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Applications of leverenz theorem in univalent functions

Siti Aishah Sheikh Abdullah
Universiti Teknologi MARA Penang Campus
13500 Permatang Pasir, Pulau Pinang

Abstract

Leverenz theorem is stated and equivalent finite form is then obtained. Examples are then illustrated to show
some of the applications of the theorem. It was found that the results obtained are analogous to the some of the
well-known inegualities for class P and class B.
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1. Introduction

Let U= {: ;|;|.< 1} be the unit disc. Let H(U} be the space of functions analytic in U and GL(n) be
the space of n x n matrices with complex entries. Let T : H(L') = GL(n) be defined such that T
f isan nxn matrix where the ij - thentry of T f is given by

0 i j<i -
- i.j=123,..n
.(Tﬁf);'.j { aj_j 'Ef j =i J

where f(z) =D «:* € HU).

Lai}

Denote S* (o be the class of analytic functions f in U normalized so that f(0) = £*(0) -1= 0 and such

that Re 22
IR

=0, zEU. Thus a fE€5* maps U univalently onto a domain starlike with respect to the

origin, Closely related to the classes $* is the class of all functions p analytic and having a positive

real part in U with p(0)=1. If p€ P, Rep(z)>0 then p(z) = I+kz D z* is called functions with positive
=0

real part. Let B denote the class of functions bounded functions w that are analytic in U and satisfies

- wiz)

|w{z}| s 1, The class B and P are related through {inear transformation P(z)- e’
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2. Some preliminaries

Definition 1 At

The inner product of any complex number x, y shail be denoted by (I,y)whcre (Jf-)’) - E X Vi
fum ¥

[et A,D €& GL(n). We say that A is majorized by D, denoted by A << D if jar] = {o| forall

x € C" (Duren, 1983).

Theorem 1 (Leverenz Theorem)

Let fiz)= Sen" and gfz) = S h,:” be analytic functions in U. Then [f(z) | < [g(z)| in U if and only
if
H(zy = Hp*(2) - H * ()

2

)

i)

2 bkzhj’ }
i
is positive semidefinite on the family of all sequences z.

We nole thal Leverenz theorem is in an infinite form, We next obtain the finite form of Leverenz
theorem using Pick’s theorem as stated below (Leverenz, 1984).

Theorem 2 (Pick’s Theorem)
Let f:U—=U beanalyticandset w _=f(z), k=123,..,n. Then the Hermition form

.
0,0= 3 Itk o

nk=t 1~z
is positive definite (or semi definite) (Pick, 1915) .

Corollory 1 .
Let w be analytic in Uand w(z) = Y c.2". Then jw(z)|s].if and only if for n €N, and all z,, z,.

n=ill

Zp o 2, € C, we have

L

>

Eorfr

L]

E Con-kmm

on e

= ikkl -

Kemi)
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Theorem 2 is anologous to the following result, that is if,
fz)= Dot and g(z) =i:b.:" Jwel , g@)=0 isanalyticin U,
kmib k=D i 4
p|=<!  if and only if, for all in,

F] alm ']
= EL bn-i:m‘
k=0lm—k

2

& =it

E“m-a:—m

=k

then 7,/ <<T,g
3. Some applications
Examples are now given to illustrate how Leverenz theorem in the above form together with
majorization results are used to give well known coefficient results in the class P and class of
bounded function W.
Resuit 1 .

Let p(z)=1+2r:"c p. Then

0 |p.-p.pls2

G e, -2p,p, 402

Proof

ip«:”"

- 3"(‘-‘)_] Hul
W)= -
© {pzy+ 1)y -

2+2p.:”

Let W(z) = f(z)/ g(z) where f(z) = {p(z) =1 }/zand g(z} = p(z} + I. Hence,

by Leverenz theorem andw(c)|s1,
T f <<T

which implies that {7, /) Js|T,e) 5] , where x €C".
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plz)-1

R

PoProP 2 pom
0 5 pj<<|0 2 p

0 0 p) lo o 2

Forn=3,wehave thatis T3( )« Ty(p+1)

0
Choosing x = {—p.] yields
1

2 2
Foom e ol +lpa - p'[ 4l s[po- 2] +2pf 44
which simplifies inequality 1.
.\'5'|2 =P
Next let x=| -a |. Then
]
H ? 2 H
(o - 2= pamy s | 4|p2- | 41
2z
sfp’ - pad-pl+ pof +h2p pf 44

and this yields inequality 2.

A more general form of the inequalities above can also be derived as follows .

Resul¢ 2 .
~ Let f(:]-l+2p,,:“€ P. Then

|
Past ™ Epul’l

1
2
. oz, Vo2 [P 4]
- y IRLLLLLN

”) IPnrl"Pnpils.z

forn, k=1,2.3, ..

(1)

2
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Proof
From the Example | , Tm[’o(:)_l]«f'm(wl) where n,k positive integer. Let
P P2 Ps - Pra 2 P P2 Paia
0 p Pr o Pavit 0 2 P Pask-z
A=lo o p . . |, D=lo o 2 . .
. m D
0 0 P o . . 2

where A = m(p(:,)_ ) and D= M;(ml)

Take u to be nth unit vector with 1 in the n-th position and v the (n+k)th unit vector with 1 in the
(n+k)-th position, vand v &€ C™* (Siti Aishah, 1996).

M= B A= (B Brst P

Di=(p, 1 Prgs 20 O Dv=(p s Passers -~ BDB

Applying Theorem | we then get the following

L3 =l
|2 PilPrai— Spiphi
full

imib

2

a-1 » k-1 Hak
= [2 IP:‘IZ - Elpilzl 2 |Pi|2 = Elpdlz]
iml inl

Jmil (211

and this simplifies to

b Pose = 221] $8-[pa ¥ i)

= [ pene] 4ol - 4Relp, B, P 516-dip, [ - alp, i + |2 Apn sl
=dlp,.if ~4Relp, 00+ pepi[

cto-dp,f -4 +lpnf

=PPrui2ati| s@-pfX4-[pi)
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This establishes inequality (i) . Inequality (ii) can be derived from the result in (i), since

Yol ~4Re popipaui | = 16-4|p,f -4,

lpn-l-k‘z +|pn‘: "'lp.klz + RE{ pnpkm} <2

I+2*

The results are sharpfor  prz)= p
-z

Result 3

Let w=Sc,:*, < B. Then

el s[|-|c,,|’) [l-"glh.[’] Cm= 123 .

Proof .
Let . e, and consider pec)ls i

it

Denote u and v as a unit vector, that is

w=(10.0,...00) . v=(000 .07 where uve ™'
LA PR 7 S
0 o o - €y
A= T,w=|. T ]
<y
“u

Hence Au=(T w)u =(c ,0,0,..,0) ; Av=(T wiw=(c, ,c ,...C)
(Au,Av) = ¢,c,- By Leverenz theorem T, w << .

Let H=1 o Hu=(1,0,0,..,0) and Hv=(0,0,0, ..., I
Applying Theorem 1, |)ﬂm,m(—);h';mhi'v(l2 -},:oa2

a2
i R e e L e X A L L P A B o

K i}
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The above yield the following
n m=1
fcota| = 1-kof’) [. -2m’]-+~.|’( b=leal) + { 1=kol’} [I—Ehl‘]
s ferd

and the result follows.

Examples above illustrate how the application of Leverenz theorem can be used to obtain
well known coeficient results. A similar method can be apply to obtain a new coefficients results of
other class of univalent functions such as obtain by Rosihan & Halim (4) for class P.
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