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ABSTRACT

COVID-19 became a household name globally in the year 2020 after it was first discovered in

Wuhan, China in December 2019. It is a global pandemic that shut the economy of all nations

in the larger part of year 2020 by forcing a compulsory holiday on mankind due to its threat of
mass death. The menace of this pandemic was combated with the total arsenal in human

capacity. One of such weapons is case detection that leads to either self-isolation or quarantine.

This weapon helps to reduce the number of new cases that may arise from undetected
asymptomatic/symptomatic carriers within a population. In this article, the dynamics of
COVID-19 transmission were studied by developing a mathematical model incorporating case
detection, the impact of sensitization, and role of early diagnosis in curbing the spread of this
disease. The basic properties in terms of existence, uniqueness, and boundedness of solution

for the formulated model were discussed. Also, the model was found to exhibit two equilibrium

states which are categorised as the disease-free (DFE) and pandemic equilibrium states. The
reproductive number for the model was computed and used to establish the stability analysis
for both equilibrium states. Center manifold theory was employed to assess the bifurcation

analysis of the model and the result shows that the model exhibits forward bifurcation when the
reproductive number is greater than and equal to 1.
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1. Introduction

The coronavirus disease that became a pandemic in the year 2020 is subsiding worldwide with
a reduced incidence and fatality compared with the beginning of the epidemic. So far, four
variants of novel coronavirus have been discovered, namely, Alpha variant, beta variant,
gamma variant and delta variant, with each of these variants affecting some regions more than
others and varying degree of fatality. However, some countries are still regarded as epicenters
with an increase in newly detected cases, like USA with 1,120,999 new cases in the last seven
days according to COVID-19 weekly epidemiological report of 5™ October 2021 published by
World Health Organization (W.H.O., 2021b). As of April 2021, more than 150 million
confirmed cases with over 3 million deaths have been attributed to COVID-19 and the outbreak
has spread to more than 220 countries globally (Worldometer, 2021). As the world continues
to battle this disease caused by the novel coronavirus, SARS-CoV-2 (a virus regarded as a
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highly virulent one that targets the human respiratory system), it became extremely important
to understand its “modus operandi” and transmission mechanisms. Like the other two
coronaviruses (SARS-CoV and MERS-CoV), COVID-19 spreads from human to human
through direct contact with infected surfaces or objects and through inhalation of droplets from
both asymptomatic and symptomatic infected individuals (Riyapan et al., 2021). In a bid to
reduce its spread, several preventive methods and policies were adopted from the initial stage
of this pandemic. Of such is regular hand-sanitizing, use of protective facemask, social-
distancing and closure of borders. Riyapan et al. (2021) studied the effectiveness of these
preventive measures using Thailand as a case study and recommended that these policies should
be properly enforced if a higher percentage of success is to be recorded.

The fight against this menace does not stop at the preventive stage. Lots of effort were
directed towards obtaining a curative drug and prophylactic vaccines to tackle this menace.
World Health Organization (W.H.O.) and some other non-governmental agencies made funds
available for scientists to come up with effective treatment for this disease. Several drugs were
developed with each of them showing a certain percentage of success rate in treating the disease.
A remarkable result is the advent of some vaccines, which are believed to be 95% effective
with no serious life-threatening side effects. Studies according to John Hopkins Medicine found
that the two initial vaccines developed by Pfizer/BioNTech and Moderna is both about 95%
effective and reported no serious or life-threatening side effects (Kelen & Maragakis, 2021).

The invention of a prophylactic vaccine in early 2021 brought a greater sigh of relief
and hope of total eradication of this pandemic. W.H.O. confirmed that COVID-19 vaccines are
safe and getting vaccinated will help protect individual against developing severe COVID-19
disease and dying from COVID-19. It was stated that some individuals, may experience some
mild side effects after getting vaccinated, which are signs that the body is building protection
(W.H.O., 2021a). However, several myths, conspiracy theories and/or fallacies have followed
the advent of this vaccine. One of such is that the vaccine can alter DNA and affect women’s
fertility (CDC, 2021). These myths undermine the efforts put in place to obtain the vaccine, as
the vaccines do not get the desired acceptance rate worldwide. With all the obstacles facing the
eradication of this deadly disease globally, the second wave of the disease is not as deadly as
forecasted due to the combination and implementation of both preventive and corrective
measures, together with the prophylactic vaccine. Some countries are already re-opening their
borders once the immigrants present a certificate of vaccination of COVID-19 for economic
activities while others are putting mechanisms in place to do so. With all these interventions,
the fight against this pandemic is far from being over. Recently, there is a surge in new cases
in India. Also, some of the European countries are still combating the second wave of the
pandemic. One factor associated with this is the early re-opening of borders to boost the
economic situation of the country. However, imported cases of the disease cause a rise in the
number of new cases due to inadequate case detection. Some of the strict rules of self-isolation,
quarantine and social distancing were relaxed to accommodate immigrants in other to boost the
already dwindled economy (Yue et al., 2021). Another situation that increases infection rate is
lack of symptoms at the early stage of infection (asymptomatic/exposed stage). Individuals in
this category show no signs of the infection but can transmit the virus according to W.H.O.
(2020). Report has it that, infected people appear to be most infectious 2 days before the
symptoms developed and early in their illness. Thus, this work is centred on analysing the role
of case detection (both at asymptomatic and symptomatic stages) in reducing the spread of this
coronavirus pandemic.

