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CHAPTER 18
Absolute Translativity of Generalized NOrlund
Mean

Amjed Zraigat

Abstract. In this paper, two results involving left and right
translativity for absolute generalized No&rlund mean |(N,p,q] are

established. Two interesting non-trivial examples to show that
|(N,p,q)| may have only one-side translative being constructed, one

non-trivial example to show that |(N,p,q] may be translative is given,
and one non-trivial example to show that |(N,p,q] is non-translative
from the left nor do from the right is constructed.

Keywords: Norlund mean; translativity, one-side translative;
and sequence-to-sequence transformation.
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1 Introduction

Let A= (an'k) be a sequence-to-sequence transformation, then Ais said to

be regular, if whenever {Sn} has a bounded variation, it follows that {tn}
has a bounded variation and does not alter the sum.
Let p= {pn } g= {qn} be two given sequences of real numbers. Let

q,#0 (all n 20). The generalized Norlund method (N,p,q) which

was first considered by D. Borwin [5] is defined as the sequence-to-
sequence transformation

n,ksk ’ (1)

where

an :R_ Pok bk >

n

R, = Pydo + Pns +---+ Pod, #0; (@ln>0).

It follows from Toeplitz’s Theorem (Hardy 1949; Theorem (2)) that (N, p, q)
is regular if, and only if

Z an,k = O(l) ' (2)
k=0
and
a,, — 0 asn — oo for each fixed k. (3)

The following important result due to Mears [10] is required for our purposes:

Theorem (1.1) (Mears [10])
Ajs absolutely regular if, and only if

Z a, . converges for every n, 4
k=0
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a,, — 0 asn — oo for each fixed k, (5)

D> a, >lasn—o, (6)
k=0

and
Z Zan,ﬂ - Zal’Hl,,u =0(). @)
n=0 |u=K 1=k

We define the sequence of constants {Cn } formally by means of the identity

-1
(Zrnz”) =>¢,z" ;c, =0. ®)
n=0 n-0
Ais called Translative to the left (written) AeT,_ if the limitability of
{SJ- }T:O implies the limitability of {Si—l}io withS ; =0.

A €T, ifthe converse holds. AeT if,andonlyif AT and AeT;.

On translativity of summability methods much work has been done already
see [1]-[4], [6], [8] and [9].

2 Object of The Paper
The object of this paper is to obtain results for translativity of |(N, P, q)| and
to give two interesting examples to show that |(N, p, q) may belong to TL

or TR without the other, and to give a non-trivial example to show that

|(N,p,q)| may be translative. Finally, an example to show that

|(N, p,q] ¢ T, UTg is given. These results will be included in sections (4)
and (5).

3 Results

In this section we state and prove our two main results:

Theorem (3.1) Let g, #0 ; alln>0, and let (N,p,q) be regular, then
|(N, p,q) e T, if and only if
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M,, =0 as n— oo, foreach fixed v, 9)

and
s} n+l
Z pn+1 ZR qu+l k_VA pn—k |:O(1)| (10)
n=p-1 n+1 v=0 k=v qk n+l
where
M,, = PriCiy » 0SVEN, (11)
R n+l k=v Mk
=0 otherwise. (12)

Further, if {Cn}is bounded and {qn }is strictly increasing, then condition
(10) alone is necessary and sufficient.

Theorem (3.2) Letq, #0; all Nn>0, and let (N,p,q) be regular, then
(N, p,q) €Ty if, and only if

H,, =0 as n— oo, foreach fixed v, (13)
and
) p-1 n+l
q P
Z ZRV+1Z : C A e | =0(), (14)
n=p-1 k= v k+1 n+l
where
H o=y Gy o 0<v<n 15
n,v—RZ PriCey » OSVEN, (15)
n kv Uit
=0 otherwise. (16)

Further, if {Cn }is bounded and {qn }is strictly increasing, then (14) alone is
necessary and sufficient.
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Proof of Theorer_n (3.1)
Let {tn} and {tn} be respectively the (N, p,q) transform of {Sn} and

