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This research investigates the effect of thermal radiation on unsteady magnetohydrodynamics free
convection flow of ferrofluid over a vertical flat plate with ramped wall temperature and arbitrary
wall shear stress. A comparison study between the magnetic nanoparticles iron oxide (Fe-0s) and
non-magnetic nanoparticles alumina oxide (Al,O3) with water-based fluid are constructed. An
appropriate dimensionless variables are introduced to the governing equations and solved analytically
by using the Laplace transform technigue. The variations of the profile for various values of the
pertinent parameters are graphically presented and discussed. The results reveal that the velocity and
temperature in the ramped wall condition are always lower than in the isothermal situation. Further,
the liguid with the non-magnetic nanoparticles has a higher velocity and temperature in either the
ramped plate or isothermal plate.
Keywords: Ferrofluid, MHD, Radiation, Ramped Temperature, Exact Solution.

1. Introduction

In 1995, Choi and Eastman experimentally reported in their innovative work that when a small
volume of solid nanoparticles was added to a common host fluid, it increased excessively the
effective thermal conductivity of the base fluids. The mixtures were called nanofluids. Recent
development in nanotechnology shows that it is possible to create new devices and materials with
varieties of potential applications, such as biomaterial, Nano-electronics, transportation, and nuclear
reactors (Tlili, 2021).

Joseph et al. (2019) investigated the optimisation of thermo-optical properties of nanofluid for
direct absorption solar collectors. They considered nanofluid with suspended spherical nanoparticles

SiO,/Ag-CuO in the water-base fluid. Kalantari et al. (2019) and Tahmooressi et al. (2021)

acknowledged the enhancement of thermal conductivity of a size-controlled silver nanofluid and
simulated the nanoparticles' size/aspect ratio effect on the thermal conductivity of the nanofluids by
using the lattice Boltzmann method. Rashid et al. (2021) studied the characteristic of two different
types of hybrid nanofluids with different shapes of nanoparticles on the heat transfer and fluid flow
toward a stretching/shrinking horizontal cylinder. Nanoparticles of Ag and TiO; in the water-based
nanofluid were considered in their work at the range of volume fraction 0<¢ <0.04. An interesting

investigation was carried out by Anuar et al. (2021) to determine the numerical computation of dusty
hybrid nanofluid flow and heat transfer over a deformable sheet with slip effect.
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Saqib et al. (2021) deliberated the shape effect on the MHD flow of a time-fractional Ferro-
Brinkman type nanofluid under the influence of ramped heating. They have solved the fluid problem
analytically via the Laplace transformed method. They considered water as the conventional base
fluids which have been suspended by spherical shape magnetic nanoparticles. Another study related
hybrid nanofluid, unsteady hybrid nanofluid flow over a radially permeable shrinking/stretching
surface was done by Umair et al. (2021). Anwar et al. (2021) applied the Laplace transform technique

to solve the fractional Fe,O, —MoS, -water hybrid nanofluid flow over an inclined surface with the

ramped heating and ramped boundary motion.

Of recent, the heat transfer and fluid flow analysis of nanofluid with the interaction of magnetic
field have increased enormously. Such kinds of nanofluid have numerous industrial and engineering
applications. The slip and radiative effects on the water-based magnetic FesO4 nanofluid flow over a
nonlinearly stretching sheet in a porous media with Soret and Dufour diffusion were numerically
examined by Bhatti et al., (2020). Krishna et al. (2021) analyzed the radiation absorption of an MHD
convective flow of nanofluids through a vertical movement absorbent plate.

Free convection flows are also of great interest in industrial applications such as granular
insulation, fiber, geothermal systems, nuclear reactors, filtration processes, design of spaceship, etc.
Soundalgekar (1977) was the first found the exact solution for the free convection flow of a viscous
incompressible fluid past an impulsively started infinite vertical plate. Khan and Alzahrani (2021)
analyzed the radiation effects on a free convection nanofluid flow (silicon dioxide and molybdenum
disulfide) by considering the influence of second-order velocity slip, entropy generation, and Darcy-
Forchheimer porous medium. The numerical solution of free convection heat transfer from a concave
hemispherical surface was studied by Behera et al. (2021).

The above studies show that no attempt has been made to analyze the radiation effect on the MHD
ferrofluid flow with ramped wall temperature and arbitrary wall shear stress. Thus, the present study
aims to investigate the behavior of a free convection water-based nanofluid that flows over a vertical
plate with ramped wall temperature under the influence of thermal radiation. Besides, the effect of a
magnetic field on fluid flow and heat transport is also taken into the consideration. A comparison of
non-magnetic nanoparticles with magnetic nanoparticles is conducted. Analytical solutions are
obtained through the Laplace transform methods. The interaction of the magnetic field with the
magnetite nanoparticles in the free convection nanofluid flow is presented graphically and discussed.