Mathematical modeling has proven to be an efficient tool to study, scrutinize, analyze,
predict and understand the dynamics of an infectious disease. Over the years, several models
have evolved from the elementary S-I-R model of Kermack and Mckendrick. Odetunde et al.
(2021) presented a mathematical model to study the impact of reinfection in the transmission
dynamics of COVID-19 using semi-analytical approach. Their result established that no
immunity is guaranteed against reinfection from a treated/recovered individual if the preventive
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measures are not strictly adhered to. Alqahtani (2021) presented an SIR epidemic model with
fractional derivative to model COVID-19 by considering the stability and numerical analysis
for the developed model. He concluded that for effective treatment of this epidemic, hospital
resources have to be improved. Also, Vytla et al. (2021) presented a mathematical model to
review COVID-19 pandemic. They affirmed some of the challenges being faced in combating
coronavirus by mathematical modelers as pathogen evolution, statistical uncertainties, contact
patterns and one model fits to all.

However, in the above cited works, attention was not given to the impact of
sensitization, which can result in early diagnosis of the infection at the asymptomatic stage,
neither was case detection of the infection examined to establish its role in the transmission
dynamics of this pandemic. In this work, a new mathematical model of COVID-19 was
developed for analysis by incorporating its multiple transmission pathway as an incidence
function. Case detection at symptomatic and asymptomatic states were considered to
understand the effect of early diagnosis and sensitization. Qualitative analysis of the model was
done by testing the existence, uniqueness and positivity of solution and its boundedness. The
basic reproduction number (R,) for the developed model was computed. Stability analysis of
the model was done based on the effective reproduction number and was found to be globally
stable at the disease-free equilibrium point whenever Ry < 1. Bifurcation analysis of the model
was done using the bifurcation parameter  and was found to possess a forward bifurcation
progression from a disease-free equilibrium state to a pandemic equilibrium state whenever
Ry = 1.

2. Material and Methods

COVID-19 transmits through direct contact with droplets (sweat, saliva, sneeze or cough) from
an infected individual. The infectiousness of this disease is so high that even an asymptomatic
individual can spread the infection. Thus, case detection at an early stage is one of the
significant measures employed by the government of every nation to curb the spread of this
disease. In this work, a nonlinear incidence function for disease transmission was employed to
model the dynamics of COVID-19 disease by considering the impact of untested/undiagnosed
and tested/diagnosed infectious individuals. The method employed is the deterministic
modelling approach. The qualitative behaviour of the model shall be studied and analysed.

3. Model Formulation

In order to analyze the epidemiological characteristics of coronavirus disease, as well as factors
triggering its spread, a mathematical model to study COVID-19 dynamics was built by
stratifying the total human population at any time t, denoted as N(t) into seven mutually
exclusive sub-epidemiological classes of Susceptible individuals S(t), undiagnosed E,, (t) and
diagnosed E;(t) asymptomatic individuals (i.e., those infected without clinical symptoms),
undiagnosed I,,(t) and diagnosed I(t) symptomatic individuals (i.e., infectious individuals
with clinical symptoms), quarantined Q(t) and recovered R(t) individuals. Thus,

N(t) = S() + Ey(6) + Es(t) + 1, (8) + I;(¢) + Q(8) + R(2) (1

Two forms of recruitment are assumed in the formulation of this model. Major
recruitment into the population either by birth or immigration increases the population of the
susceptible class at the rate m, while minimal number of individuals immigrated into the
population as an undetected asymptomatic carrier of the infection at the rate y;. Natural death
rate is assumed across all compartments at the rate y. Susceptible population is further reduced
by newly acquired infection through effective contact with infectious individuals in
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E, Eg I, I and Q subpopulation. The total force of infection V (which is a major factor in
disease pandemic) is given as:

V= ﬁ(Eu +61ES +62[u+6315 +54_Q) (2)

where 8 denotes contact that is sufficient to result in new infection, 8, §,, 83 and &, are the
modification parameters associated with infected individuals in Ej, I, I and Q subpopulation,
respectively. It is intuitive to assume that the modification parameter satisfies

04 < 63 < 6y < 6s.
Thus, the rate of change of susceptible compartment is given as:

a5 VS —uS

—_— =1 — —_

dt “
The population of the undiagnosed asymptomatic individuals is increased by the infection of
susceptible individual at the rate V, recruitment of undetected immigrant (at the rate y;) and is
decreased by progression to symptomatic stage at €4, detection (at the rate «) and natural death
rate u. Thus,

dE,
T =xE,+(1—-0)VS— (g +a+ wE,

where o denotes the impact of sensitization and testing on case detection of the infection at the
early stage. It is important to logically assume that 0 < ¢ < 1, where zero denotes no impact
and one assumed hundred percent impact of sensitization to detect and quarantine infected
individual at early stage. Diagnosed asymptomatic population is generated by newly detected
case from susceptible compartment due to testing (at the rate o) and detecting undiagnosed
asymptomatic individuals (at the rate «). It is reduced by disease progression (at the rate ¢,),
quarantine rate (wq), recovery rate (1;) and natural death rate y, so that

