients are all equal to 1.0000, 
which imply perfect match arc found for all the 4 worked-out solutions. 
The performance for both the automated and manually graded correct 
worked-out solutions, are exactly the same. All scaled marks are also equal to 
1.0000 that implies that the worked-out solutions by respondents are correct 
according to the solution scheme prepared by the examiner. Thus it can 
be deduced that the solution scheme used in manual grading prepared 
by the examiners is a subset of the solution scheme used in the automated 
grading.



Table 2: Case Correct Worked-out Solution

Question 1 2 3 4

Respondent 180 180 141 39

Automated Marking

Exptl 0.7519 0.7593 08034 0.9030

Expt 2 0.8128 0.8229 0.9067 0.9231

Expt 3 0.5470 0.6147 0.7333 0.7094

Expt 4 1.0000 1.0000 1.0000 1.0000

Expt 5 1.0000 1.0000 1.0000 1.0000

Expt 6 1.0000 1 0000 1.0000 1.0000

Expt 7 1.0000 1.0000 1.0000 1.0000

Manual Marking

Exmr 1 1.0000 1.0000 1.0000 1.0000

Exmr 2 1.0000 1.0000 1.0000 1.0000

Exmr 3 1.0000 1.0000 1.0000 1.0000

Exmr 4 1.0000 1.0000 1.0000 1.0000

Exmr 5 1.0000 1.0000 1.0000 1.0000

In the case of incorrect worked-out solutions the value of the Dice 
coefficients are reduced upon employing solution Scheme 2 and the first 
tok.cn concept. However when the token of the second variation is used 
and the most frequently occurring tokens are removed (Experiment 7) the 
Dice coefficient is reduced further. This implies that worked-out solutions 
that are either totally correct or totally incorrect are successfully identified 
(Table 3). There exists a significant difference in performance of the automated 
and the manually graded. Here it can be observed that all examiners gave 
zeroes (0.0000) for all the wrong worked out solutions. Unfortunately the 
Dice coefficients of the automated graded worked-out solutions do not 
achieve this! Between Experiments 4, 5, 6 and 7, Experiment 7 seems to 
have the lowest Dice coefficient, which is 0.4000. However this value is still 
rather high for an incorrect solution. This implies that further refinement must 
be made to the tokens and the automated solution scheme. Nevertheless for 
Experiment 5, Experiment 6, and Experiment 7 it can be conjectured that 
any Dice coefficients values that are less than or equal 0.7083, 0.6818, and 
0.5833 respectively, can be replaced by zero (0.0000). This is because they 
are supposed to imply wrong worked-out solutions. Overall it seems like 
the appropriate threshold to give zero mark for any worked-out solution is 
anything not more than 0.6 (<0.6000).



Table 3: Case Incorrect Worked-out Solution

Question 1 2 3 4

Respondent 173 50 50 173

Automated Marking

Exptl 0.6190 0.6000 0.6830 0.8157

Expt 2 0.6970 0.6940 0.7247 0.8542

ExptS 0.5833 0.5917 0.5667 0.5530

Expt 4 0.7333 0.7417 0.6667 0.6652

Expt 5 0.6667 0.7083 0.6250 0.6667

Expt 6 0.6667 0.6583 0.5833 0.6818

Expt 7 0.5000 0.4375 0.4000 0.5833

Manual Marking

Exmrl 0.0000 0.0000 0.0000 0.0000

Exmr2 0.0000 0.0000 0.0000 0.0000

Exmr3 0.0000 0.0000 0.0000 0.0000

Exmr4 0.0000 0.0000 0.0000 0.0000

Exmr5 0.0000 0.0000 0.0000 0.0000

Removing the '=’ further gives an even better representation of partially 
correct workcd-out solutions (Table 4). The Dice coefficient in Experiments 5, 
6, and 7 of Question 1 Respondent 1 is 0.8333,0.8333, and 0.7500 respectively 
implying partial credits are given, whereas all examiners give zero mark to 
Question 1 of this respondent. This is due to the fact that the manually graded 
solution scheme allocates only 1 mark for this problem. The mark is allocated 
for an accurate answer only. The examiners assume that it is such a simple 
problem that nobody should get it wrong! In the original script an error exists 
in the second line where instead of writing it as ‘x=10/2' the respondent wrote it 
as ‘2x=I0/2 However the end answer is still correct. For that all the examiners 
give zero (0.0000) mark following the manual solution scheme while the 
automated grading give partial marks for the similarity with '2x/2=10/2' of 
the automated solution scheme. Thus in this case it appears that the automated 
grading scheme is more sensitive than the manual grading scheme.

