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Sphere Detection Analysis Performance
Combined with the LDPC Decoding

Xiao Peng and Satoshi Goto

Abstract—This paper investigates on the low
density parity-check (LDPC) decoding algorithms
and the detection methods of the multiple-input
multiple-output (MIMO) systems. For LDPC codes,
min-sum and layered decoding algorithms are
discussed, and for MIMO detection, the maximum
likelihood (ML) decision based on the sphere
decoding algorithm is mainly analyzed. Also, the
performance of the combination of the channel
coding and space time coding is presented, which
use the preceding methods respectively. In this
LDPC coded system, the log-likelihood ratio (LLR)
is propagated from LDPC decoder to the MIMO
detector and then fed back, which would increase
the decoding efficiency. Analysis shows that the
combination certainly improves the performance
of the receiver; moreover the layered LDPC
decoding has better performance in this
combination system.

Index Terms— Low density parity-check
(LDPC), decoding algorithms, multiple-input
multiple-output (MIMO) systems, channel coding
and space time coding.

I. INTRODUCTION

AS we all know, the fourth-generation mobile
communication system (4G) has already come
today and
order

improving in the near future. In
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to achieve the high spectral efficiency and
high data rate, i.e. 1Gbit/s when stationary
and 100Mbit/s when the client moves at high
speed, some critical technologies are used in the
4G system, including multiple-input multiple-
output (MIMO) and low density parity-check
(LDPC) channel coding. MIMO is one of the
hot technologies for fourth-generation (4G)
because it can increase the capacity and link
quality at no cost in  frequency spectrum.
Meanwhile, LDPC codes have received great
attention in the channel coding area because of
their excellent error correction capability and
near-capacity performance. The performance
which comes very close to Shannon limit
(within 0.0045 dB, measured in bit error rate
BER) of AWGN-channel capacity were achieved
with some constructed irregular LDPC codes
and very long block sizes (on the order of
10°to 10") in [1]. MIMO techniques in
combination with LDPC coding has becoming
a key part in almost every recent wireless
standard, such as IEEE 802.11n [2] and
802.16e [3]. It is certain that the MIMO and
LDPC combination will be wused in an
increasing  number of
environments in coming years. LDPC codes were
originally proposed in 1962 by Robert Gallager
[4]. Since then, the contemporary investigations
in concatenated coding overshadowed LDPC
codes and the hardware of that time could not
support implementations,
LDPC codes remained largely unstudied for over
thirty years. Until the Mackay published his work
[5] in 1998, LDPC codes began to be strongly
promoted. There arepotential advantages to
LDPC codes which are discussed in [6].
Firstly, both abstractly and practically, LDPC
codes have been proved to be capable of closely
approaching the channel capacity. Secondly,
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LDPC codes have better performance than that of
turbo codes which are also popular channel
coding approaches in some cases, with iterative
decoding algorithms which are  easy to
implement, and are also parallelizable in
hardware. Thirdly, LDPC codes of almost any
rate and block length can be created simply by
specifying the shape of the parity check matrix,
and the flexibility in rate is obtained only through
considerable design effort. Fourthly, because
the validity of a codeword is validated by its
parity checks, even when errors do occur, they
are almost always can detect errors especially for
long codes. Lastly, on the commercial side,
LDPC codes are not patent protected.

