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ABSTRACT

Rotor system is the main part of turbomachines. Critical speeds occur when
the rotor spin-speed matches with its natural frequencies, and result in great
vibration amplitudes often leading to catastrophic failure. Design
specifications based on these critical speeds become essential for the engineer.
In this paper, whirling vibrations of a spinning, stepped Timoshenko shaft
carrying three identical rigid disks are solved using a developed program in
Fortran 90 language, based on relationships between the solution coefficient
vectors of differential equations of motion. The flexural vibrations are
considered in two orthogonal planes. Shear deformation, rotary inertia, and
gyroscopic moments are taken into account. This study shows that in the case
of the Timoshenko model, the relationship matrix form between the
aforementioned vectors presents an advantage, that reduces the number of
multiplied matrices when adjacent shaft segments have the same mechanical
and geometric properties. The presented approach and Natanson's technique
are combined to determine the whirling mode shapes. The accuracy of the
presented technique is confirmed by comparing the obtained results with those
available in the literature.

Keywords: Timoshenko Shaft Segment; Vibration; Gyroscopic Effect; Vector
of Solution Coefficients; Transfer Matrix

Introduction

In the calculation of dynamic characteristics of spinning shaft-disk systems,

the orthogonality hypothesis of the cross-section to the centerline after
deformation, and the neglect of shear deformation, are justified for slender
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shafts, since it is well known that the effects of mentioned factors are small.
However, the classical Bernoulli-Euler beam theory is also known to be
imprecise for the vibration of higher modes, due to the induced mathematical
modeling error, in the critical speed prediction. With the increasing demand
for high-speed rotating machinery subjected to a wide range of speed changes,
it has become necessary to discuss higher orders of vibration. Thus, the
Timoshenko beam theory, which includes the rotary inertia and shear
deformation of the cross-section, is applied in order to improve the accuracy
of vibration analysis of the general rotating shaft. Additionally, the bending
vibrations of rotating shafts are peculiarly characterized by gyroscopic
moments.

Whirling vibration is a source of noise and fatigue failure of the rotating
shaft [1]. Klanner et al. [2] presented a quasi-analytical solution for the
whirling motion of multi-stepped rotors using the Rayleigh beam theory
including rotary inertia and gyroscopic effects. Among studies based on the
Timoshenko beam theory that focused on the whirling of rotors, Eshleman and
Eubanks [3] investigated analytically the effect of axial torque on critical
speeds of a uniform shaft taking into account the gyroscopic moment effect of
the shaft. Bose and Sathujoda [4] studied the effects of variations in material
gradation and thermal gradients on the whirl frequencies of a functionally
graded rotor-bearing system, using the finite element method. Curti et al. [5]
proposed an analytical method, based on the dynamic stiffness matrix of
rotating-beam, for dynamic rotor analysis. Zu and Han [6] solved analytically
the free bending vibrations of a spinning, finite beam for the six classical
boundary conditions, and concluded that the simply-supported beam possesses
two sets of natural frequencies corresponding to each mode shape, with
identical forward and backward mode shapes, corresponding to each set. Han
etal. [7] solved analytically the dynamics of a simply supported, spinning shaft
subjected to a moving load, using the modal analysis method. Raffa and Vatta
[8] studied the gyroscopic effects in the Lagrangian formulation of a rotating
beam, by comparison of two Lagrangian densities differing from each other by
the expression of gyroscopic terms. Hsieh et al. [9] developed a modified
transfer matrix method to analyze the coupled lateral and torsional vibrations
of a symmetric rotor-bearing with an external torque, and they determined the
synchronous and superharmonic whirls in steady-state using the harmonic
balance method. Raffa and Vatta [10] established the motion equations of an
asymmetric shaft using the Lagrangian density formulation for continuous
systems. Shiau et al. [11] analyzed the dynamic behavior of a spinning beam
subjected to a moving skew force with general boundary conditions, using
global assumed mode method. They deduced that the axial deflections due to
the skew force are larger in the case of hinged-hinged boundary. Torabi and
Afshari [12] analyzed the whirling of the rotor and investigated the effect of
angular velocity of spin, axial load, slenderness, and Poisson's ratio on its
forward and backward frequencies. Afshari et al. [13] analyzed the gyroscopic
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effects on free transverse vibrations of multi-stepped rotors resting on bearings
each replaced by four springs acting in two perpendicular directions, using the
differential quadrature element method, and the Timoshenko beam theory. Y.
Zhang et al. [14] developed a mathematical model of a rotating shaft with
centrifugal terms using Hamilton’s principle and Euler angles. They
investigated the effect of centrifugal terms on the rotor stability by modal
analysis. Afshari et al. [15] presented a solution using concepts of Dirac’s
delta function for whirling analysis of rotors carrying several concentrated
masses. They showed the effect of point masses and the value of their
translational inertia on vibration characteristics of rotors. Wu and Hsu [16]
proposed an analytical approach for forward and backward whirling speeds
and the associated mode shapes of uniform and nonuniform (stepped) shaft-
disk systems. In [16], the obtained results are compared with those obtained
from the conventional finite element method (FEM), however, the fourth and
fifth forward whirling mode shapes, of the nonuniform (two-step) shaft-disk