{Sn_l}, then

1 n
th === PoicdiSk: (7)
Rn k=0
o)
— 1 n
tha = _an—kq ki1 Sk - (18)
Rn+1 k=0
Using the inversion formula in (17), we have
S, = iZka Rty (19)
qn k=0

where C is given as in (8).
Using (19), it follows from (18) that

ta =Y M.t (20)
v=0

where M _ is given by (11) and (12).

nyv

Hence |(N, p,q] ETL if, and only if the transformation given by (20) is

absolutely regular. Observe that when S, =1 (aII n 20), (17) and (19)
imply that

n
Gy =D Coy Ry - 1)
k=0
Using (11), (12) and (21), one can easily seen that
ZMM:l—ﬁ. (22)
v=0 Rn+1

Therefore, (4) and (6) follow from the regularity of (N, P, q)together with
(22). Using (22) and (12), we see that (7) will be satisfied if, and only if (10)
is satisfied. Hence, it follows from Mear’s Theorem that |(N, p, (ﬂ eT, if,

and only if (9) and (10) are satisfied. Next, if {Cn} is bounded and {qn }is
strictly increasing then

Cn
— —>0a n—w. (23)
a,
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Using (11) we have

(Z|pn ka+1|

kv kv

M

+ Z |pn qu+l|

k=N-+1

nyv

J (24)

Using (23) and the regularity of (N, p,q), (9) follows from (24). This
completes the proof.

n+l k

Proof of Theorem (3.2)
Using (18) to obtain Sn in terms of t,, and then substitute this in (17), we
have

o0

= Z H n,vE"*l ) (25)
v=0

where H | is given by (15) and (16).
Now, |(N, p,q) e Ty if, and only if the transformation given by (25) is
absolutely regular. For this we use (15) to get

ZHn,v Z RVH Zq_kpn ka \
v=0

v=0 n kvqk+l

:_zqkpn k ZRV+le v (26)
n k=0 Q11 v=o
which by (24) reduces to
ZHn,v :_zqkpn k. qk+1 _Ck+l) 27
v=0 n k=0 qk+1
o8
:1—— — PnkCus (28)
Rn quﬂ e
q—lpn+l
=1-|H, ,——— 29
( n,-1 qun j ( )
=1. (30)

So that (4) and (6) are satisfied. Hence it follows from Mear’s Theorem that
(N, p,q) € Ty if, and only if (13) and
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iHn,v _iHnJrl

are satisfied. Using (30), it can be easily shown that (31) reduces to (14). This
completes the proof of the first part. Next, using the same technique used in
the proof of the second part of Theorem(3.1) , the second part follows at once.

=0(), (31)

4 Examples

In this section, we will give three examples to show in each of the first two
examples that |(N, p,q] can be only one-side translative. In the third

example we will give a non-trivial case to show that |(N, p,q) may be
translative.

EXAMPLE (4.1)

Let
p,=1; (n=0), (32)
q =1, (33)
and
q,=W, (w-I)I<n<w!; w=23,.., (34)

then [(N, p,q) e T¢, but |(N, p,q) e T, .
Proof Using(32), we have

c,=1l,c,=-1landc,=0;n=>2. (35)
Using (32) and (35), it follows from (15) that

H :Rv+l(qv _qv+1j10£\/£n. (36)

nv
Rn qv+l qv+2

observe that
Ry =140, +0; +...+ gy -+ Qg + s
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1+ (ki~(k —L))kb+(w+ 1)
k=2
“(wr), (37)
and using (36), (13) follows immediately.

Next, observe that >0 ; (aII n> 0) and using (32)-(35), the left hand side of
(14) will be reduces to

1 1 | 9, q J
— R,. v Avil
( Rn—l Rn—2 J; 1( qv+1 qv+2

(_+R_Rq a, 1_1j

q u+l

o0

2

n=pu-1

-0(Y). (38)

Hence, (14) is satisfied and theorem (3.2) implies that |(N, p,q) e Ty . Next,

to show that |(N, P, q)| ¢ T, , itis enough to show that (10) is not satisfied.
Using (32)-(35), we have that the left hand side of (10) is equivalent to:

p1-1
( t ! j{uZRVAMj
n=p-1 Rn+1 Rn+2 v=0 qv
+1
:[1+R#—Ry c;’ jZA

n=p-1 I'l+l (39)

0

~ Ry—lqy+1 . (40)
R/Uq/l

Taking 4 = WI—1, and using (34), it follows from (40) that
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R#—lq prt _ O Ruz - (W+ 1)! . (W!—Z)2
Ry 4. Q1R 10 wi (W!—1)2

“w+1=0(Q), (41)

so that (10) is not satisfied and consequently |(N, p, q) & T, . This completes
the proof.

