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1 Description of the Problem

Let (2, A, 1¢) beacomplete O -finite measure space. Let r be the real line

and let J = [0, T] be a closed and bounded interval in R . Consider the
functional random integro-differential inclusion (in short FRIGDI),

o(t)
x"'(t,a))eF(t,x(H(t),a)), | k(s,r,x(n(r),a)),a))dr,a)J ae.tel

0

X(O! a)) = qO (a))’ XI(O! a)) = ql(a))’ X"(O’ a)) = q2(w)
(1.1)

for all @€ where q,: Q2 —>R,q,: Q2—>R,q,: Q2—>R,

F:IJxRxRxQ > Pp(R), and functions 9,0,77: J—J are
continuous.

By a random solution of the FRIGDI (1.1) on J X we mean a
measurable function x : (3 — AC(J, R) satisfying for each COEQ,

X"(t,w) =V(t,®) for some measurablev : Q2 —> L*(J, R) such that

V(t,a))eF[t,X(H(t),a)),gf)k(s,r,X(n(r),a)),a))dr,a)] ae tel,

0

where AC (J, R) is the space of absolutely continuous real-valued functions

onJ.

The FRIGDI (1.1) seems to be new and includes several known random
differential inclusions already studied in the literature as special cases has
been discussed in the literature for various aspects of the solutions. See
Papapgeorgiou [5,6] and the reference therein. In this paper we prove the
existence result for FIGDI (1.1) under non-convex case of multi-valued
function involved in it.
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2 Auxiliary Results

Let F: JxRxRxQ— Pp(R) be a multi-valued mapping. Then for
any measurable function x : (3 —» C(J,R), let

S (w)(X) :{VE M (©,M (J,R))

o(t)
v(t,a))eF[t,x(e(t),a)), | k(t,s,x(n(t),a)),a)),a)] ae. teJ} (2.)

0

and S,lz(a))(x)={ veM (Q, Ll(J,R))‘

a(t)
v(t,a))eF(t,x(H(t),a)), j k(t,s,x(n(t),a)),a)),a)] ae. teJ} (2.2)

This is our set of selection functions for Fon J < R < R x< 2. When there
. . 1 1
is no confusion, we denote S (@)(X)=Sg(®)(y), where

y(t, @) = x(O(t), ) for some continuous function 0:J—>J. The
integral of the random multi-valued function F is defined as

jF (S, X(H(S),a))’aj‘s) k(s,r, x(n(z), @), a))dr, a)jds

0 0
t
= {jv(s, w)ds:ve St (a))(x)}.
0
Further, if the integral,

_t[ F [s, x(6(s), a)),aj‘S) k(s, 7,x(n(7), a)),a))dz-, a)J ds

0
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exists for every measurable function x : (3 — C(J,R),then we say the

multi-valued mapping F is Lebesgue integrable on J.
We need the following definition.

Definition 2.1. A multi-valued mapping 2:J x Rx RxQ —> pcp (R)
is called strong random Caratheodory if for each @ € (2 |

i (t,o)— ,B(t, X, Y, ®) is jointly measurable for all X, Y € R, and
(i) (X, y) = ,B(t, X, y,a)) is Hausdorff continuous almost everywhere
forted.

. . . . 1
Again, a random Caratheodory multi-valued function ﬂ is called strong L -
Caratheodory if

(iii) for each real number r > 0 there exists a measurable function
h :Q— L*(J, R) such that for each @ € €2,

|18, x,y, @), =sup{lul:ueF(tx,y,0)} <h ()

ae. tel

X,yeR

for all with | X| < randlyl

Then we have the following lemmas, which are well-known in the literature.

Lemma 2.1.(Caratheodory theorem [5]) Let E be a Banach space. If
LI xE —>Pcp(E) is strong Caratheodory, then the multi-valued

mapping (t,X) — F ('[, X(t)) is jointly measurable for any measurable
function x on J.

3 Existence Results

We will seek the random solutions of FRIGDI (1.1) in the function space
C(J,R) of continuous real-valued functions defined on J. Define a norm

-l in c(3,R) by
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|| X [|= sup[x(t)|-

ted

(3.1)

CIearIy,C(J,R) becomes a separable Banach space with respect to the
above supremum norm.