Physical Model of Multi-step Timoshenko Shaft-disk System

Equations of motion
Figure 1, shows a multi-step Timoshenko shaft composed of n uniform shaft
segments [denoted by (1), (2), ..., (i), (i+1), ..., (n-1), (n)] each with the

corresponding length Lj, carrying several rigid disks each with a mass m;,
polar moment of inertia Jp;, and diametric moment of inertia Jq; .
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Figure 1: A nonuniform (multi-step) shaft carrying several rigid disks

The division is made at the junction of two adjacent shaft segments
which have different mechanical and/or geometric properties, and at section
passing through the center of gravity of disk (i) joining two shaft segments (i)
and (i+1). The analyzed physical model is considered to be a linear system,
and it is assumed that each disk (i) represents a discrete mass. For each shaft
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segment (i), a fixed coordinate system (X;, Y;, Z;) is adopted, whose axes are,
respectively, parallel to the axes of the fixed reference system (X, v, 2).

Differential equations of motion for rotors are available in many forms
in the open literature. The equations of motion of the (i-th) rotating shaft
segment taking into account the effects of transverse shear, rotary inertia, and
gyroscopic moments can be presented as [22].

Y T WO AR ) o
e ox? oX AT ot
ks LU0 ) o 00 )
1~ axz 6)( = i Oi atz
%y, (x.1) | Ay, (xt)
ilzi— 7 ~Pilip T_
_(uy;(xt) Py, . (x.0) ®)
kIGISI[y’I’—[//ZI(X,t)J_EIIZIZ'IZ’_O
X ' X
82 i(xt 0 2i(xt
pily,iw pili,pQMjL
au,, (x.b) 2, () )
kiG;S; [Zéx’-'_v/y’i(x't)j_pily’i % -0
where;
E (N /mz),Gi(N /mz), L=1,=1, (m“), |i,p(m4),si(m2),pi (kg/m3)

are modulus of elasticity, shear modulus, a diametric moment of inertia, polar
moment of inertia, cross-sectional area, and mass density of the ith shaft

segment. Uy ; (X,1), Uy (1) and w,; (1), Wyi (x,t) indicate components of
transverse displacement and their corresponding bending angles, respectively.
Ei is the shear correction factor.

An element (dx) of the ith Timoshenko shaft segment in its fixed space

6uy’i

coordinates (X;, Y;, Z;) is shown in Figures 2 (a, b). The quantities " and

auzyi

represent slopes of the elastic axis of the element, y,; and w,; denote
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slopes due to bending, 7,,; and 7,,; are the shear angles between the elastic

axis and the perpendicular to the shear face in (a) the xy -plane, and (b) the xz
-plane.

Figure 2: Element dx of i-th Timoshenko shaft segment: a- in (x; yi) plane, b-
in (xi z;) plane

To avoid solving the coupled equations, the following complex variables have
been introduced:

Ui (X,t) = uy,i (X,t) + juz,i(xvt)l (58.)
4 (X,t) = ‘//Z,i (X,t) - jWy,i(X’t)! (Sb)
with ] =J-1. Equations (1-4) are combined to obtain two complete partial

differential equations of motion by multiplying Equations (2) and (4) by j and
adding them to Equations (1) and (3), respectively. Equations (1-4) become:

2 2
DECE LT .
2
il ¢ ugt(z)(lt) - jpili,p Qawia(tx’t) -
(6b)

(G [ Ui(xt &%y (x.t
kiGisi[uéXX)_'//i(X:t)]—Eih vé)f;( ):O

By differentiating Equations (6b) with respect to x, and taking into account
(6a), the following equation can be obtained:
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) o)

£iSi P Pili oxot2 )
. v (x,t) v (x,t)
ialip @ 8Ix8t -Eli—5—=0
The expression 5"“670(’” can be derived from Equation (6a) as follows:
X
oyi(xt) _2%u(xt)  p dPui(xt) (7b)

ox a? kG, ot

Substituting the expression 6‘”;%(“) given by Equation (7b) into Equation (7a)
X

produces:

Ei|i64ui(x't)—pili[1+ - jami(x,t) pil; O*ui(x.t)

= += +
ox* kG; ) at?ox? kG, at*

3 3 2
0 Ui(szt) _P0 ui(;(lt) p S, 0 Ui(let) -0
oo’ kG ot ot

(82)

The expression for w
X

can be derived from Equation (6b) as follows:

TN e 7O

X
x kGS, ot

pilip Qoyi(xt)  El yi(xt)
kGsS, ot kGsS, ox?