2. Mathematical Formulation

We consider the unsteady MHD free convection flow of an incompressible ferrofluid over an infinite
vertical flat plate. The flow being confined to y >0, where y is the coordinate measured in the

normal direction to the plate. The fluid is assumed to be electrically conducting with a uniform
magnetic field of strength By, that is applied in a direction perpendicular to the plate. The magnetic

Reynolds number is assumed to be small enough to neglect the effects of the induced magnetic field.
Based on the approximation of Boussinesq and taking into consideration the above assumptions,
the governing equations of momentum and energy are obtained as follows:

au o’u
pnfazlunfy-'_g(pﬂ)nf (T_Too)_o-nfBOZu’ (1)
aT o°T  aq,
(pcp)nf E:k”f ayz B oy ! (2)
subjected to initial and boundary conditions
u(y,0)=0; T(y,0)=T,; Wy=x0, (3)
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T, +(T, —Tw)tl, 0<t<t,

au(ot) f(b).
; t>0, T(0,t)= . , ()

T, t>t

w

u(oo,t)=0; T(ot)=T,; t>0, (5)

where u(y,t) is velocity component of the fluid and dust particle phases along the x-direction, p,,
is the density of the nanofluid, x, is the coefficient of viscosity of the nanofluid, g is the
acceleration due to gravity, (pf), is the thermal expansion coefficient of the nanofluid, o, is the
electrical conductivity of the nanofluid, (cp)nf is the specific heat of the nanofluid at constant

pressure, T is the temperature of the fluid and k . is the thermal conductivity of the nanofluid.

By using Rosseland approximation for radiation, the radiation heat flux (Magyari and
Pantokratoras, 2011; Muhammad et al., 2020) can be simplified as

q __—40'* oT’ 6
r 3k* ay ! ( )

where o and k”are Stefan-Boltzman constant and the mean absorption coefficient, respectively.
Assuming that the temperature difference within the flow is such that T*and may be expanded
in Taylor’s series. Expanding T* about T_and neglecting higher-order, we obtain

T* ~4T°T 3T/, (7)
Substituting (6) and (7) into (2), yields

oT T 160 T’ 0°T

(pcp)nf E:k”f ayz + 3k ayz '

*

(8)

The relations of density, dynamic viscosity and thermal conductivity of the nanofluid
(Nandkeolyar et al., 2013; Qasim et al., 2014; Devi and Devi, 2016) with the corresponding base
fluid are given as

(pep)  =(@=9)(pcy), +(pc,).. Pu =(1-9)p1 +dpy,

_(1- M ki_(k5+2kf)—2¢(kf_ks) (9)
(pﬂ)nf _(l ¢)(p’8)f +¢(pﬂ)s’ H _(1—¢)2-5’ K¢ B (ks — 2k )+¢(kf —ks) |

where ¢ is the volume fraction of the nanoparticles, p, and p, are the densities of the base fluid

and solid nanoparticles, (cp )f and (cp )S are the thermal conductivities of the base fluid and solid
nanoparticles, g, and g, are the volumetric coefficients of thermal expansions of the base fluid

and solid nanoparticles, u, is the dynamic viscosity of the base fluid, k, and k_ are the thermal
conductivities of the base fluid and solid nanoparticles.
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The thermophysical properties of base fluid and nanoparticles (Loganathan et al., 2013;
Qasim et al., 2014; Oztop and Abu-Nada, 2008; Hussanan et al., 2017) are listed in Table 1.

Table 1: Thermophysical properties of base fluid (water) and nanoparticles (iron oxide and alumina oxide)

Model c, kg 'K p(kgm™) k(wm™K™) Bx10°(K™)
H,0 4179 997.1 0.613 21

ALO, 765 3970 40 0.85

Fe,0, 670 5180 9.7 05

Now using following dimensionless variables (Khan et al., 2014; Khan et al., 2020; Nandkeolyar et
al., 2013)

TeouTy LRV S N L P f*(t*)zt—of(tot*), =t
i \JVth [ My

— (10)
so that equations (1) and (8) are reduced to (* notations are dropped for simplicity)
ou 10 M
=——+CrTg,——u, (11)
o ¢ 0y ,
2
W2 T
a 4, A Joy
The corresponding dimensionless initial and boundary conditions are
u(y,0)=0; T(y,0)=0; for y=>0, (13)
ou(0,t t for 0O<t<1l (14)
UOY gy (1) 10, T(0.0)= ,
oy 1 for t>1
u(oo,t)=0; T(ot)=0; t>0. (15)
Denoting
¢l=(1—¢>2'5{(1—¢)+¢&}, b =(1-9)+ L=,
o P
B (16)
1-9)ps +dps| -
( ) f s B ¢(pCp)S
9 Py = (1— ¢) +
Pni

where M is the magnetic parameter, Gr is the Grashof number, Pr is the Prandtl number and Nr
is the radiation parameter which are defined as