dE,
dt

=oVS+ aE, — (0 + & +n1 + WE;s

Undiagnosed symptomatic population is increased by disease progression of undiagnosed
asymptomatic individuals at &; and is decreased by quarantine rate (w,), recovery rate (due to
treatment at the rate 7, ), natural death rate u and death arising from COVID-19 complications
at the rate 7;. Thus,

dl,

T gy — (W +my +p+ 1l

Similarly, diagnosed symptomatic population increased by disease progression of diagnosed
asymptomatic individuals at &,. It is decreased by quarantine rate (ws), recovery rate (due to
treatment at the rate 773), natural death rate y and death arising from COVID-19 complications
at the rate 7, so that,

dl,

a &Es — (w3 + 13+ u+ 1)l
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Quarantined population is increased by detection and quarantining of infected individuals (at
the rate w;, i = 1,2,3 for diagnosed asymptomatic, undiagnosed and diagnosed symptomatic
classes respectively). It is decreased by; effective recovery from treatment (at the rate 7,),
natural death rate (u) and COVID-19 induced death (at the rate 73). Hence,

dQ
P w1Es + woly + w3ls — (g + 1+ 73)Q

The recovered population is generated by the recovery of diagnosed and undiagnosed
infectious, as well as that of the quarantined individuals, whereas it decreased by natural death
rate. Thus, the dynamics of the recovered compartment is such that:

dR
@ MmEs +nzl, +n3ls +1,Q — uR

Combining all the above differential equations for each subpopulation, the dynamics of
COVID-19 transmission in the presence of undiagnosed immigrants and case detection is given

by:
ds = A S
ac " K
dE,,
W= 1-0)VS—(eg+a+u—x)E,
dE,
W=aVS+aEu—(w1+£2+n1 + WE;
dl
d_tu =g Ey — (wy + 12 + 11 + W > 3)
dl,
a &Es — (w3 + 13+ 15 + Wi
dQ
P w1 Eg + wyly + w3l — (4 + 73+ 1)Q
dR
FTi MmEs +naly +13ls +14,Q — UR

System of equations in eq. (3) is pictorially represented as a flow diagram by using boxes
(circle) to denote each epidemiological sub-class while arrows are used to represent the in-flow
and out-flow (in-flow brings addition to the compartment, while out-flow reduces the
population) within the classes. The flowchart as in Figure 1 is for the transmission dynamics of
the above model that given as:
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Figure 1. Flow chart for the Model.

4. Model Solution
4.1 Existence and uniqueness of solution

Theorem 1: For all non-negative initial conditions, the solutions of system (3) exist and are
unique for all time t = 0.

Proof: Lipschitz criteria for existence and uniqueness of solution as adopted by Sowole et al.
(2019) shall be adopted. It is sufficient to establish that the partial derivative of the above system
(1) exists and are continuous. Consider

fi=mn—=VS—uSs
fo =1 —-0)VS — ki Ey
f3=0VS + aE, — k,E;
fa = &1Ey — k3ly g 4)
fs = &Es — kyls
fo = w1Eg + wal, + w3ls — ksQ
fr =mEs +maL, + 03l +1,Q —pR

where ky = (&1 + a +p— x1),ky = (w1 + & + 1y + 1), k3 = (W + 12 + 74 + ),
ky = (w3 + 13+ 1, + ) and ks = (n4 + 13 + w). Using system (4) together with eq. (2), the

partial derivative of f;,i = 1,2, ...,7 with respect to compartments S, E,;, E, I, I, Q and R are
obtained as:
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3} d d
B =1V —ul < o0, |72 = 1-BSI < o, |3 = |-B8,5] < oo,
52| = 1=B8:51 < o0, [ 3] = 1=B8351 < oo, |52 = |=B5,S] < o0, | 2| = 0 < o0,
Ll =10 -0l <o |3E] = 11 - 0B — kul < oo, || = 11 = 9)BES| < o,
6 a 3]
|f2 (1= 0)B8,51 < o, |3 = (1~ 0851 < o0, [ 52| = 101 = 0)BB,S| < o,
el = 0 < oo, || = |0V < o, |"’f3 |aﬁs+a|<oo,|§z = |658,S — k,| < oo,
52| = 108,51 < o0, |32] = 1085351 < o0, 52| = 10BE,S| < o,
+ (5)
250 <on 28] =0 < 2| = el <o 25 =0 <on 25| < - <
0fs 0fs 6f4 0fs afs| _
015_0<°°| =0<o dR =0<o |as _0<°°|aEu_0<°°
Z}; le,] < oo, Zﬁ—0<oo Z{S—I—k4|<oo|af5—0<oo,%=0<00,
dfe Ofs 0fs 9fs 9fs
|as =0<o |6Eu =0<o |E lwq] < oo |az = lw;| <o, azs = |ws| < oo,
o) _ o _ on _ onl _|_
I, —|772|<°°' als —|773|<°°' 3Q _l .u|<00 y,

Since all the partial derivatives exist and are continuous, then f;,i = 1,2,...,7 is locally
continuous in R% with a unique solution by Theorem 1, Lemma 3 and Theorem 2 of Sowole et
al. (2019).