MIMO technique, on the other hand, is
mainly based on the theoretical work developed
by Teletar [7] and Foschini [8]. The core of
MIMO is to use multiple antennas both for
transmission and reception. This will increase
the capacity of the wireless channel, which is
expressed as the maximum achievable data rate
for an arbitrarily low BER. From then, the
problem has become the development of codes
and schemesthat would be implemented in real
systems to improve the performance. MIMO
received a fillip when Tarokh et al. introduced
their space-time trellis coding techniques [9]
and Alamouti introduced his space-time block
coding techniques to improve performance
based on diversity [10]. MIMO received
another boost when Bell Laboratories introduced
its Bell Laboratories Layered Space-Time
(BLAST) coding [11], demonstrating spectral
efficiencies as high as 42 bit/s/Hz. This represents
a tremendous boost in spectral efficiency
compared with the 2-3  bit/s/Hz
achieved in present cellular mobile systems.
This paper investigates the LDPC decoding
algorithms and the detection methods of the
MIMO systems. For LDPC codes, min-sum and
layered decoding algorithms are discussed, and
for MIMO detection, the maximum likelihood
(ML) decision based on the sphere decoding
algorithm is mainly analyzed. Also, the
performance of the combination of the
channel coding and space time coding is
presented, which use the preceding methods
respectively.
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II. RELATED WORK

The main methods for LDPC decoding can be
divided into two kinds: one is the hard-decision
and the other is soft decision decoding. The

former proposed by Gallager [4], is always
used as an introduction example of LDPC
codes. And the latter would lead to much

better results. This paper will focus only this
method since soft-decision decoding was
discovered independently several times and as a
matter of fact comes under different names. The
most common ones are the belief propagation
algorithm (BPA), the message passing

algorithm (MPA) and the sum-product
algorithm (SPA). MPA will be used in the
following discussion.

MPA can also be classified into two

categories: two-phase message-passing (TPMP)
and turbo-decoding message-passing (TDMP)
which is proposed by Mansour and Shanbhag[12].
LDPC codes are decoded iteratively using the
TPMP algorithm which was proposed by Gallager
[4] as well. It computes the probability values
with each bit-node and the probability values
with the each check-node iteratively. Each
iteration consists of phases  of
computations: in the horizontal phase, messages
in the form of probability vectors are passed to
the check nodes, where the messages are
combined, and in the vertical phase, messages in
the form of probability vectors are passed to the
bit nodes, where the messages are combined.
Updates in each phase are independent and can be
parallelized. Up to now, there are many works on
the TPMP algorithms and its variations, which
come down are log likelihood ratio (LLR) MPA,
a posterior probability (APP) MPA, min-sum
MPA, normalized MPA and offset MPA. While
the TDMP, which is also called as layered
decoding algorithm, basically treat the parity
check matrix as horizontal layers and update
the extrinsic messages layer by layer. This
layered decoding algorithm can improve the
decoding convergence time by a factor of two
and hence increases the throughput by 2X [12].
For MIMO detection, the most
method is
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error (MMSE) detection [13], which is thus the Input:
basis for most of the early-generation commercial T N S ——
yg K X 2 (xy=Flc, =x|r,),x=xWBFSK)
systems. However, at the cost of increasing Maximum iteration times L
computational complexity, ML detection Initalizatons p.(0)
. Setall LLR(g, )=In""—= forall the # bit node
methods based on sphere decoding can offer 7, (1)
significant performance advantages over {T‘f'f(:r‘:';;nm._ —
MMSE, which is shown in [14] that sphere I the rowsequence
decoding outperforms MMSE by approximately LLR(7, )= l—] sgn( LLR(qg,, ))-min (| LLR (g,
5 dB at a frame error rate (FER) of 0.1 and '
a greater amount at lower FERs. Thus, this @ Vertical Step
. . . In the column sequence
paper mainly discussed the ML detection based P ;_,r_mz,m)= LIR(P}+ » LLR(r,,)
on the sphere algorithm. For the combination of Decici o=
the LDPC channel decoding and MIMO Adter the vertical step
detection in the receiver of wireless system, Cosgprer LR g BRI~ HE_LLR“-'-!-J
since the algorithms investigated above are all [»0—2, =0
soft-input  soft-output (SISO) algorithms, the Compute LLR(g,}4
soft information generated by the channel Lt
Iteration times++
dCCOdCI' ShOllld be fed baCk to the MIMO ];[:rr_l‘i.l:—fn‘ijllgc:.!rltcra[inn times > L, STOP

detector in order to increase the overall Fleoipt to i teration
performance of the system [15]. Such iterative
MIMO detection was first proposed by

Hochwald and Brink [16], who described this Mo’reover, t? some <’3xtent, the layered
decoding algorithm is a simple variable of the

min-sum algorithm. As described in [19], the
layered  decoding  algorithm is  always

1. ALGORITHMS AND PERFORMANCE ANALYsls ~ implemented  with quasi-cyclic LDPC (QC-

Fig.1. Min-sum algorithm for LDPC decoding

information exchange between a soft-output
sphere decoder and a turbo decoder.