(8b)

Differentiating Equation (7a) with respect to x, and substituting in it the
ou; (x,t)
X

expression of 3

given by Equation (8b), the following equation can be

obtained:

4 4 2] A4
El. 0 l//i(4X,t) —pl. 1+£ 0 z//zi(x,zt) LA I; 8%, (x,t)
ox kiG; ) ot“ox

kG, ot
) Pyi(xt)  p Bwi(xt) 2%y (x,1)
+ipili ,Q b D22+ p §——==0 (%)
Jpl Lp [ ataXZ kiGi atg P Si atz
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Equations (8a) and (9a) represent the uncoupled equations of motion. The
complex variable representation of the shear angle is:

7D = [a” By u/i(x,t)j (o)

The vibrational solutions of Equations (8a) and (9a) can be written as:

U (x,t) =, (x) e (10a)

v (x,0) = (x) e 1! (10b)

wheret;(x)and w;(x) are the shape functions of u;(x,t)andy;(x,t),
respectively, @ the whirling frequency of the Timoshenko shaft-disk system.
The upper sign (+) and lower sign (—) refer to forward and backward whirls,

respectively. Substituting Equations (10a, b) into Equations (8a) and (9a)
results in the following equations:

dg; (x d2; (x _
Tg)ﬂfﬁfz) dx§ )_(r?,_rlrz)ui(x)zo (11)
d ;//'(X) +(h+n)—o—= W'( ) —(—n1nR)yi(x)=0 (12)
where;
2 2 2
P _(plie”£pl Qo) pSe 13
n= |ZIGI , L= Eili , = Eili ( )

The solutions to Equations (11) and (12) are:
T, (X) = a;;5inAx + 4,082 x + a;55in1A x + 4y, coshAl x (14)
D:(x) = @;;sinAPx + d;,c0sAPx + @;35inhAPx + d;,coshAPx
%i(x) = @ sindPx + d;;c081x + GpsinhAPx + dycoshAx  (15)

where:
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_ 1 2
A0 = {;[4(@ —n)+(n+ rz)2:|2 +%(r1 + l’z)}

N~

1
/%z(i) = {;[4(1’3 —nh)+ (rl +0 )2:|2 - %(I’l +1, )}

Substituting Equations (10a,b) into Equation (6a), yields:
ap = _ﬁf)aiz' ai, = 31(1)‘11‘11 iz = ﬁz(l)amx Gy = ﬁz(l)al-3
The Equations (14) and (15) can be rewritten as follows:
Ui (x) = a; simx +a;, cosAx + a., sinhAx + a,, coshAlx
i il 1 i2 1 i3 2 i4 2

7:(x) = a, fVc0sAx — 4, A0\ x + a5 B0 coshhPx + a;, BVsinhin ) x

Taking w; = {ui Wi } as vibration vector, this will produce:

w; =W (x) et

% (x) = A () V;
where:

0= sin{x cosillx  sinha{x coshi{x
A= BOcosiPx  -pOsina®x  pcoshal®x  pPsinhi)
1 1 SIngy 2 Apx fysinhiy’x

(16)

a7

(18)

(19)

(20)

(21)

(22)

and V; is the vector column of solution coefficients for the i-th shaft segment.

Vi =[ay, &, ags, ai4]T

(23)

According to the Timoshenko beam theory, components of bending moment

and shear force are [22]:

a'//z,i(xlt)

oyyi(xt)
M, ;(x1)= EiliTl M,y i(xt) = Bl ———

OX
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Qi (X ) =KGiS7y i (%,1),  Qui(X,) =—KiG;Siy i (X,1) (24b)
where;
7 () = 210D 0 sty =2 (25)

oX

70 =ry i (Xt + jrei(x1) is the complex representation of shear angle.

Taking into account Equations (10a,b), real parts of bending moments and
shear forces can be written as:

M,;(x) =El AL . My () =El 5!/72:((X) (26a)
(jy,i x)= |ZiGiSi77xy,i x), Q)= —EiGiSi77xz,i (x) (26b)

If external damping due to the hydrodynamic bearing effect is not included,
the boundary conditions at the left and right ends of the system depicted in
Figure 1, can be considered as:

Uy1(0)=0, U4(0)=0, Elw;,(0)=0, Elyy,(0)=0 (272)
Uyn(L,)=0, U;n(L,)=0, Enln‘pz,n(l-n) =0, Enlnlpy,n(Ln) =0 (27b)

In terms of the complex numbers, the preceding Equations (27a,b) are reduced
to the following relations:

u,(0) =0, Eilwi1(0)=0 (28a)
Un(l-n)ZOl Enln‘/7;1(|-n):o (28b)
Vectors of solution coefficients

A junction of two adjacent shaft segments is depicted in Figure 3. L; is the
length of the ith shaft segment,
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»/l—; = o : e
7 5" TOF o
" Vi ( )XJ ’¥ sk : T
1 x H
g ‘%7 (x) it
[ 1 !
W:I(JLI] : : AZ:,H—I(O)
///,!_._._>A;_ _________________ _( \ _______
X _ _
oy QI 12y (0)
]
i ‘W_u' (L! ) H "]'/_fy:H] (0)
1,).‘ = ? —
% 0, (N O (0)