109



o .Bv v (T =T
M= nf Ozf, Gr:gﬂf f(3w oo), PI’=
oY, u K, k

0

3. Solution of the Problem

Applying the Laplace transform technique to (11)-(15) and make use of the transformed initial
conditions, then we obtained the following differential equations in (y,q)-plane

%%-g—w,q)—qu(y,q)wrw (v.a)=0 18)

AT, Nrld°T(y.q =
E[uﬂ#—mqﬂy,qkoy (19)

with the boundary conditions

T 10 F (@), -
0 (0,q) =0, (21)
B o 22
T (0,q)=1 qi , )
T (0,q)=0, (23)

where T(y,q) and T (y,q)are Laplace transform of u(y,t) and T(y,t). Equation (19) subject to
the boundary conditions (22) and (23) has the following solution

-yaa

T_(y,q)z(l—eq)eqz . (24)

Here,
_ Prg,

=Ny
ﬂ(1+j
A

By taking the inverse Laplace transform of (24) and and using the second shift property, then we
obtain

T(yt)=Te (y,1)-To (v, t-1)H(t-1). (25)

2 Cay
TR(y,t)z(tJr%Jerfc(%\/a;”j—y a;"te “, (26)

where H (t) is the Heaviside unit step function and erfc(.) is the complimentary error function.
Then, substituting (24) into (18) and make use of (20) and (21) leads to the following expression

Denoting
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0(y,q)=-0,(q).q,(y.9)—(1-e )T, (a).0, (y,9)+(1-e )T (q).Gs (y.q) n
=-0,(q).4, (v,9)+(1-e)[-T, (a).0, (v,q) + 05 (q)-05 (y,q) ],
where
_ 25 _ byaq by
ulq:_¢ Fq’uzng—a U;1q)= )
(@) == Fla), (@)= 025 B2 o
()= S, 0 (ya) =S
ul(y.q)= v Us(Y,Q)= 2
a + ¢ q
and the arbitrary constants are
_M¢ | _ Créd | _ &
- ¢2 , bl ao_¢1’ ’ ao_¢1
Then, the inverse Laplace transform of (28) are given by
- 2 e™erf /byt
u (t)=(1-¢)"" f(t), u,(t)=bifa, _b_\/%’LM’
2 b,* (29)

—[mlterz—(A]
4t
e

2 Ya
us(t)=he™, u,(yt)= \/ﬁ , u\%(y,t)z[a‘)zy +tjerfc(%\/a;°]—y\/§e a

Here, erf (.) is the error function and

m =2,
)
Finally, by using the second shift property in (27), the velocity distribution u(y,t) can be written as

u(y,t)=u, (y,t)+ug (y,t)—us (y,t)H(t-1). (30)

In which u, (y,t) and ug (y,t) can be found by using the convolution theorem

u, (y,t)=—(u, ®u,)(t)

t

:—.([ul(t—S)U4(y'5)d5 (31)

4

a9 1(a-) {2
Jar 4 & |
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Ug (Y t)=—(u, ®u,)(t)+(u; ®ug)(t)

t

=—ju2(t—s)u4(y,s)ds+.:[u3 (t—s)ug(y,s)ds

0
[mse Y8 by(t-5) _
:—Q\/Ej%e [ml y4s] 2 t—s+e erf( 3bz(t s)) " (32)

7 g b\ 7
+.t|'b1eb2(“s) Y% | ¢ lerte X\/g -y /ﬁef% ds.
0 2 2\'s V4

3.1 Solution for an Isothermal Plate

It is worth that to compare the obtained results in (25) and (30) with an isothermal case or constant
wall temperature. Therefore, the solution of velocity and temperature distributions for an isothermal
plate are

1-g)?° L f (t—s) |mstt
u(y,t)=—(JZ—7)z ! (\/gs)e[ st
vy’

~b, b;j;z j;% ebZ(tS)[mlH“]erf ( b, (t—53) ) ds

t
+hy [ e erfc [l & J ds,
0

SYS

T(y,t):erfc(%\/a;(’j. (28)

The combined effects of radiation and magnetic field on Ferrofluid flow through a vertical plate with
ramped wall temperature have been studied. The governing partial differential equations are solved
analytically by the Laplace transform technique. The effects of the involved parameters on the fluid
field and heat transfer are analyzed graphically and presented in Figures 1-6.

