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Derivation of Four-Point Explicit Block Methods for
Direct Solution of Initial Value Problems of Third
Order Ordinary Differential Equations

Z. Omar, J. O. Kuboye, and Y.A. Abdullah

Abstract. Two block methods for solving third order ordinary
differential equations directly are presented. These methods are
derived using two different approaches; direct integration and
collocation. Both methods are capable of approximating the
numerical solutions at four points simultaneously. The advantages
and drawbacks of each method are also discussed.
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1 Introduction

We are interested in solving the following initial value problem of third order
ordinary differential equation (ODE) directly

y" =1y, ¥,y y@ =Y, yY'(@=Yp, Y'(@)=yg,asx<b.
)

Several methods for solving higher ODEs directly have been proposed by
researchers such as Awoyemi and Kayode [1], Gear [2-4], Hall and Suleiman
[5], Kayode and Obarhua [6], Odekunle et. al. [7] and Suleiman [8-9]. These
methods are capable of solving higher order initial value problems of ODEs
without going through the process of reduction. Reducing higher order ODE
to its equivalent system of firstorder equations is not only enlarging the
system of equations, it may also jeopardize the performance of the methods
particularly in term of computational time.

In this paper, two explicit block methods for solving (1) are derived using
two different approaches namely direct integration and collocation. The
details derivations of both methods are described in the following sections

2 Derivation of Four-Point Explicit Block Method Using
Direct Integration
LetX,,; =X, + jh, j =1,2,3,4. Integrating (1) once, twice and thrice and

taking the limit from X, to X, ; gives

V' (%) = Y (%,) = J F(x,y,y") dx

Xn

Y (%) =Y/ (%,) - Jhy(X)—J_[f(XYY)dXdX—_[(Xnﬂ X) f dx

Xy X X

Y%, p) = Y(x,) = jhy'(x,) - ( )V”(X)—T”f(xyy)d"d"dx‘ T%fdx
2
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k-1 -S
Replacing f(x,y,y") with a polynomial B, ,(X) = Z(—l)m( JVm fa
' m

m=0

which interpolates  f(x,y,y") at the set of points(Xn_i,fn_i),
i=012,...,.k —1 gives the following results

Yri = ji 1)[ ]V f, dx.

V060 -y ()= (Y04 = | (- x)z<—1)m['m3]vm f, i

Y% i) = Y(%) = (Jh)y'(x,) - ( ) y'(x) = j b “*'_ )ZZ( " [ jv”‘f dx.

xn

3
where s = X~ *%n |
h
Changing the limit integration and substituting dX = hds in (3) yields
I k=L s
Y (%) =Y (%,) = jZ(—l)m( ijfn hds.
0 m=0 m
: oG -5
Y (%) =Y (x) = (ih)y"(x,) = fh(J - S)Z(—l)m[ jvm f, hds.
. ( 2 J 2 Kk 1 —s
y06,) - y(%,) - (ih)y'(x,) (%,) = j [ ]vm f, hds.
0 - m:O m
4)

which can be written as
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Y (%) =Y (X, )+hza® v,

y (Xn+J) y (X )"‘(Jh)y"(X )+ h2 Za(z) me

y(xn+j)=y(xn)+(jh)y'(xn))(2!) " Z:llafnl v,
®)
where ‘
o = ()" | (_msj ds
@ _ b S
i = 7] s)(mjds
3) _ mj(j_s)2 =S
al® = (-1) lT o |ds
(6)

Let’s G]@(t), c®q and GJ(?’) (t) be the generating functions defined as

follows

o o if_ j j
GO =Y allt" = Z(—t)’“ | ( Sj ds= [ (1-t)*ds =[ e+ ds
m=0 0

0

S - Sal - 3 (s [msjds:ju-s)(l_t) ds=f(j-slro
O=Y " =Y (4 ju _2.5)2 ; S] s U —le)z 1) as=f —;)2 .