4.2 Boundedness of the Model

Lemma 1: The closed set
A
= {(S,Eu,ES,Iu,IS,Q,R) €ER}:0<S+E, +E +1,+I,+ Q+R s;}

is positively invariant with respect to system (3).
Proof: From eq. (1), it is obvious to state that:

dN(t)_dS(t) dE,(t) dE,(t) dlI, (t) dis(t) dQ(t) dR(t)
at . dr T ar +dt+dt dt dt dt

So that,

dN(t)
dt

=1 —uN + x, Ey (6)

Applying theorem by Birkhoff and Rota (1989) on eq. (6) to obtain:

dN(t)
dt

<m—uN (7

Solving eq. (7) to obtain,
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N(t) < N(0)e k¢ + % (1— ety (8)

Obviously from eq. (8),as t - o, 0 < N(t) < E

This completes the proof.
4.3 Disease-free Equilibrium state (DFE)

In the absence of COVID-19 infection, the disease-free equilibrium state for the model denoted
as A, is obtained as:

Vi
A= (8%, E,° E°, 1,°,1,°,Q°% RO) = (;,o,o,o,o,o,o) (9)

4.4 Computation of Reproduction Number (R,) for the Model

The approach of next generation matrix method as adopted by Ibrahim et al. (2016) shall be
used to compute the effective reproduction number. The associated incidence matrix (F) and
transition matrix (V) to system (3), are obtained respectively as:

((1 —0)BSY (1-0)B6:S° (1—-0)B5,5° (1-0)B85° (1- a),BSlSO\’
F= :

aBS° aB6,S° aB5,5° aB55S° f8,S°
0 0 0 0 0
0 0 0 0 0 /
0 0 0 0 0

k, 0 0 0
(—a ko 0 O
V= _51 O k3 O

0 —-& 0 Kk /
0 —wW1 —Wy,; —wWs3 k5

Thus, the basic reproduction number is obtained from the spectral radius p(FV 1) as:

pr[Aiks(oky + a(1 —0)) + Azkyks(1 — 0)]
pkikykskyks

Where Al = k4k561 + k4(1)264 + 82k563 + (1)48264 and A2 = 81k562 + 51(1)364 + k3k5
4.5 Pandemic Equilibrium State
The point at which the disease break-out and is persistent in a population is called the pandemic

equilibrium state. Let A; denote COVID-19 persistent equilibrium state for system (3). Solving
(3) at steady state gives

§F — T « _ (1-0)V'rm « _ lo(eg+w)+alv'n « _ &1-0)V'm
T T T g TS T k) T kks (V)
LY = glo(e1+W)+alvin 0* = {(kskswq+kzwzer)[o(e1+p)+al+kkawae1(1-0)} V' (11)
§ kikokea(V'+p) kikakskyks(V*+p)
R* = {(n1kskaks+nsksksea+n4(kskswithzwzex))o(e1+)+al+nakokaks+nakokawa]e,(1-0)}V'm
ukqkokzkaks(V*+u)
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Substituting eq. (11) into eq. (2), with further simplification to obtain

V' 4+ u=uR, >

V= u(Ro — 1) (12)

Substituting eq. (12) into eq. (11), to obtain the pandemic equilibrium state as:

i _ T \
s 1R
. (1 —0)(Ry—1)
“ kiR
L. _lote + )+ aln(Ry = 1)
° kik;Rg
(1 —0o)n(Ry— 1)
= ki k3R, ; (13)
1= &lo(er + W) + alr(Ry — 1)
: kikok4R,
_ Alksksw + kswzer)[o(ey + 1) + a] + kokywa6,(1 — 0)}m(Ry — 1)
B kikaksksksRg
{Aslo(er + 1) + a] + [n2kokaks + nakokywz]e (1 —0)3m(Ry — 1)

pkey ko kakoksRo )

I,

Q*

R* =

Such that Az = nykskaks + n3ksksey + ny(kskywq + kzwsey).

4.6 Local stability analysis of the Model at DFE

Theorem 2: The disease-free equilibrium of system (3) is locally asymptotically stable if
Ry < 1 and unstable otherwise.

Proof: Consider the Jacobian matrix of system (4) evaluated at the disease-free equilibrium
state Ay, given as:

_ _pm _Bom _B&m _BSm it
K 2 Iz Iz Iz 2
p1-o)m B-0)8;m  B(1-0)m B(1-0)8zw B(1-0)8,7
0 ———-k 0
I Iz Iz Iz 2
pon Bobim Boé,n Bobsm Bob,um
Jao = 0 W P u u u 0 (14)
0 & 0 —ks 0 0 0
0 0 & 0 —k, 0 0
0 0 w4 W, w3 —ks 0
0 0 M Up M3 N4 —H
Evaluating | Ja, — M | = 0, to obtain the eigenvalues. Clearly, the first two eigenvalues are
obtained from the first and last columns as A; = —g and A, = —u. The remaining 5 X 5 matrix
is given as:
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ALY
u
&1
0
0

B(-o)m
PRk
" 1

-1

B(1-0)4;m B(1-0)8;m  B(1-0)d3m B(1-0)8,m
© u U u
Basim kz ~12 Boéb,m Bobsm Bob,m
U U
0 ks — 2 0 0
& 0 —ky,—2 0
w4 W, w3 —ks— 21