Figure 3: Shear forces and bending moments acting at the junction of two
adjacent shaft segments (i) and (i+1)

Case of shaft segments with different mechanical and/or
geometric properties

At the junction joining two shaft segments having different mechanical and/or
geometric properties, the equations for continuity of displacements and
bending slopes are given by:

Uy, (L) =1y,.4(0) (29a)
0,i(L) =10 (29b)
V2i(L) =¥ (0) (30a)
vyi(L)=vyia(0) (30b)

Taking into account Equations (5a) and (5b), Equations (29a,b) and (30a,b)
become:

0 (L) =0, (0) (31)

vi(L) =vi.4(0) (32)
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Equations (31) and (32) can be expressed in a vector form as follows:

W (L) = W;,,(0) (33)
Thus:
AL) Vi =A,L0) Vigy (34)
where:
sim 0L coshtllL,  sinhAd)L, coshAd)L,
ALY= 6 ® (Dgir () 0) 0 Dginh 0)
prcosh’L;  -B sind L By coshhy’L; B sinhAy’L,

0 10 1
Y 0 pi o

A+1(0) :|:

The equilibrium equations for shear forces and bending moments require that:

M,i(L)=M,;,(0) (35a)
Myi(L) =M, ;. (0) (35h)
Qyi(L)=Qy;.1(0) (36a)
Qi(L)=Q,,.4(0) (36b)

Taking into account relationships (26a,b), the equilibrium Equations (35a,b)
and (36a,b) become:

Eiliw;i (L) = Eiliaws,1(0) (37a)
Eiliwyi (L) = Eiglisayy i1 (0) (37b)
KiGiSi 7xy,i (L) = Ki11Gi1aSii1 7ry,iaa (0) (38a)
~*GiS; 7, (Li) = Ki11Gi1Sia1 Fic i1 (0) (38b)

Equations (37a,b) and (38a,b) can be derived in terms of the following complex
numbers:
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Eilivi (L) = Eiali.vi4(0) (39)

kiGiSi 7 (L) =ki;1Gi 1S 71:1(0) (40)
Hence, we get the following matrix form:

Di(L) Vi =Di.1(0) Viyy (41)
where;

Di(L)=[Iy MT,]

I, = ~EliA" B0 sin 201 ~Eii A" B0 cos AL,
GG cos AL, A0 cos A0L) KRGS (AL sin 0L, + A0 sin20L,)

~ Ei 1457 550 sinh 401 E 1,480 859 cosh 201,
* [keiS (A cosh AP, - 50 cosh APL) - KGyS; (40 sinh 2L, - 40 sinh A0L) |
Di+l(0):

l: 0 _Ei+l|i+1/11(i+l):81(i+l) 0 Eialing (i+1)ﬂ2(i+1)_
KiaGraSia (™ = A™) 0 K GinSia (A5 — gDy o

Finally, the following relationship can be obtained:

Vi+l = Bi Vi (42)
with:

_[AOT TAW) 43

B‘{DM(O)} {Di(Li)} (43)

The matrix B; can be called a transfer matrix related to the vectors of solution
coefficients. It has the following form:
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—1cos(AL)  sin(A0L)  wpcosh(AL) gy sinh(A0L)
pssin(A0L)  uscos(APL) gy sinh(APL) w1, cosh(25)L) (44)
—115cos(AL)  pssin(AOL) g cosh(A$)L)  pssinh(2L,)
prsin(AOL)  pycos(A0L)  msinh(APL)  ugcosh(25)L;)