(")

The constant step size formulations of implicit k-step method corresponding
to (5) are
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1
yr’1,+j +hz k(Jlr)nfn m

k-1
Yo = Yo+ (Jh)yr+h?y pgUAvTE
m=0

ih)2 k-L
ym:M&GW%A€2ﬂ+WZﬂKWWM
- m=0
(8)

respectively. The coefficients ﬁ,f’j,’np), m=01.Kk-1and p=12,3 are well
known and defined by Shampine and Gordon (1975) as follows

(JP) (1) Z( j (p)

The values of a}fﬁ are then substituted in (9) and subsequently in (8)

respectively to get a four-point explicit block method. The most crucial part in
deriving this method using direct integration approach is, therefore, to

determine the values of 0!}"2 which we are going to discuss as follows.

From (7), we have

j
GO (1) = Za”’t je‘s"’g‘l“)ds
0

G(Z) @) j )e log@-t) ¢ G(l) (t)
t t"=|(j—s)k*" S =
0= EZ“ J Ioml 0
(3) (t) za(S)t j‘ 2 slog(l—t) S = J - 2'G§2) (t)
= ;2 2llog(1-1)

(10)

which implies
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>abtm = Ie‘““““’ds
m=0 0

. j= et
S =
=0 log(1-1)

-2y a®p
m=0

3 a®tm =m0
,; L 2llog(1-t)

(11)
From Equation (11) it is observed that the integration coefficients depend very

o0
1 . ..
much on Zag}ntm . Therefore, we will focus on determining the values of
m=0

Zaﬁntm for j=1,2,3,4. When j=1, we have
m=0

0 1 t
®¢m _ —slogl-t) o —
2 = e g

which leads to

(iafl% tm](‘ Iog(l—t)j ! 12)

o t 1t

=1+t+t%+...

Replacing (_I()gggmj:1+;t+;t2+"' and

in (12), equating coefficients t™ and on simplifying we obtain
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m Ol(l)tm
o _ 1r
Amy =1- z
“m+2-r
) _ ,,(p-1)
Qg =0y

a®,=altD-> A for p=23 m=04..k-1

(13)

afy =]
© (m+ j+D)(m+ j)(m+ j-1)...(m+3) ~ m aﬁ
jim+l (J—l)l r:0m+2_r
af? =it

al =alnh -y - for j =234, p=23m=04,.,k-1.

(14)

Substituting the values of integration coefficients obtained in (13) and (14)
into (9), followed by (9) into (8) produces a four-point explicit block method.

3 Derivation of Four-Point Explicit Block Method Using
Collocation Approach

Let power series of the form
k+3

y(x) = zaixl (15)
i=0
be an approximate solution to (1) where the number of points k = 4.
Differentiating (15) thrice we have
k+3

y" =i -D(i-2)ax"? (16)

i=3
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Equation (15) is interpolated at X=x,;,]=023 and equation (16) is

collocated at x — Xo.j0 ] =0@)3- As a result, we have
k+3 .
I —
Zaixn+j - yn+j
i=0

k+3

ZI(I_]-)(I 2)3. n+j fn+j

i=2

7)

In order to find the values of a’s in (17), Gaussian elimination method is
employed. These values are then substituted into equation (15) and using

. X=X
transformation t = n

form is obtained

y) =a0<t)yn+2a,- ®Y,., +h32ﬂj 01,

where .
a(t)— +E
3t
“0="3"3
%m=ﬂ+%

,B()—— 11t2_£_i_ t°
’ 120 720 72 120 720

H tt ottt
=—+—+—+—+
A 20 60 16 30 240

m 37t t ot t°

="
p:0) = 80 8 24 240
3n2 t* 11ttt t° tf
=— t—t—t—+——
A0 15 180 6 144 60 720

The first derivative of (19) yields
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(18)

(19)