0 (15)

It is important to emphasize that the matrix in eq. (15) is a Metzler matrix. For simplification,
__ BU-o)r _ Porm

using ¢; = ,c, = — and applying row-echelon form on eq. (15) to obtain the matrix

in eq. (16) below:

c1—ki—2 16, c10, c105 €104
0 _ 49 _ C2(c162—c183+83ky)  ca83ky _ C284ky
c1—kq C1—kq c1—kq C1—kq
Ay €1€16345 €1C16445
0 0 2, 4 ™ 4 | =0 (16)
A A
0 0 0 - =
Ay Ay
Ag
0 0 0 0 —=-1
6
where

Ay = c10301038 — 010262251 + ¢10501k3 — c1C0,k3 + 10581k, + €30,k ks + ¢k ks —
kikyks

Ac = 361 — €305 + ky;

Ag = €1C20,10381ky — c1c2622£1k4 —C1C30,05818, + clcz632£1£2 + ci1cy0.ksky —
€1C205k3ky + c10,61koky + 0,k k3ky + e85k ks + crkokaky, — kikoksky;

A7 = (€168 — €10381 — kqk3)ex¢204;

Ag = €1C5010381kaks + c1C6010481 kywy — clc2622£1k4k5 —€1C30,03818ks —
€1C20504E1E3W3 — C1C2020,8,W1ky — C1C20,0481 w5k, + c1c2632£1£2k5 +
€1C20304816,w3 + €1€2030481W1ky + 16301 k3ksks — c1C0,k3kaks + 16,8 ko kyks +
10481k kawy + 0,k kskyks + c0385k 1 ksks + c3648.k1ksws + 20,k kskywq +
cikokskyks — kikykskaks; and

Ag = €10301 — €120, + 305k + c1ky — kiky

From evaluation, Ag is the determinant of the reduced 5 X 5 matrix which is positive by the
properties of Metzler-matrix (Corentin & Khammash, 2015). For stability criteria to be
satisfied, A must be negative. Ag < 0 implies;

€1C20,0381ky — 6102622£1k4 —€1C050,038185 + 01026325152 + c10501k3ks — c1050,k3k, +
10281k ky + 30,k k3ky + 3038,k k3 + cikoksky — kikyksk, <O 17)
16281836 kg — C1C28,° €1k — €1C202856165 + €1C283° €16, + €1C281ksky — c10,8,kzky +
€108 ko kg + 205k ksky + 638,k k3 + cikoksky < kikyksk, (18)

Replacing c¢;, c, and multiply both sides of inequality in eq. (18) by ks with further
simplification to obtain

Br[(kyks6y + kaw,8, + €3ks03 + wy6,84)ks(0ky + a(1 — 0)) + (g1ks8, + €038, +
ksks)kzka(1— o)1/ < kikykskaks (19)
Dividing eq. (19) by the RHS to obtain Ry < 1 which complete the proof.
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4.7 Global Stability at DFE
Consider a time-dependent Lyapunov function
L= blEu+b2Es+b3Iu+b4IS+b5Q, (20)

where the parameters b;, i = 1,2, ...,5 are given as:

R
b1 = % W
b, = (N1kskaks+n4(k3kawi+kswser))o(er+p)+al+[makkaks+nakokawo]ey
2 Nikik2ky
b — (0'5253+64£1w1+w162€1+w263€1+n4k1k3) > 21
3 T1kikzkskaks 1)
_ Bé3
b, = —
2
_ Bé3
b5 T3k J
3Kks

Differentiating eq. (20) and substituting eq. (3) and eq. (2) in turn to obtain:

dE, dE;s dly dls

_bl +b2 +b3 +b4 +b5

% = bl((l - O-)VS - klEu) + bz (O-VS + aEu - kZES) + b3 (SlEu - k3lu) + b4(€2ES -
k4ls) + bs(les + wzlu + (4)315 - kSQ)

= b1((1 — 0)[B(E, + 6,Es + 8,1, + 831 + 6,Q)]S — klEu) + by (o[B(Ey + 8,E +
a)ZI +a)3 —ksQ)

= (b;(1 = 0)BS + b,0BS + bze; — b1k )E, + (b1(1 — 0)6,S + b,08,BS + bye, +
bswqy — byk,)Es + (b1 (1 — 0)6,8S + by08,5S + wybs — bskz)I, + (b1 (1 —0)636S +
b,063BS + w3bs — byky)ls + +(b1(1 — 0)648S + by0648S — bsks)Q (22)

Obviously, from eq. (9), S(t) < N(t) < E so that eq. (22) becomes:

% < (bl(l;")ﬁ” + bz”ﬁ” + bye, — blkl) E, + (bl(l_z)slﬁ” + bz"ilﬁ" + byey + bswy —
Iz Iz 2
baky ) Iy + + (PLE=2EE 4 220008 _ e ) (23)
Inserting eq. (21) into eq. (23) with further simplification, to obtain:
— < (B(Ey + 8,Es + 8,1, + 8315+ 6,Q))(Ry — 1) (24)

From eq. (24), it can be observed that whenever Ry < 1 then % < 0. It follows from LaSalle's

principle (LaSalle & Lefschetz, 1961) that every solution of the system (3) with initial
conditions in Lemma 1 approaches {1 as t — oo. Thus, since the region () is positively-
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invariant, the disease-free equilibrium Ay of the COVID-19 model is globally asymptotically
stable in Q if Ry < 1.