Figure 1 illustrates the influence of nanoparticle volume fraction ¢ on the velocity profile of the

(@7)

4. Result and Discussion

Fe,O, -water nanofluid. It is found that the velocity of the nanofluid decreases with the increment of

the volume fraction. This is because the increase of volume fraction leads to a larger viscosity of the
nanofluid result in more resistance to the fluid flow. This nature is observed either in the situation of
the ramped wall or isothermal plate. Furthermore, the ramped wall velocity is smaller as compared
to the isothermal case.

Figure 2 shows the effect of magnetite and non-magnetite nanoparticles on the velocity of the

ferrofluid. It is observed that the velocity of Al,O, -water-based nanofluid is greater than the Fe,O, -
water-based nanofluid. This implies that the Fe,O, -water-based nanofluid is more viscous than the
Al O, -water-based nanofluid. It is also noticed that the thermal conductivity of the Fe,O, -water-based

nanofluid is greater than Al O, -water-based nanofluid. Besides, the isothermal case is also compared
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with the ramped wall case and a greater velocity is detected in the condition of ramped wall either

for ALLO, or Fe,O, water-based nanofluid.

Isothermal
Ramped
I \ "

¢ =0,0.02,0.03,0.04

u(,t)
L

Figure 1: Velocity profile for ¢ when Pr =0.71,
Gr=10, M =2, Nr=4, f=-0.25and t=1.
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Fe;0,

Ramped
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Figure 2: Comparison between magnetic (Fe,0, )

and non-magnetic (Al,O,) nanoparticles when
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Figure 3: Velocity profile for Nr when Pr =0.71,
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Figure 3 is plotted to show the effect of radiation parameter Nr on the velocity of magnetite
nanofluid. It is noticed that the velocity of the Ferrofluid is enhanced with the increase of Nr. This
is because increasing the value of radiation parameter will increase the heat conduction which in turn
increases the rate of energy transport in the fluids. Thus, decreases the viscosity and thermal
conductivity of the Ferrofluid. This will make the fluid move faster and increase the velocity of the
Ferrofluid. Meanwhile, Figure 4 depicts the effect of wall shear stress parameter f on the velocity
of the Ferrofluid. The figure displays that the velocity decline when the number of f is increased
for both isothermal and ramped situations.

Figure 5 demonstrates the temperature distribution for different values of the volume fractions
¢ for isothermal and ramped conditions. The temperature has shown a positive effect on the volume
fraction. Physically, the increment of the volume fraction tends to increase the thermal conductivity.
Thus, the enhancement of the thermal conductivity has increased the rate of heat transfer and then
increase the distribution of the temperature in the fluid. The influence of the volume fraction on the
temperature profile either in the isothermal or ramped wall is the same but the temperature is larger
in the isothermal situation as compared with the ramped temperature.

Lastly, the graphical results of the temperature profiles for the magnetite and non-magnetite
nanoparticles are presented in Figure 6, for both isothermal and ramped plate conditions. The
variation of the magnetite and non-magnetite nanoparticles with isothermal and ramped temperatures
is very small, almost negligible in ramp temperature. The temperature of non-magnetite nanoparticles
is greater than the magnetite nanoparticles. The thermal conductivity and viscosity of the Ferrofluid
are temperature dependent. The thermal conductivity increases with the temperature whereas
viscosity decreases with the temperature. Therefore, the magnetite nanofluid is more viscous and has
a lower temperature as compared to the non-magnetite nanofluid.

5. Conclusion

The present study discusses the combined effects of radiation and magnetic field on the boundary
layer flow of a Ferrofluid over a ramped wall temperature vertical plate. Magnetite nanoparticles

Fe,O, are suspended inside the conventional water-based fluid. Non-magnetite, Al,O,

nanoparticles are chosen for comparison with the magnetite nanoparticles, Fe,O,. Moreover,

spherical-shaped nanoparticles are considered in this study. It is found that an increase in the volume
fraction ¢ of the nanoparticle has increased the viscosity of the nanofluid, which leads to a decrease
in the velocity of the magnetite nanofluid. An opposite tendency is observed for the temperature
profile with the volume fraction ¢ of the nanoparticle. The fluids with the magnetite
nanoparticles are more viscous as compared to the non-magnetite nanofluid due to the greater
velocity and temperature that have been detected in the fluid containing (Al,0, ). Lastly, it is
noticed that the radiation parameter, Nr is an increasing function of the velocity. The
influence of this parameter is found similar in the case of temperature. Furthermore, it is
recommended that to consider mass transfer with other relevant effects such as porous
medium, inclined magnetic field or Newtonian heating in order to expand the possibilities of
this study.
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