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ABSTRACT

In this paper, we consider a new class of close-to-starlike functions denoted
by CS,, 5 , defined by the Carlson-Shaffer operator L(r, B). Let S denote the class

of analytic univalent functions f defined by f(z)=z+> a,z",then feCS; ;
n=2

if f satisfy the condition Re{%)z(;)(z)}>0,ZGE . where

L(a,p)f(z)=1 +ZEZ;”‘1 a,z" and g(z) is a starlike function. Properties of
=2 n-1

the class CSZﬁ such as the coefficient bounds, growth and distortion theorems
and radius results are investigated.

Keywords: close-to-starlike functions, analytic functions, starlike functions,

Carlson-Shaffer operator, coefficient bound, growth and distortion theorems,
radius results.

1. Introduction

Let A denote the class of functions of the form
f(z)=2+) a,z" (1.2)

that are analytic and normalized in the open unit disk E = {z :|z| <1} and S be the subclass of

A consisting of functions that are univalent in E .
Denote by P, the class of functions with positive real part, where functions in this
class are of the form

p(z) =1+i phz" . (1.2)
=1

Let S*,Kand C denote the subclasses of S which are the known class of starlike,
convex and close-to-convex functions respectively ( Goodman, 1983; Peter et. al., 2018; Rathi
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et. al., 2018). Reade (1955) defined the class of close-to-starlike functions where functions in

this class satisfy
£l
Re —< | >0, zeE
#(z)

with ¢(z) belongingto S

Reade (1955) obtained that f (z) is close-to-starlike if and only if the inequality,

6 .
¢ o f'lre'?
i0
IRe[re Trai }d0>—7r
o

holds for all 6, <8, and for all 0<r <1. The class of close-to-starlike functions is denoted by
CS*.
Srivastava and Attiya (2007) introduced a family of linear operatorJ,,, : A— A by

the Hadamard product of the Hurwitz-Lerch Zeta function with analytic functions as
‘]y,b(f XZ): G,u,b * f (Z)

where b € C withb=#0,-1,-2,-3,..., u€C, zeEand Gﬂ’b € A is given by

G up = (1+b)* |g(u,b;2) b

Srivastava et al. (2013), then introduced a subclass of close-to-starlike functions using
Srivastava-Attiya operator denoted by CS;b where they gave the following definition.

Definition 1.1 A function f is said to belong to the class CS;, if and only if, there exists a

function g € S” such that

Re(%fzi(z)j>0 , zeE.

In the special case whens =0, the class CS;, can be reduced to the class CS™ studied
earlier by Reade (1955).

This paper will define a new class of close-to-starlike functions using the operator
defined by Carlson and Shaffer (1984), where the Carlson-Shaffer linear operator
L(a, B): A— Ais given by

Lla, BT (2) = pla, p2) = 1(2)

where
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(D(a,ﬂ, Z) — i (a)n Zn+1

n=0 )n

(a)n—l n

, 0,-1,-2,...
B L7

M S

Z+

Il
o

n

The function, ¢(«, B;z) is known as the incomplete beta function. The term (1), is the
Pochhammer symbol that can be expanded in Gamma functions as

(%) :M_={1 (k=0)
T Tk |a(a+1)...(a+k-1) (keN={2..))

Thus, Carlson-Shaffer linear operator can be written as,

Lo, p)f(z)=z+ iggn‘laﬂzﬂ, zeE (1.3)
n=2 n-1

We define our new class of functions as follows.
Definition 1.2 A function f is said to belong to the class of CS, , if and only if there exists

a function g € S such that

Re{%z))fc)} >0, z€E (1.4)

In the special case, when a =1 and S =1, the class CS;ﬁ reduces to the class CS ™, studied
by Reade (1955).

The main objective of this paper is to find the coefficient inequalities and basic properties of
the class CS, ;.

2. Coefficient bounds

Theorem 2.1 Let f inthe form of (1.1) be in the class CS;ﬁ. Then,

(/3)n—1
(a)n—l

la,|<n? , neN\{l} (2.1)

Proof Method of Srivastava et al. (2013) will be used to prove this theorem. Suppose that
fe CS;/}, then from (1.4), there exists a function g €S” and a function p e P such that,

L(e,p)f(z)=p(2)g(2), z€E 2.2)
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Let

p(z)=1+§:pnzn and g(z):z+§:bnzn (2.3)

Then, by substituting (1.3) and (2.3) into (2.2), we have

Z+Z( )’“ a,z —Z+Z(b +Zbkpnk]z , b =1 (2.4)

Comparing coefficient of z" on both sides of (2.4) gives

(g
Z(ﬂ)m —Z(b +Zbkpnkj (2.5)

n=2

Also using the fact that
Ip,J<2, neN and |pf<n,  neN\{j
equation (2.5) becomes

n-1
gj" ja,|<n+2)k=n*>  neN\{}
n-1 k=1
So, we have that,
|an|sn2%’ nEN\{l}
A

which will complete the proof of Theorem 2.1.
In its specific cases whena =1 and £ =1, we obtain

la,|<n® neN\{j
which is the result of Reade (1955).