Definition 3.1. A multi-valued random operator Q: (2 x X — P_ (X)

is called right monotone increasing if for each @€ () we have that

Sq (a))(X)éSQ (w)(y) forall X,y € X forwhich X<Y.

We quote the following fixed-point theorem for right monotone increasing
random multi-valued mappings on ordered Banach spaces.
Theorem 3.1 (Dhage [1]) Let (€2,A) be a measurable space and let

[a,b] be a random interval in a separable ordered Banach space X. If
Q:Qx[a,b] —> P, ([a, b]) is a compact, upper semi-continuous right
monotone increasing multi-valued random operator and the cone K in X is
normal, then Q(a)) has a random fixed point in [a, b].

Then | have the following lemmas which are well-known in the literature,
hence quote it.

Lemma 3.1. (Lasota and Opial [8]) Let E be a Banach space. If dim (E) < o0
and let F: I xEx Q—> Pcp(E) be a random L' -Caratheodory, then

St (w)(x) = 0 foreach X € E.

Lemma 3.2 (Lasota and Opial [8]) Let E be a Banach space, F a Caratheodory
multi-valued operator with S;l: () =0 and let

L:L*(J,E) —> C(J,E) be a continuous linear mapping. Then the
composite operator | o St (@) :C(J,E) —> P,y (C(J,E))has
closed graphon C(J,E)xC(J,E).
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We consider the following set of hypotheses .

(AO) The  single-valued mappings q,: Q2 —>R, q,:Q—>R,
d, : ©2 — Rare measurable.

(Al) The  single-valued  mappingk : QQ — C(J xJ x R,R) s

. . . 1
measurable, and there exists a measurable function ¢ :Q — L°(J,R™)
such that

o(t)

[ k(t,s,y.)ds|<a(tw)|y|foralt,s€J ad yER.
0

(A,) The multi-valued mapping (t, w) > F (t, X(t, @), y(t, w), )
is jointly measurable for all x,y e M (Q,C(J , R)) :

(A;) F(t,X,y, ) is closed subset of R for each (t,®) € J xQ
and X,YeR.

(A,) Fisrandom L' -caratheodory.

(A )For each @ € €2, the multi-valued mapping X > 8,1: (@)(X) is
right monotone increasing in X € C(J ) R) almost everywhere for t € J.

(Aa) FRIGDI (1.1) has a strict lower random solution a and a strict upper

random solution b witha < b definedon J x Q.
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4 Main Existence Results

Theorem 2.4.2 Assume that the hypotheses ( Ay) — (A)) and (B)) - (B;)
hold. Furthermore, if Ha(a))H <1, then the FRIGDI (1.1) has a random

solution in [a, b] defined on J x Q2.

Proof. Let X :C(J ) R). Define a random order interval [a, b] in X which

is well defined in view of hypothesis (Bs)' Now the FRIGDI (1.1) is
equivalent to the random integral inclusion

t o(t)
X(t,a))eqo(a))+q1(a))a)+q—22(a))a)2+J.F s,.x(n(s),), J. k(s,r,X(n(r),a)),a))dr,w]ds,
0 0

teld
(3.2)

for all wel). Define a multi-valued operator

Q:Qx[a,b] - P,(X) by

Q(w)x = {u eM (Q, X)|u(t,®) =0y(®) + 0, (@) + q—zz(a))a)2 +jv(s,a))ds, Ve Sé(a))(x)}
0

:(K oS¢ (a)))(x)
(3.2)

where K - M (Q’ 13, R)) —> M (Q, X)) is a continuous operator
defined by

Kv(t,w) =qy(w) + q, (@) + q—zz(a))a)2 + .tfv(s, w)ds.
0

(3.3)

Clearly, the operator Q(w) is well defined in view of hypothesis ( B3 ). We
shall show that Q(a)) satisfies all the conditions of Theorem 3.1.
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Step | : First, we show that Q is closed valued multi-valued random operator
on (2 x [a, b]. Observe that the operator Q(a)) is equivalent to the

composition K o St () of two operators on L'(J,R), where
K:M (Q, Ll(J,R))_>M (22, X) is the continuous operator

defined by (2.4.5). To show Q(a)) has closed values, it then suffices to
prove that the composition operator K o Sll: (a)) has closed values on [a,
b]. Let X € [a, b] be arbitrary and let {V, } be a sequence in S,l: (a))(X)

converging to v in measure. Then, by the definition of 5,1: (0)),

o(t

)
vn(t,a))eF{t,X(B(t),a)), I k(s,r,x(n(z'),a)),a))dr,a)j

(0]
ae.forted.