1t

() ==+=
ay(t) 673
ag(t)z—E—t
4 2
as(t)==+—=t
s(0=2+3

1 11t ottt
M)z — —
A 120 360 18 24 120

1t ot ot
M)=—+—+—+—+—
A0 20 30 4 6 40

3 37. t* 5t* t°
"M)="+t — -
£ 8 40 2 24 40

2 3 4 5
ﬂé(t):i+§t+t_+£+t_+t_
15 90 2 36 12 120

(20)
and the second derivative of (19) produces
1
aﬂtz_
o(t) 3
a,(t)=-1
2
//t:_
a;(t) 3
11 2 ¢t
"t:— _____ -
(0 360 6 6 24
2 3 4
{'(t):i+3i+zi+t_
30 4 3 8
. 37 3, 5, t
t)="" -t - t*——
A0 40 2 6 8
3 4
g’(t):§+t+ﬂt2+t—+t—
90 12 3 24
(21)
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Evaluating (19) at non-interpolating points i.e. at t = -2, 1 and evaluating (20)
and (21) at all the grid points. i.e. t =-3, -2, -1, 0, and 1 produces the discrete
schemes and its derivatives which are combined in a matrix form as follows

1 -1 % 0 00 0 %
) Y 1 Yn-s 0 00 0})vns
0 2 3 L Yoiz | _ 000 3 | Yo +h 0 00 0|y,
0 _g g 0 Ynia 0 0O _E Yoo 0 00 -1 yr/1—l
203, W Llva) looo oly
01 -2 o0 000 =
3 3
1
0 = 0 0 1
] 6 000 =
000 0)y., 12 1 foa 6 | fos
" = £ = 00 0
h? 0000 Yo h? 6 3 2 fn+2 he 8 fn—Z
000 0y, |7 36 1 if, @ |000 =51,
000 -1y 120 120 120 f 124 | f
Y 393 72 11 w) o 0 o X2\
=L =9 360
360 360 360

Therefore, multiplying both y and f function by the inverse of the coefficients
of y .,i=0(1)4. This gives the explicit block method below

7 1 1

2 PR— —_—— PR—
yn+1 yn + hyn += h + h (180 f 80 fn+1 30 n+2 + 144 fn+3)
+2hy’ +2h?y’ +h( f+4f L 2 )
yn+2 yn yn 15 n+l 5 n+2 45 n+3
243 9
Yua = Yo t 3hyn +—- h2 + h (7 f 80 nat T % fn+3)'
, 112 32 16 32
Yorsa = Yo t 4hyn +8h2yn h (7 f 5 f 15 fn+2 +475 n+3)
(22)
The corresponding first derivatives of (22) are
37 11 1
! +hy! +h*(—f + ——f L, +—f ).
yn+1 yn yn (360 60 n+l 120 n+2 45 n+3)
., , 22 2 2
Yoio = Yo t 2hyn + hz(_ fn +E n+l _E n+2 +E fn+3)'
27 27 3
+3hy’ +h? —f+ f,o+—f +—f ).
yn+3 yn yn ( 10 n+l 40 n+2 20 n+3)

172



’ ’ , 56 64 16 64
Ynia = Yn +4hyn + hz(E fn +E fn+1 +E fn+2 +E fn+3)'

while the corresponding second derivatives of (22) are

Vi = Vi HNE Fy 22 = o ).
Vie = Vi 4G Bt 5 font S fo).

Vis = YEHRE Fu b2 oy ts fon 42 £)
Viee = VRO T, +2 foy =2 oy 2 £,00)

4 Discussion and Conclusion

Two numerical methods for the solution of general second order initial value
problems using direct integration and collocation approaches have been
proposed in this paper. Both methods have their strengths and weaknesses. In
terms of simplicity, the derivation of block method using collocation method
seems simpler than its counterpart. But this approach fails to generalize the
formulation of unknowns a’s to any point since the order of differential
equation that determines the number of interpolation points. In addition, the
order of the approximated power series is also determined by the number of
interpolation and collocation points. Although the derivation using direct
integration method is more complicated, this approach is able to generalize the
formulation of the integration coefficients for any back values used at any
point.
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