with,

,B(I)AZ(HI) ,B(I)ﬂ(Hl)) (ﬁl(i)ﬁz(iﬂ) _IBZ(iJrl)ﬂl(i)) |Z|G|S|

(ﬁ(l+l)ﬂi(l+l) ﬂl(Hl)jQ(HI)) (ﬂ2(|+1)21(|+1) _ ﬂl(lﬂ)ﬂ’z(lﬂ)) ki+lGi+lSi+l
o (BP0 B (I D) ks
2 (,Bz(Hl)ﬂl(Hl) _ ﬁl(Hl)ﬂQ(Hl)) ﬂZ(Hl)/il(Hl) _,Bl(|+1)/-{2(|+1) ki+1Gi+lsi+1
(i+1) 5 (i+1) (i) 7 (i) .
/82 22 ﬂl Al EIII
My =" G Y (P N TG
(ﬂz(Hl)/Lz(Hl) + ﬂ1(|+1)/11(|+1)) (ﬂ2(|+1)22(|+1) + ﬂl(|+l)/11(|+1)) Ei+1|i+1 (45)
ﬂ2(i+1)/l§i+1) IBZ(i)/LZi) Eili
My =55 Y (R N cF By T 0
(ﬂ2(|+1)/12(|+1) + ﬂl(|+l)/?1(|+1)) (ﬂéHl)/Lz(Hl) + ﬂ1(|+l)/?1(|+1)) Ei+1|i+1
o= BB BOA) (AOAD - ATVBD) G,
5 (,82(|+1)/11(|+1) _ﬂ].(l+1)2'2(l+1)) 182(|+1)21(|+1) _ ﬂl(|+l)/12(|+1) ki+1Gi+1Si+1
P2 e il O WL i Sl il DL
(ﬂ2(|+1)/11(|+1) 7ﬁ1(|+1)12(|+1)) ﬂ2(|+1)21(|+1) 7ﬂ1(|+1)/12(|+1) ki+1Gi+1Si+1
ﬁl(i+1)/11(i+1) Ei Ii ﬂl(i)ﬂi(i)
My = - - - - - - - - -
(ﬁl(wl)/il(wl) + ,82(|+1)/12(|+1)) Ei+1|i+1 (:81(|+1)/11(I+1)ﬂz(|+1)/12(l+1))
o ﬂl(i+1)/11(i+1) Ei Ii ,Bz(i)ﬂfz(i)

(ﬂfl-%—l)ﬂi(li—l) + ﬂz(Hl)/Lz(Hl)) Ei+1|i+1 (ﬂ1(|+1)/11(|+1) +ﬂZ(H-l)ﬂQ(H-l))

For shaft segments having the same mechanical and geometric properties, we
get:

_kiGS; -1 Eil; —1, 20 = 20
ki+lGi+lsi+l Ei+1|i+1
A0 = 264 g0 _ gl pl) _ gl (462)

i.e. the coefficients z4, 14,..., 1y reduce to:
==L, py=py=ps =7 =0, pz=pg=pg=1 (46b)
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and then the matrix B; takes the following block diagonal form:

cos(A'L)  —sin(A"L) 0 0
B - sin(4'L)  cos(4"1L,) 0 0 @)
0 0 cosh(A"L;) sinh(A{L,)
0 0 sinh(A'L)  cosh(A{L,)

The relationships between the following (r —1) shaft segments can be
expressed as:

Vier =BisraBiir o BY; (48)

From Equation (47), it is easy to notice that in the case of shaft segments
having the same physical and geometric properties, Equation (48) reduces to:

Viee =RV, (49)
where R; is the matrix B; from equation (47), with L; replaced by:
v=i+r-1
L= 2 L (50)

v=i

(The multiplication of this type of matrices can be replaced by argument
summation of functions present in these matrices). This advantage does not
exist with the well-known transfer matrices related to the state vectors. The
presented approach keeps this advantage even if the linear model of internal
damping is taken into account.

Case of adjacent shaft segments (i) and (i+1) joined by a discrete
mass m;

Figures 4 (a,b) show a discrete mass m; with inertia matrix M;, joining two

adjacent shaft segments (i) and (i+1), rotating with spin speed Q, on the
vertical and horizontal planes, respectively. The approximate values of the
angular speed components are given by:

Qy =Qsiny, (L) ~Q ;i (L 1) (51a)

0, = Qsin(-yy (13, 1) ~ Qi (1,1 (51b)
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_ ()
f’Au:,l 'i+|7+u;‘i+t

— Li—> disk()

My (?» \MH-A, 0)
: Q;,,{L,} i > Wi
i iQ:,HI(O) ']/)Q)‘ \
v v_ E E
disk() Virts Wy i1 N R S — >,

Figure 4: Forces and moments acting on rigid disk (i), joining two
Timoshenko shaft segments (i) and (i+1), on (a) the xy - plane, and (b) the xz -

plane

The center of gravity of each disk (i) and centroid of the cross-section
of the shaft segment are assumed to coincide. If displacements are small, the
following conditions of displacement continuity are verified:

uyi(L)=0y;..(0) (52a)
0i(L) =0,:..(0) (52b)
72 (L) = 72,.:1(0) (53)
wyi(L)=y,a(0) (53a)

Taking into account Equations (5a,b), (21) and (22), Equations (52a,b) and
(53a,b) become:

(L) =T ) (54a)
7i(L) =740 (540)
(L) =.4(0) (559)
ALY = A 1OV (550)
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The equilibrium equations at the disk (i) for shear forces and bending moments
are:

o%u, (L 1)
y,i\=i
m 2

Qi) = Qa0 -, (562)
Qz,i(Li,t):Qz,m(o,t)—mi% (56b)
M, (L) = M, 1 (08) - Jd,i%—%i‘ﬁz (57a)
My,i(Li,t)=My,m(o,t)—Jd,i%—Jp,i% (575)

where Jd,i and J,; are diametric and polar mass moments of inertia of the disk
(i), respectively. Taking into account Equations (24b) and (26b), Equations
(56a,b) become:

kG Sl?/xy |(L ) w mluy i (Li) = lZGi+lSi+1}7><y,i+1(0) (583)

kG S|7/>(z |(L ) 2 quZ |(L ) - I(G|+ls|+17/>(z |+1(0) (58b)