Since F(t,X(@(t),a)),aj.t)k(s,r,X(n(r),a)),a))dr,a)J is
closed, i

V(t,w) €
':(t'x(e(t)’w),af)k(s,r,x(n(r),w),w)dr,wja-e' for
ted. i

Hence, V€S|1: (a))(X) As a result, Sé (a))(X) is closed set in
Ll(J ,R) for each @& €Y. From the continuity of K, it follows that

(K o S,1: (a))(X)) is a closed set in X. Therefore, Q(&) is a closed-

valued multi-valued operator on [a, b] for each @ € Q.
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Next, we show that Q(a)) is a multi-valued random operator on X. First, we

show that the multi-valued map (@, X) > S,lz (@)(X) is measurable. Let
feM (Q, L1(J, R)) be arbitrary. Then we have

d ( f,St (a))(x)) =inf {|| f () — ()| :heSt (a))(x)}
—inf {} f(t,w)—h(t,w)|dt:heS, (a))(x)}

=T|'d ( f(t,w),F (t,x(@(t),a)),af)k(t,s, X(n(s),w),a))ds,wj}

It can be shown as in the Step | of the proof of Theorem 2.2 that the mapping
o(t)
(t,w)— j k(t, S, X(U(S),a)),a)) ds is jointly measurable for all
0

x € M (2, X). Again the mapping ZI—)d(Z,F(t,X, y,a))) is

continuous and hence, in view of hypothesis ( B2 ), the mapping

o(t)
(t,x, 0, f)—d ( f(t,w),F {t, x(0(t), w), j k(t,s, X(n(s),a)),a))ds,a)D
0

is measurable from J x X x Q) x Ll(J ,R) into R™. Now the integral is

the limit of the finite sum of measurable functions, and so,
d ( f,St (a))(x)) is measurable. As a result, the multi-valued mapping

(', ) - 5,1:(,) () is jointly measurable.

Define the multi-valued map @ on J x X X €2 by
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t o (s)
#(t, x, @) = [F {s, x(6(s). @), [ k(s.z, x(n(r),a)),w)dr,wjds.

0

We shall show that ¢(t, X, a)) is continuous in t in the Hausdorff metric on
R.Let{ tn} be a sequence in J converging to t € J. Then we have

dy, (st x, ), é(t, X, ®))

- J“Z[O'O-(tn)] () = Xio.0ty (S) Ny (s, @)ds
J

h, (s, w)ds

= Hl’[o,a(tn)] (S) — X10.0(S)
J
—0 as n— .

th a(s)
:dHUF(s,x(e(s),w), | k(s,r,x(n(r),w),w)dr,des,

0 0

jF (s, x(H(S),a)),“.([s)k(s’T, X(n(f),a)),a))dr,a)]dSJ

0 0

= Hl[o,o(m] (S) — X10.0¢ty (8)| Ny (s, ®)ds
J

- H?([o,a(tn)] () — X10,01)1 (8| (s, w)ds
J
—>0 as n— oo
Thus the multi-valued map t > ¢(t, X,a)) is continuous and hence, by

Lemma 2.2.2, the multi-valued mapping
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(t, X, @) > j F (S, X(n(s),a)),aj(‘t) k(t,s, x(n(s),w),w)ds,w}ds

is measurable. Again, since the sum of two measurable multi-valued functions

is measurable, the map
o(t)

q, t J' k(s,r,X(q(r),a)),a))dr,w]ds

(1%0) > Gy(0) + (@) + £ (@)o’ +JF[s,x(n(s).w),

0 0

is measurable. Consequently, Q(a)) is a random multi-valued operator on
[a, b].

Step Il : Secondly, we show that Q(a)) is right monotone increasing and

multi-valued random operator on [a, b] into itself for each @ € 2. Let
x,ye[a,b] be such that X <Y. Since (B,) holds, we have that

SE(@)()=SE(@)(y). Hemce Q@)(X)=Q(w)(y). From
(H,) it follows that & <Q(w)a adn Q(w)b<Db for al w 2.
Now Q(a)) is right monotone increasing, so we have for each @ € (2,

a < Q(w)a<0(@)x=Q(w)b <b

for all X €[a, b]. Hence Q defines a right monotone increasing multi-valued
random operator Q : QO x[a,b] — P, ([a,b])-

Step Il : Next, we show that Q(a)) is completely continuous for each
@ € €. First, we show that Q(a)) ([a, b]) is compact for each @ € (2.
Let { Y, ()} be a sequence in Q(&) ([a, b]) for some @ € 2. we will
show that { Y, (a))} has a cluster point. This is achieved by showing that

{Y, (a)) } is uniformly bounded and equi-continuous sequence in X.