3. Growth and distortion theorem

Using the coefficient bound we now derive the other properties for the class CS;ﬂ. Firstly
we find the growth theorem for functions in the class CS;ﬁ

Theorem 3.1 Let f €CS,, ;. Then,

-1

r—rzin2 <|f Z)<r+r’ Zn

Proof Letf e CSM. By takmg absolute values on both sides of (1.1), we have

zeE, [z|=r.

> a,z"

n=2

(f(z)=z+

Hence, by using triangular inequalities, we have,

|z|—ianz"s|f(z)|£|z|+ 2] =r
n=2

ianz”
n=2
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r—i|an|r”s|f(z)|£r+i|an|r”. (3.1)
n=2 n=2
By substituting (2.1) into (3.1), we have

r—r Zn

Thus this completes the proof of Theorem 3.1.

(8),1
(a)n,l

—1

<|f(z)|<r+r Zn

We next derive the distortion theorem for functions in the class CS;’ﬁ
Theorem 3.2 Let f €CS’ ﬂ. Then,

1- an (ﬂ)

(a )n—l

Proof Let f €CS, ;. For distortion theorem, we differentiate (1.1) to obtain

nl

<|f (z)|<1+an

zeE, [7=r.

—1

f'(z)=1+> na,z"*
n=2
By taking absolute values on both sides, we have

=1+> na,z"*
n=2

Hence, by using triangular inequalities, we have,

§-[Sna, 2 <[ 112 < +[Sna, 2
n=2 n=2
0

1= nfag[r" <|f'(2) <1+ D nja, r"* (3.2)
2

n=2

2| =r

>
Il

By substituting (2.1) into (3.2), we have

(B)ns
()s

Thus this completes the proof for Theorem 3.2.

0

1-r) ndl ot

n=2

(B)os

<|f'(z)<1- fZ” (a),

4. Radius of convexity, starlikeness and close-to-convexity

Results on radius of convexity, starlikeness and close-to-convexity for the class cs; p will

be obtained in this section.
A function f €S is said to be convex of order 6(0<6 <1) if

Re{1+ Z]f ((Z))} > 8 (4.1)

Theorem 4.1 Let the functions in the form of (1.1) be in the class of CS;ﬁ . Then, f is
convex of order o if,
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1

(a)n—l | n-1 ne
(:B)n—l |:| ’ N\ {1}

1-5 |
|Z|S|:n3 n—o)|

Proof

It is adequate to show that the values for (1+ Z: ,((Z))j lie in a circle centered at w =1 with
z

radius 1-o6.

We have

) in(n ~1)a, ||z|n*1
[1+ Z:,(Z)J—A‘s 2 <1-5 (4.2)
O
n=2

S nin-agl2" < (1_5{1_§n|an”z|n-1}

n=2

Finally, we get

In view of Theorem 2.1, we have

n(n _5)|Z|n_1 |(0‘)n—1
, neN\{L 4.3)
1-6 n |(ﬂ)n—l { }
Solving (4.3) for |z| we obtain

=
iR

7l < 1-¢6 |(0£)n_1|_”* ne
"{n3<n—a>|<ﬂ>n_l|_ Ny

This completes the proof of Theorem 4.1.

A function f € S is said to be starlike of order §(0< ¢ <1) if it satisfies

Re{w} > 6. (4.4)
f(2)

Theorem 4.2 Let the functions in the form of (1.1) be in the class of Cs;ﬁ . Then, f is
starlike of order ¢ if,

J<| 10 |(oc)n_1|"1-1 e
e | IR

Proof We must show that,

> (n-1)ay 4"

n=2

1= fanfZ™
n=2

But in view of Theorem 2.1, the inequality (4.5) holds if

|zf’(z)_4S

Ko <1-§ (4.5)

198



Akbarally and Arunah, Malaysian Journal of Computing, 4 (1): 193-200, 2019

n-.
(n—lfi); %I ; —1| ne N\
Solving (4.6) for |z| we obtain
1
1-5|(@hs I}n-l
7| < , ne N\l
4| sl Y

This completes the proof of Theorem 4.2.

A function f €S is said to be close-to-convex of order 5(0<6<1) if

Re{f'(z)}> 6.

Theorem 4.3  Let the functions in the form of (1.1) be in the class of CS;ﬁ

close-to-convex of order o if,

1-06
=

Proof We must show that

1£(2)-1<> a7 <1-5

n=2

But in view of Theorem 2.1, the inequality (4.8) holds if
n-1
n|Z| < 1 |(a)n—l

(@)ns
(B)ns

Tl, neN\{l.

-5 (Bl neN\{l}
Solving (4.9) for |z| we obtain
1-5 ()| ™
z : ne N\,
s e o

This completes the proof of Theorem 4.3.

5. Conclusion

(4.6)

(4.7)

. Then, f is

(4.8)

(4.9)

In this paper, a certain class of analytic functions in the complex plane is discussed. The class
of analytic univalent functions is denoted by S .This paper is specifically focused on a class
of close-to-starlike functions defined using Carlson-Shaffer operator. This class is denoted by

CSZ{‘ p-We find the coefficient bounds, growth and distortion theorems and radius properties

for the class defined.
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