Substituting Equations (51a,b) and into Equations (57a,b), respectively, and
taking into account Equations(24a), (26a), we get:

(EL ) 73i(L) =073 197,5(L) = 19,100, (1) = (EL, ), 73,.4(0)  (59)
(E1y). 70, (5) = 0"g 171 (L) + 19p 1 Q007 (L) = (ELy ) #y50(0)  (59D)
Multiplying Equation (58b) by j and adding it to Equation (58a), will produce:
kG;Si7i(Li) ~ @*m; (L) = KGy1S1,471.(0) (60a)
Multiplying Equation (59b) by (— j) and adding it to Equation (59a), we get:

(BN 7(L) - 0" g; w(L) -, Qo (1) =(EN),,,#/,,(0) (60D)

112



Whirling Analysis of Stepped Timoshenko Shaft Carrying Several Rigid Disks

Equations (60a,b) can be written in the following matrix form:
Di(L) Vv _a)ZMiAi(Li) Vi-Jpi Qo Zi(L)V; =Di4(0) Viy (61)

where:

and,

0 0 0
(LY=| _ _ _ _ . . .
71 {ﬁf')cosﬂi("Li —B0sin 400 Y cosh 0L 9V sinh A0
while,

vV, :[aux 85 3 aiA]T (62)

Equations (55b) and (61), can be expressed in the following matrix form:

Via=Hi Vi (63)
where,
[ALO7 Ai(L) (64)
"D | Di(L) - MAL) + Q @l xi(L)

H; represents the transfer matrix related to the vector of solution coefficients
Vi, through the disk (i) taking into account its gyroscopic effect. The vectors

of solution coefficients V,, V3,...,V,, can be determined by means of the
above-derived transfer matrices, as followed:

V,=B,V,,
V3=B,8,=B,B V; (65)
V,=H, a,=B,B,B,V,

V, =B, 1B, ,..B;B,B, V;.
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Natural frequencies, whirling speeds, and mode shapes
Derived in terms of complex variables, the boundary conditions become:

0(0)=0, Elyi(0)=0, Un(Ly) =0, Eylwp(Ly) =0 (66)
Finally, the boundary conditions (66) can be written, respectively, as:
l_[1(0) V)= 0, l_[n(l-n) V=0 (67)

Using the relationships (65), the boundary conditions can be written in the
following matrix form:

1,0) )
PR R (68)

thus, the boundary conditions are expressed as a function of V,;, which is the
constant coefficient column vector for whirling vibrations of the first
Timochenko shaft segment (i=1).

T
Vi =[311, app, &3, a14] (69)

According to Equations (65), the column vector V; verifies the following
equation:

CV,=0 (70)
where,
a K ayy 17,00
C,=| MO M|= 1(0) } 71
! [a4l L 0‘44} ‘:Hn(Ln)Bn»l “'BBBZBl ( )

Equation (70) represents the characteristic equation. Nontrivial solution for the
column vector V,, requires that:

ICi=0 (72)

The above expression is an eigenvalue equation. Natural frequencies
(w) of the non-rotating system and critical whirling speeds (@) may be
obtained by solving the eigenvalue Equation (72), for (@ = 0) and (Q = @),
using the modified half-interval method [23].
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According to Natanson [21], in the case of a singular matrix, the column
vector \; in Equation (70) can be estimated up to a multiplicative constant ¢

, as follow:
a =9ty ap=9¢f,, az=d¢fs a,=¢f, (73)

where f,( =1,...4) denote the algebraic complements of corresponding
elements oy, (v =1,...,4) of the matrix C, . The vibration mode shape of the
first shaft segment (i=1) can be expressed as:

0, (x) = gg1 5in A9+ gp, €05 A% + gy sinh AP x + gy, cosh AP x (74)
with;
9:=1{%1 912 G13: Gua}
For the ith Timochenko shaft segment, we get:
0 (x) = [sin 0% cosax sinhA{?x cosh iz(i)xJ{g i} (75)
with;
19} =[9 9i2: Y, 9i4]T

Using Equation (64), we obtain the following relationships related to the rest
of the shaft segments:

92=B1 01,
9:=B,09,=B, B, 0y (76)

On= Bn—l Ona = Bn—l Bn—Z"'B3 BZ Bl 01

Description of the Analyzed System

In order to validate the proposed technique, consider a numerical example from
ref. [16] involving a nonuniform (two-step) Timoshenko shaft composed of six

segments each with a length of L;=0.20m, and diameterd® =0.03 mor
0.04 m, carrying three identical rigid disks as depicted in Figure 5. Each disk
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has a thickness of h = 0.004 m and diameter of d‘®) = 0.36 m. The material

properties for the shaft are Young's modulus, E =2.068 (10') N / m?, shear
coefficient, k =0.75, and shear modulus, G =0.795 (10**)N /m?.The mass
density for the disk (or shaft) material is o™ = p®) =7850 kg / m®.