4.8 Bifurcation analysis of the model

Bifurcation theory primarily deals with the change in stability criteria of a system of differential
equations. A bifurcation value is the point where changes in stability occurs. The bifurcation
property for the developed model shall be studied using center manifold theory described in
Theorem 4.1 of Castillo-Chavez and Song (2004). To establish the local stability of COVID-
19 pandemic equilibrium, bifurcation analysis is performed at the disease-free equilibrium A,.
For easy representation, let S(t) = y;(t), E,(t) = y,(t), Es(t) = y3(2t),

L,(t) = yu(2), I(t) = ys(t), Q(t) = ye(t) and R(t) = y,(t), and the system (3) becomes

dy, \
prainkiie V+wn
dy,
W =1 -0)Vy, —kiy,
dys
- aVy; + ay, — kyy3
dy,
dr €1Y2 — k3ys [ (25)
dt 2Y3 4Ys
dys
L @13 + Y4 + w3Ys — ksys
dy;
- MYs +M2Ya +1M3Y5 + N4Ye — UY7

Chosen the bifurcation parameter when Ry, = 1 as § = 87, then, from eq. (10),

B = pkqkokskyks (26)
n[A1ks(oky + a(1 — o)) + Ak, k(1 —0)]
If we denote the left eigenvector of matrix in eq. (14) at the DFE equilibrium point as
V = (vq,v3,V3, 0, Vs, Vg, V7), then:
—u _bm _ B _B&%r  _B&m Bhm \
v\ T u u u u u
v 0 BA-o)m k B(1-0)8;mr  B(1-0)8;mr L(1-0)d3m (1-0)8,1 0
UZ u 1 u u u u |
3 Bor Bad,m Baé,m BaSsm Bad,m
Jiege = | Va 0 PR W " u " 0 1=0 (27)
Vg 0 & 0 —ks 0 0 0 |
Vs 0 0 &y 0 _k4 0 0
V7 0 0 w1 ([O)) w3 _ks 0
0 0 M Up M3 N4 —H

Solving eq. (27) to obtain:
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g1ksc182+c1k3ks—kik3ks+eiw3c184
v, =0, v, >0(free), vy = —( 2

g1ksc8+ o k3kg+akzks+e1 w6,
_ (C2+(X)[€1k5C152+C1k3ks—k1k3k5+810)3C164]—(Cl—kl)[slksCz62+C2k3k5+(xk3k5+810)2C264]
Vs = ( £1ksC282+Coksks+aksks+e1wycr8y )
vs = (ks(0251—’(3)[81’(50152+C1k3ks—k1k3ks+-‘31(D3C154]—(0151’(5""010154)[51k5C252+Czk3k5+“k3k5+51w2C254]) v, (28)
Szks(€1k5C252+C2k3k5+ak3k5+€1w2C254)
_ (c1084(e1ksCr82+Cokzkgtaksks+e1wC284)—C284[e1k5C182+C1kzks—K k3ks+e1w3C184]
Ve = ( ks(e1kscp82+Cok3ks+aksks+e1wc264) )vz
v7 = 0

Similarly, the right eigenvector for matrix in eq. (14) denoted as

U = (uy, Uy, Us, Uy, Us, Ug, U;) T is obtained by solving eq. (29) below.

_ _Bm _Baim _Bom _B&m _Bom
K u u © © u Uy
B(-o)n pQ-0)8;m  BA-0)sm P(-0)zm L(1-0)8,7

0 - k1 0 /UZ\
I3 u 7 u 7 [, |
ﬁ%ﬂ pob _ poé,n Bodsm Bod,m

Jrigne =] ° ta Tk = p . O llu =0 (29)

0 & 0 —k3 0 0 0 Us

0 0 & 0 -k, 0 0 Ue

0 0 w1 W, w3 —ks 0 Uy

0 0 M M2 LE Na —u

Expanding and simultaneously solving eq. (29) to get

kqkzkaks(ci—kq)+c18161kzkaks+c16461w0k1k
w =0, u,>0(free), u3=_(1345 1=k1)+c181€1k3kaks+C164E102 14)
k1k3(c181kaks+c18382ks+c184w1ka+erwac184)
£1u CUe = £ (k1k3k4k5(01—k1)+C15151k3k4k5+C154£1w2k1k4)
k3 2 5 k4 k1k3(C151k4k5+C16382k5+C1540)1k4+820)2C164) 2
- (w251k1k3k4k5(c151k4k5+C153€2ks+C154w1k4+€2w20154)—(w1k4+€2w3)[k1k3k4k5(C1—k1)+C151€1k3k4k5+C15451w2k1k4])u
6 k1k3k4k5(C161k4k5+C16382k5+C1540)1k4+820)2C164) 2
(k1k4A10(C151k4k5+C153€2k5+0154w1k4+£2wz0154)—A11[k1k3k4k5(C1—k1)+C151£1k3k4k5+C15451w2k1k4]) u
k1k3k4k5(C161k4k5+C153€2k5+C1540)1k4+€2w2C154) 2