Case | : First, we show that { Y, (a))} is uniformly bounded sequence. Since
the cone K in X is normal, the random order interval [a, b] is norm-bounded.
Hence there is a real number r > 0 such that Hyn (a))H <rforall Nel] .
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By the definition of { Y, (@)}, we have a V, (@) € 8,1: (@)(X) for some
X €[a, b] such that

y,(t, @) =gy(w) + q,(w)w + (:]—22(60)602 + j-vn (s,w)ds, teJ.
0

Therefore,

YLt @) <

Ao (@) + Gy (@) o + q—;(w)a)z

t
+ ﬂvn (s, w)|ds
(0]

2

t
+j ds

0

<oy (@) + |0y (@) | +

q—zz((o)w

a(s)
F[s,x(e(s),w), [ k(s,r,X(n(r),w),a))dr,a))ds]

P

S‘qo(w)‘+\q1(a))a)‘+ %(w)wz

+h (@),

forall t € J , where r = Ha(a))H + Hb(a))H . Taking the supremum over t
in the above inequality yields,

Hyn(w)HS\qo(w)\+\q1(w)w\+‘%(w)w2 +[|h, ()] »

which shows that {yn(a))} is a uniformly bounded sequence in
Q(w)([a,b])-
Next we show that {Y, (@)} is an equi-continuous sequence in

Q(w)([a,b])- Let t,reld. Then we have

‘yn (t'a)) - yn (T'a))‘ b

j'vn (s,w)ds — jT'vn (s, w)ds
(o] (6]

<|p(t,®) — p(z,w)
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t
where, p(t,a)) = Ihr(s,w)ds. From the above inequality, it follows

0
that

Yot @) = Y, (r,0) >0 as t—>7.

This shows that { Y, (@) } is an equi-continuous sequence in Q(@) ([a, b]).

Now { Y, (@) } is uniformly bounded and equi-continuous for each @ € €2
, SO it has a cluster point in view of Arzela-Ascoli theorem. As a result,
Q(a)) is a compact multi-valued random operator on [a, b].

Case Il : Next we show that Q(a)) is an upper semi-continuous multi-
valued random operator on [a, b]. Let { X, (a))} be a sequence in [a, b] such
that X (@) = X.(®). Let {Y,(®)} be a sequence such that
Y, (@) eQ(w)x, and Yy (@) — Y«(®). We shall show that
Vi(®) e Q(w)X.. since Y, (@) €Q(w)X,, there exists a
v, (w) e S,l: (w)(x,) such that

Y. (t, @) = qo (@) + qy ()0 + q—zz(co)coz + j'vn (s,w)ds, ted.
(0]

We must prove that there is a Vi (a)) € S,1: (a))(X*) such that

Y. (t, @) = Qo (@) + G, (@) + q—22(a))a)2 + jv* (s,w)ds, ted.
0

Consider the continuous linear operator
L:M (© '(3,R)) —> M (€, X) defined by

Lv(t,w) = jv(s,w)ds, ted.
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From lemma 2.2, it follows that L o S,lz (a)) is a closed graph operator.

Also from the definition of L , we have

Ya(t,@) = (Ao (@) + (@)oo + 2 (@)?) = (L o SE(@)) (X,)

since Y, (@) = Ya(®), there is a point V(@) € S,l: (@)(X.) . such
that

Yu(t, @) = Qo (@) + G, (@) + i;(w)wz + jv*(s,w)ds, ted

This shows that Q(a)) is a upper semi-continuous multi-valued random

operator on [a, b]. Thus Q(a)) is an upper semi-continuous and compact and
hence completely continuous multi-valued random operator on [a, b]. Now an
application of Theorem 3.1 yields that Q(a)) has a random fixed point

which further implies that the FRIGDI (2.1.1) has a random solution on J x
€). This completes the proof.
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