m.,J J m.,J _.J My s
1 Pl dl 2 P2 d2 3 B3 d3
4 .
4 (1) @ O @ _ 3 (6) 4
Y P o T T S s S TITTTT SUewn e B
X = s ‘?“ "L‘ ’Y?_ A H .«\} e X 4 H '\5 7S ’\() =
Z 4q I &9 T 49 ; 44 <5, % S
Y %\ h! A V3 v Vs v % ‘(v

Figure 5: A nonuniform (two-step) Timoshenko shaft carrying three
identical rigid disks

The eigenvalue Equation (72) is solved using a developed program in
Fortran 90 language. The lowest five natural frequencies wg ($=12,...,5)

obtained from the presented method and those obtained using FEM in [16] are
listed in Table 1.

Table 1: Comparison of the lowest five natural frequencies @, —®. (with
Q=0)

Mode Natural frequencies @, (s=12,...,5), witha =0 (rad/s)

Present Study FEM in Ref. [16]
1 140.72011 140.7202
ond 434.46529 434.4659
31 925.09181 925.0961
4t 1490.61536 1490.6195
gth 1697.21160 1697.2179

Table 1 shows that the lowest five natural frequencies obtained from the
presented approach agree perfectly with those obtained from the conventional
FEM in [16]. Associated natural mode shapes are depicted in Figures 6-10. It
is to be noted that the vibration Equations (8a) and (9a) do not contain any term
likely to limit the amplitudes of free vibrations. For that, all obtained mode
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shapes are normalized such that the maximum value of each mode is equal to
unity.
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Figure 6: The first natural mode shape  Figure 7: The second natural mode
of transverse vibrations the shape of transverse vibrations
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Figure 8: The third natural mode shape  Figure 9: The fourth natural mode
of transverse vibrations the shape of transverse vibrations
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Figure 10: The fifth natural mode shape of transverse vibrations

Table 2 lists the lowest five forward and backward whirling speeds @£
and @2 (s=12,...,5), taking into account the gyroscopic moment of the shaft,
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obtained from the presented approach and those obtained using FEM and
another analytical method in [16].

From Table 2, it is seen that all values of forwarding and backward
whirling speeds with the gyroscopic moment of the shaft considered, obtained
from this article are in remarkably good agreement with those obtained from
ref. [16] using the conventional FEM and another analytical method.

Table 3 shows a comparison between the lowest five forward and
backward whirling speeds @% and @2 (s=1,2,...,5) of the analyzed system
with gyroscopic moment of the shaft neglected, obtained from the presented

approach and those obtained using FEM and another analytical method in ref.
[16].

Table 2: Comparison of the lowest five forward and backward whirling
speeds, with gyroscopic moment of the shaft considered

Whirling speeds @ with Q = &g (rad /s)

Direct!on of Present Study FEM in Ref Ana_lytical method

whirl [16] in Ref [16]

af 147.06340 147.0635 147.0635

@f 480.87540 480.8764 480.8763

Forward 5‘3’ 932.46869 932.4732 932.4729
of 5355.19469 5355.6869 5355.2862

55 6216.88169 6217.4720 6216.9834

@? 134.99264 134.9927 134.9927

a5 391.214530 391.2148 391.2148

Backward &% 896.275739 896.2792 896.2790
ok 960.383015 960.3859 960.3858

55 1068.337680 1068.3425 1068.3423

It should be noticed that in [16], the value of the fourth forward whirling
speed, @£ obtained using an analytical method is not closed to that calculated
using FEM from the same reference. From Table 3, it is seen that all values of
forwarding and backward whirling speeds obtained by means of the presented
approach, with gyroscopic moment of the shaft neglected, are in remarkably
good agreement with the corresponding ones obtained using the conventional
FEM in ref. [16]. Figure 11 represents the mode shapes obtained from existing
literature, (Figure 14 in ref [16]).
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Table 3: Comparison of the lowest five forward and backward whirling
speeds, with gyroscopic moment of the shaft neglected

Whirling speeds @ with Q = &g (rad /s)

Direct!on of Present Study FEM in Ref Ana_lytical method
whirl [16] in Ref [16]
af 147.05248 147.0526 147.0526
55 480.64971 480.6507 480.6506
Forward 5,§ 932.01115 932.0156 896.2792
55 5320.47043 5320.9487 960.3859
55 6172.09668 6172.6673 6172.1948
5f 135.00107 135.0011 135.0011
55 391.34774 391.3481 391.3480
Backward 5’33 896.60700 896.6104 896.6103
543 960.55576 960.5586 960.5585
5’53 1068.64318 1068.6480 1068.6478
T s S o
—@— st forward mode shape - <3-- 1stbackward mode shape
—4— 2nd forward mode shape = =>€-- 2nd backward mode shape
—dk— 3rd forward mode shape - -/ -- 3rd backward mode shape
—fll— 4th forward mode shape =< =]-- 4th backward mode shape
—=ihe=—  5th forward mode shape - —%—- 5th backward mode shape