LDPC) codes.
A. LDPC Decoding Algorithms
The min-sum algorithm, which is widely e op N
. . . Wl Wl ..
used in many rejlated work’s, especially in . B Lt
some hardware implementations, for example 0101011 oExandbyP J
[17], was first proposed by Fossorier [18]. This i =X § Laver
. 10101011 ; o
algorithm can be expressed as follows: : %
1101100 o sy
{a) B x D seed matrix Fi g

P« P ldzntity matrx & :
Ej = eyclically shifiedby « D = Zwmo matrix

(b} BP x DP generated PCM
Fig.2. Structure of QC-LDPC in [19]

A QC-LDPC code as shown in Fig.2, in which
the parity check matrix (PCM) is constructed
from a BxD seed matrix by replacing each ’1’
in the seed matrix with a PxP cyclically
shifted identity sub-matrix, where P is an
expansion factor. Thus, for QC-LDPC codes,
the parity check matrix can be viewed as a B
row cluster x D column cluster structure by
grouping variable nodes and check nodes into
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clusters of size P. Now let i and j denote the
row cluster index and the column cluster index,
a layered partially parallel decoding algorithm is
given as follows:

for iter = 0 : max iteration — |
for layer (row cluster)i=0: B — |
forcolumn cluster j=0:D -1
if PCM;; is a non-zero sub-matrix
(D Read a cluster of APP data LLR(q;) from APP
memory )
Read a cluster of Check data LLR(r,,) from
Check memory
) Calculate shift value and permute APP data
Make computation as the min-sum algorithm
(&) Update new APP and Check data to memory

AT

(=3

Fig.3 Layered algorithm for LDPC decoding

B. ML Detection with Sphere Algorithm

In a MIMO system with m transmit and n
receive antennas,
the received signal vector can be written as:
y = Hs+n (D
where y is an nx1 complex vector whose elements
are signals from receive antennas. H is an nxm
complex channel matrix, in which the real and
imaginary components of each element follow a
Gaussian  distribution ~with zero mean and
variance 1/2. s is an nxl complex vector
whose elements are signals from transmit
antennas. and s is obtained by modulating the
LDPC encoded bits x. The length of x is given by
nB= nxmC where mC is the number of bits
per symbol. n is a complex vector of
independent zero mean complex Gaussian noise
entries with variance o” per real component. In
this paper, we assume that the channel matrix H
and the noise variance o” are known at the
receiver.
The ML detection
solution.  If

is an optimum receiver
the data stream is temporally
uncoded, the ML receiver solves the

following:

-~

2

s =arg m1'n| Yy — Hs”: 2)

where 5 is the estimated symbol vector. The
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ML receiver searches through all the vectors with
constellation for the most probable transmitted
signal vector. This implies an exhaustive
investigating on s" combinations, which is a very
difficult task. Hence, it is difficult to
implement directly. However, fast algorithm
employing sphere decoding promoted by
Babak Hassibi and Haris Vikalo [20] solved this
problem. Since (2) can be factorized as:

ly=Hs| =(s=$)'H'H(s—$)+

s=H"'y=(H"H) "' H" y.
Thus the maximum likelihood metric can be
rewritten as:

where

§n =argmin |
5

The principle idea of the sphere decoding
algorithm is to search the closest lattice point to
the received signal within a sphere radius, where
each codeword is represented by a lattice
point in a lattice field. That is