EXAMPLE (4.2)
Write E,, =2""w!, and let

p,=1 (@Inx>0), (42)

0 =1, (43)
and

qn :% ’ WWl£n< E 2131"-1 (44)

then [(N, p,q) T, but [(N, p,q) eT,

Proof
Observe that

q, >0; (alln>0) (45)
and

-E
an Wl~2W—1 (46)

n= Ewl '
we have

Re ~ 2", (47)

Using (39), (42)-(47), we see that the quantity on the right hand side of (40) is
bounded, so that (10) is satisfied. Also (9) is clearly satisfied. Hence, by

Theorem (3.1), |(N, p, q] €T, . Next, using (44), we have

(48)
u+l

Using (48), it follows from (38) that the left hand side of (14) is unbounded.
Hence by Theorem (3.2), |(N, p, q) gTq.
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EXAMPLE (4.3)
Let

Po=L p,=-1land p,=0; (n>2), (49)
and let

d, =(n+1); (n>0), (50)
then [(N, p,q) eT .

Proof
Using (49) and (50), we have

c,=1; (n>0) (51)
and

R,=1 R,=q,-q,,nin; (n>1). (52)

Using (50) and (51), it follows from Theorems (3.1) and (4.2) that
(N, p,q) €T if, and only if, (10) and (14) are satisfied. Using (49)-(52),
the left hand side of (10) will reduces to:

o p-l
_ _ qn+2 qn+1 1 1 _ qn
Z Z(qv qv—l{ R + [R + R j J

n=p-1v=0 n+1' M n+2 qn n+l n+2 qn—an+1
(53)
< 1 1
—q. ( - j:om. (54)
h ngl R n+l R n+2

So that (10) is satisfied and |(N, p, q] €T, . Next, using (51) and (52), the
left hand side of (14) will be reduces to:

o0 ,u—l 1
z Z(qvﬂ _qv {_ qn+1 + qnqn_l + - _ qlr;e—l j (55)
=pi—

n 1v=0 qn+2 I:QnJrZ qn+1 Rn+1 n+2 qn n+1

® 1 1
-, ‘1)n§_1[(n 2R, (+2nrIR., j (50)

n+l

=0(), (57)

so that (14) is satisfied and the proof is completed.
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EXAMPLE (4.4)

Let
Po=L p,=-1land p,=0; (n>2), (58)
and define {qn} by
n® if nis odd
q, = L : (59)
1 if niseven

then [(N, p,q) & T, UTy .

Proof

Using (58) and (59), and the fact that
Rn = Pnlo + Ppaly -+ PG,y + Pod,

we have
R, =1,
and

R —q g _n3—1ifnisodd 6D
" T 12.3n+3n2—nd if niseven

and these imply (2) and (3), so that (N,p,q) is regular. Also using (58), we
have

c,=1,;(n=0). (62)

Using (58), and (59)-(62), and taking n to be given, we have from (11) that for
every fixed V,

Mn,v — Rv |:qn+l _ qn :| (63)
Rn+l qn qn—l
R, L if n is odd (64)
= — ——— | ITNniIso
2-3(n+)+3(n+1)° —(n+1)° | n® 1

—>R, #0 (65)
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3
= R, (n + 1) -1 — 1 if nis even (66)
(n+1)* -1 1 (n+1)° -1
—R, #0. (67)

Hence (9) does not satisfied, and Theorem (3.1) implies that |(N, p, q)| g™, .

Finally,using (58) and (59)-(62), and let n be odd, we have from (15) that for
ever fixed V,

R n 1
H — v — ], 68
" n3—1{1 n3} )
—->R,,#0, (69)

So that (13) is not satisfied, and Theorem (3.2) implies that |(N, P, q)| zTq.
This completes the proof.
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