The reth forwardibackward whid mode displace. U )

0.0 0.1 0.z 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Non=dimensional axial coordinates, c=x/L

Figure 11: The five lowest whirling mode shapes obtained by Wu et al.
(Figure 14 in ref. [16])
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Figure 11 is imported from the reference ([16], Figure 14]). It represents
the lowest five forward and backward whirling mode shapes obtained using an
analytical method, represented by solid lines (—) and dotted lines (... ... )
respectively. It is seen that the fourth and first forward mode shapes, denoted
by solid squares ) and solid circles @9, respectively, coincide. The same
finding is noted concerning the fifth and second forward mode shapes, denoted
by solid stars (3 and solid triangles{J, respectively. This allows concluding
that the fourth and fifth forward mode shapes are not plotted carefully in [16],
because according to the vibration theory, they should contain three nodes, and
four nodes, respectively.

The obtained lowest five forward and backward whirling mode shapes
using the presented approach are depicted in Figures 12-16.
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Figure 16: The fifth whirling mode shape

The first mode shapes of the analyzed system for forward and backward
whirls plotted in Figure 12 are overlapped and also identical to the first natural
mode shape in Figure 6. This is because the corresponding first forward and
backward  whirling speeds @! = 147.05248rad/s and &% =
135.00107 rad /s do not differ too much from the first natural frequency
w; = 140.72011 rad/s. The distinction between the whirling mode shapes
becomes obvious from the second one. The gyroscopic moment of the shaft
increases the forward whirling speeds and reduces the backward ones. This
phenomenon is understood as the stiffening and softening of the gyroscopic
effect. It is noted that the configuration of all mode shapes is symmetrical due
to the assumption that the analyzed shaft-disks system resting on identical
bearings has symmetric properties in stiffness and inertia.

Conclusion

In this work, whirling vibrations of a Timoshenko type shaft with two steps,
carrying three identical rigid disks are investigated using an analytical
approach based on relationships between the vectors of solution coefficients.
The developed relationships in this work allow an analysis of the effects of
rotary inertia, shear deformation, and gyroscopic moments on the dynamic
behavior of the Timohenko shaft-disk system. The computed natural
frequencies and critical (forward and backward) whirling speeds proved to
coincide with those obtained using conventional FEM from the available
literature (ref. [16]). The obtained numerical results indicate that the analytical
approach developed in this article provides an accurate calculation of
eigenquantities such as whirling speeds and mode shapes of rotating stepped
Timoshenko shaft carrying multiple disks. The given relationships in this work
can easily take into account a transverse crack and linear model of damping
and are well-suited to extend to the study of a multi-disk rotor with any number
of steps on flexible bearing supports.
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Nomenclature
E;, G, Young’s modulus and shear

modulus of the ith shaft segment
[N/m?]

|
inertia of the cross-sectional area
S, of the ith shaft segment about
the y- or z-axis

I,; polar moment of inertia of the

=1, diametric moment of

yi Iz,i

cross-sectional area S; of the ith
shaft segment

Jgi»Jp,; diametric moment of
inertia and polar moment of inertia
of the ith rigid disk | kgm? |

k; shear correction factor for the ith

shaft segment
L, lenght of the ith shaft segment

[m]
m; mass of the ith rigid disk (i),
located at the end of the ith shaft
segment [kg |

S, cross-sectional area of the ith
shaft segment [m’ |

u, (), U,;(x) deflection amplitude

of the cross-sectional centroid of the
ith shaft segment, at axial coordinate
X, in the vertical and horizontal

directions, respectively [m]

References

U (x,t)=uy; (x,t) + ju, ;(x,t) complex
variable representation of rotor deflection
o, (x) auy;i(x)

ox ' oex
elastic axis of the ith shaft segment at axial
coordinate x, in the x;y; and X;z; planes,

slope amplitude of the

respectively [rad]
79, () 73,1 (X) @amplitudes of transverse

shear angles of the ith shaft cross section
at axial coordinate X, in the x;y; and x;z;

planes, respectively [rad]
7i(X ) =7y i (X 1) + jrg,i (x,1) complex

variable representation of the shear angle
p; mass density of the ith shaft segment

[kg/m’]

@s whirling speed [rad /s]

o natural frequency [rad/s]

Q  rotor speed [rad /s]

¥, (), wyi(x) slope amplitude due to

bending of the ith shaft cross section at
axial coordinate x, in the x;y; and x;z;

planes, respectively [rad]
wi(X )=, (%) = jyw,i(xt), complex

variable representation of slope due to
bending
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