Uy =
(30)

U, =

where Ajg = n1&2ks + n48,w, and Ay = N1kyks — n3exks + na(w1ky + £,03)

The local dynamics of system (3) around equilibrium point A, are totally determined by a and
b denoted as

n

92g,(0,0)
= Z Viethilly 0x;0x;
kij=1 L
n (31)
T S 100
= VU ——————
e dx;0¢

For the computations of a and b (Castillo-Chavez & Song, 2004; Mukandavire et al., 2009),
the non-zero partial derivatives of system (4) at the DFE are obtained as
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*fi _ _0*fi _ s %f _ s _ 1 _ \p 0% _ 0%fs _ o«
0y,0y, - 0y,0y, - ﬂ 0y,10y, - 0y,0y, - (1 0)'3 0y10y> 0y20y1 0'8
*fi _ _0*fi _ _ s %o _ _%fr _ 1 _ ~px 0% _ 0%z _ o«
0y10y3 - 0y30y, - ﬂ 61 0y,0y3 - 0y30y, - (1 0)'8 61 6y16y3 0y30y1 O.B 61
0%fi _ 0*fi _ _px %, _ ¥*f, _ _ * a%fs _ 8%fs *
0y10Y, - 0Y40y, - 'B 62' 0y,10y, - 0y40y, - (1 O-)'B 62 ’ 0y10y, - 0y40y, N O-B 62
0 _ 0%f s %f, _ 0%fh _ _ * 0% fs _ 8*fs _ *
0y,10ys - 0y50y1 - 'B 63 0y,0ys - 0y50y1 - (1 O-)'B 63 0y10ys - 0ys0y, N O-B 63
0 _ 0%f s %f, _ 0%fh _ _ * 0% fs _ 8*fs _ *
0y10Ye - 0Y60y1 - 'B 64 0y,0ys - 0Y60y1 - (1 O-)'B 64 0y10Ye - 0Y60y, N O-B 64
(32)
Substituting (30) and (32) into (31) to obtain
— 20,k B*u5 (A1ks(oky + a(l — 0)) + Azkoky(1 — 0)) (33)
a =
pkikykskyks
To get b, the non-zero second order derivatives of system (4) at DFE is given as:
0°f; _ 0°f; T
0y,0B* 0B*0y; U
0°f; _ 0°f; _ moy
dyz0B* 0B 0y3 2
0% 02 o)
fl * = *fl = _2’ (34)
0y,0B*  0B*0y, 2
0°f; _ 0°f; w63
dysdB* 0B*dys 2
0°f; _ 0°f _ 6y
0ys0p* 0B*0y¢ 2
using (34) and (29) in (31) to have
vomus(Aks(oky + a(l —0)) + A,k ko (1 — 0
p =22 5(Arks(oky ( ) 2k2k4( ) (35)

pkikakskyks

Since a < 0 and b > 0, we conclude by item iv of Theorem 4.1 of Castillo-Chavez and Song
(2004) that the model exhibits forward bifurcation when Ry = 1. Hence establishing that the
unique COVID-19 endemic equilibrium is locally asymptotically stable whenever Ry > 1.

5. Results Discussion

The system in eq. (3) governing the developed COVID-19 model was tested for the existence
and uniqueness of the solution using Lipschitz criteria for the solution of a system of differential
equations. It was discovered that the solution for the model exists and also unique in the feasible
region of the model. The model exhibits positive characteristics and is bounded at all time

regardless of the initial population to the carrying capacity (N (t) < E)

The model equations have two distinct equilibrium points, which are; the disease-free
and pandemic equilibrium. The qualitative characteristics of the model depend largely on the
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reproduction number (which is defined as the number of new cases that may arise from a single
infected case that enters a susceptible population). The reproduction number for the model was
computed using the next-generation approach. Stability analysis of the model was done based
on the reproduction number of the developed model and was obtained to be locally and globally
stable for DFE whenever Ry < 1. This implies that, if the number of new case(s) that may arise
from an infected individual is less than unity, the disease will be wiped out with little/no
intervention. However, the result of bifurcation established the existence of forward bifurcation
at the DFE whenever Ry = 1. This implies that whenever the basic reproduction number of the
developed COVID-19 is greater than or equal to unity, there is a progression from a DFE stable
state to a disease persistent state. According to Yue et al. (2021), the estimated basic
reproduction number for COVID-19 at the early stage, based on the intrinsic growth rate of the
epidemic curve ranged from 2.24 to 3.58. However, their analysis using six countries with the
largest cumulative numbers of infected cases around the world with strict implementation
measures of prevention (social distancing, use of face mask, hand-sanitizing, total closure of
borders, and self-isolation/quarantine) put the reproduction number at a decline rate of ~3.0 to
1.0 within forty-eight days in India (Yue, et al., 2021). Their analysis also established that in
Germany, due to poor implementation of the measures, the rate of reduction in reproduction
number is not as rapid as other countries. From the result obtained in this work, for the
reproduction number to be further reduced rapidly, case detection must be properly handled,
especially by the medical practitioner. Its effect on the force of infection is significant and when
properly enforced, it can help boost the chance of winning the war against the third wave of the
infection.