For Question 2 Respondent 151, Examiners 2,4, and 5 are generous and 
give full marks while Examiners 1 and 3 are strict and give zero (0.0000). Upon 
checking the original answer scripts it is found that the fault is only unpaired 
parenthesis. The respondent missed the closing parenthesis in the expression 
but calculated the answer correctly and accurately! Here human judgment takes 
place. Apparently it implies that Examiners 1 and 3 strictly insist perfect symbolic 



writing unlike Examiners 2, 4 and 5. So Dice coefficients that are greater than 
0.8000 in value from Experiments 5,6 and 7 can be considered valid.

For partially correct worked-out solutions of Question 3 Respondent 86 
Examiners 4 and 5 give the same marks of 0.7500. It can be observed that 
the Dice coefficient from Experiment 7 perfectly matches the marks of the 
examiners. Upon checking the original scripts it is found that the mistakes 
done by the respondent is inaccurate simplification that ended up with a wrong 
end answer.

For partially correct worked-out solutions of Question 4 of Respondent 
72, all examiners give equal partial marks. However the automated graded 
scheme gives partial marks of higher numerical value. In other words they do 
not match perfectly. Upon checking the original script it is found that the error 
that is made by the respondent is leaving out the sign at the end answer. For 
this mistake 1 mark is reduced from a total of 3 marks in the manual grading 
scheme. It can be said that the Dice coefficient of0.8000 gives a lower penalty 
relative to the penalty given by the examiners. Thus this value can also be 
considered valid.

Table 4: Case Partially Correct Worked-out Solution

Question 1 2 3 4

Respondent 1 151 86 72

Automated Marking

Exptl 0.9375 0.8333 0.9000 0.9314

Expt 2 1.0000 0.9375 0.9000 ' 0.9532

Expt 3 0.9167 0.7500 0.9000 0.8267

Expt 4 0.9167 0.9286 0.9000 0.9314

Expt 5 0.8333 0.8650 0.8333 0.8500

Expt 6 0.8333 0.8750 0.8333 0.8500

Expt 7 0.7500 0.8333 0.7500 0.7900

Manual Marking

Exmrl 0.0000 0.0000 1.0000 0.6667

Exmr 2 0.0000 0.0000 1.0000 0.6667

Exmr 3 0.0000 0.0000 1.0000 0.6667

Exmr4 0.0000 1.0000 0.7500 0.6667

Exmr 5 0.0000 1.0000 0.7500 0.6667

After comparing results from Experiments 5, 6, and 7 with the manually 
graded worked out solution for totally correct, totally wrong, and partially correct



worked out solutions, it clearly shows the importance of defining what a token 
must consists of. In addition, the worked-out solution scheme should have all 
possible listing of solutions. Worked-out solutions of average Dice coefficient 
1.0000 are considered correct and get maximum score. Partially correct worked- 
out solutions are given scores according to the respective Dice coefficients. While 
worked out solutions that get less than 0.6000 are given zero mark.

6 Conclusion

From the results obtained it can be concluded that n-gram string matching method 
can be used successfully for online marking of these 4 linear equations for free­
form or open-type worked-out solutions that are checked line by line. Tokens 
of varied n-gram values must be carefully grouped to avoid wrong worked-out 
solutions that produce a high Dice coefficient. Results obtained using token of 
second variation manage to segregate distinctively the correct and the wrong 
worked-out solutions. Solutions schemes must be prepared extensively and 
include all possible locations of terms either on the left hand side or right hand 
side of the ‘=’. The size of a token can be further improved.

It is also observed that the manually graded method shows 
inconsistency in the marking due to human judgment as demonstrated 
in the partially correct worked-out solutions particularly for Question 1 and 
2. It is suggested that manual marking scheme should not be end-answer 
oriented. Marks must be allocated for the devising and carrying out plan criteria.
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