2| y—Hsu2 =(s—s) H H(s—-s)+ yl2 —”HSH_ (5)
. R +H”
Defining : }l “ s and use
Cholesky

decomposition on the matrix *H H( H H=U U, U
is an upper triangular matrix), we can write (5)
as:

72> (s—s) H'H(s—s)
=(s—s) U'U(s—5s)

_ izfi,.((s;. -5+ Y I';—f (s, -5

IERLY

2 2

= Hr_rl;-__m (Sm - Sr;-r)_

2 . A ! R . [ . 2
+ “m—l__m—l (‘sm—l —8Sm-1+ u (‘srrr - ‘Sm )) +--

m-1.m-1

We observe the first element:

o -Jrif o

y— HssH2 =arg min(s —s) HH(s = $) 4)
5
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sum of signals from all transmit antennas

-y

2 . el y2 12 led by th 1 h 1 gai d
u, (ﬁm s, < r (7) scaled by e complex channel gain an
: obstructed by noise.
. The MIMO detector generates soft outputs from
And obtain

the received signal and feeds them to the
LDPC decoder, which in turn provides soft data
back to the MIMO detector.

During the process of the whole receiver,
the LDPC decoder uses the LLR information
2 LE which comes from the MIMO detector as
and  the the
initialization of the iterative decoding. Since
this LE
detection process, it is more reliable than the
information just from the channel or simply
setting to zero. Accordingly this advantage would
improve the convergence of the LDPC
decoding. And also, the LLR information LA
which is fed back from the LDPC decoder to
MIMO detector would be helpful for the
search of the ML detection.

" 12 2 g
Defining ™! ,
then

intrinsic  channel information in

is computed and obtained by a ML

2 - “mf\.m 2 12
“m—\_m—\ (Sm—l —Sm-1+ u (Sm —5"'”)) sr m—1 (9)

m—1.m—1

Sl

Which leads to
L] -l L]

~ r'o ~ P |
Smf]‘m - o <s < Srrrfllm + —ml (I 0)
u

.m—l -

m—l m-1 |

u

m—1,m-1

Obviously, we can continue a similar process for

the bound of 2 m s [J , and so on. Therefore, this 2
sphere algorithm avoidsthe exhaustive search of E——— 2— Sphere+layered
the ML detection, and reduces the complexity by 10" b= 3 Sehere+Minsum |

recursive computation.

C. Combination of the MIMO Detection and
LDPC

The SISO architecture of the combination
between the LDPC channel decoding and MIMO
detection in the receiver

BER
=

of wireless system was presented and discussed in 10
[15]. "
107
"-f: \'-.f; il 0 05 1 s 2 25 3
Jeckson S

o

i i i 5 Fig.5. Simulation result of the combination
o | L0RC qs;ymhm b N o
Iﬁ”mdﬁl’ Veclor vARY Qeteclor 7l Fig.5 shows the simulation result of the
— o combination of LDPC decoding and MIMO
e L detection. In this simulation, the 4x4 MIMO
b Chamng| L which is modulated via 16-QAM, and (2304,

1152) QC-LDPC codes were used which is
proposed by the IEEE 802.16e standard. As
shown in this figure, the combination could
certainly improve the performance of the

Fig.4. Block diagram of an LDPC-coded MIMO system in [15]

Fig.4 shows a simple block diagram of an

LDPC-coded MIMO system. In the receiver end
of this system, each receive antenna receives the

receiver, and the layered LDPC decoding has
better performance in this combination system.
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IV. CONCLUSION

The LDPC decoding algorithms and the
detection methods of the MIMO systems had been
investigated; min-sum and layered decoding
algorithms for LDPC codes were discussed, and
for MIMO detection, the maximum likelihood
(ML) decision based on the sphere decoding
algorithm was analyzed. Also, the performance
of the combination of the channel coding and
space time coding was presented in this paper.
The analysis shows that the
would certainly improved the performance of
the receiver, and the layered LDPC decoding
has better performance in this combination
system.

combination
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