6. Conclusion

In this work, a new deterministic mathematical model was formulated to study the dynamics of
coronavirus disease taking cognizance of the impact of preventive measures and case detection.
The model was analysed for the existence and uniqueness of the solution. The stability and
bifurcation analysis of the model established that the disease-free equilibrium state will be
maintained as long as all efforts directed keeps the reproduction number to be less than unity,
otherwise, a stable pandemic equilibrium will persist.

References

Algahtani, R. T. (2021). Mathematical model of SIR epidemic system (COVID-19) with
fractional derivative: stability and numerical analysis. Adv Differ Equ, 1698.
doi:https://doi.org/10.1186/s13662-020-03192-w.

Birkhoff, G., & Rota, G.C. (1989). Ordinary Differential Equations, 4th Edition. John Wiley
and Sons, New York.

Castillo-Chavez, C., & Song, B. (2004). Dynamical model of tuberculosis and their
applications. Mathematical Biosciences and Engineering, 1(2), 361-404.

CDC. (2021). Centers for Disease Control and Preventions. Retrieved from COVID-19: Myths
and Facts about COVID-19 Vaccines: cdc.gov/coronavirus/2019-ncov/vaccines/facts.html.

Corentin, B., &. Khammash (2015). Sign properties of Metzler matrices with applications.
Linear Algebra and its Applications, 515(6), 1-29. d0i:10.1016/j.1aa.2016.11.011.

Kelen, G. D., & Maragakis, L. L. (2021). COVID-19 Vaccines: Myth Versus Fact. Retrieved
from JOHNS HOPKINS MEDICINE:

966



Odetunde et al., Malaysian Journal of Computing, 7 (1): 952-967, 2022

https://www.hopkinsmedicine.org/health/conditions-and-diseases/coronavirus/covid-19-
vaccines-myth-versus-fact.

Ibrahim, M.O., Odetunde, O., Ayoade, A. A., & Jos, A. U. (2016). Reproduction number of
vertical transmission of measles model. Journal of the Mathematical Sciences, 3(1), 587-
596.

LaSalle, J., & Lefschetz, S. (1961). Stability by Liapunov’s direct method with
applications,” ZAMM-Journal of Applied Mathematics and Mechanics/Zeitschrift fiir
Angewandte Mathematik und Mechanik, 42(10-11), 514,

Mukandavire, Z.,Gumel, A.B., Garira, W., & Tchuenche, J. M. (2009). Mathematical analysis
of a model of HIV-Malaria coinfection. Mathematical Biosciences and Engineering,, 6(2),
333 -362. doi:10.3934/mbe.2009.6.333.

Odetunde, O., Lawal, J., & Ayinla, Y.A. (2021). Role of reinfection in transmission dynamics
of covid-19: a semi-analytical approach using differential transform method. Malaysian
Journal of Computing, 6(1), 745-757.

Riyapan P., Shuaib, S. E., & Intarasit, A. (2021). A Mathematical Model of COVID-19
Pandemic: A Case Study of Bangkok, Thailand. Computational and Mathematical Methods
in Medicine, 11 pages. Retrieved May 28, 2021, from
https://doi.org/10.1155/2021/6664483.

Sowole , S. O., Sangare, D., Ibrahim, A. A., & Paul, 1. (2019). On the Existence, Uniqueness,
Stability of Solution and Numerical Simulations of a Mathematical Model for Measles
Disease. International Journal of Advances in Mathematics, 2019(4), 84-111.

Vytla, V., Ramakur, S. K., Peddi, A,; Kalyan, S. K., & Ragav, N. N. (2021). Mathematical
Models for Predicting Covid-19 Pandemic: A Review. Journal of Physics: Conference
Series, 1742-6596. doi:10.1088/1742-6596/1797/1/012009.

W.H.O. (2021a). World Health Organization. Retrieved from Side effects of COVID-19
Vaccines: https://www.who.int/news-room/feature-stories/detail/side-effects-of-covid-19-
vaccines.

W.H.O. (2021b). World Health Organization. COVID-19 weekly epidemiological update.
Edition 60. Retrieved from: https://www.who.int/publications/m/item/weekly-
epidemiological-update-on-covid-19---5-october-2021.

W.H.O. (2020). World Health Organization. Coronavirus disease ©OVID-19): How is it
transmitted? Retrieved from: https://www.who.int/news-room/q-a-detail/coronavirus-
disease-covid-19-how-is-it-transmitted.

Worldometer. (2021). COVID-19 Coronavirus Pandemic. Retrieved from Worldometer:
https://www.worldometers.info/coronavirus/?utm_campaign=homeAdvegasl?

Yue, T., Fan, B., Zhao, Y., Wilson, J. P., Du, Z., Wang, Q., Yin, X., Duan, X., Zhao, N., Fan,
Z., Lin, H., & Zhou, C. (2021, February). Dynamics of the COVID-19 basic reproduction
numbers  in  different  countries. Science  Bulletin, 66(3), 229-232.
doi:https://doi.org/10.1016/j.s¢ib.2020.10.008.

967



	1. Introduction
	2. Material and Methods
	3. Model Formulation
	4. Model Solution
	5. Results Discussion
	6.    Conclusion
	References

