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ABSTRACT 

 

The significant advantage of using solid meshing for the development of the 

FE model of a structure is that the structure can be modelled without any 

priori geometric simplification. This provides a higher accuracy of finite 

element model in comparison with the beam and shell meshing element. 

However, 3D or solid meshing usually creates an unfavourable way of 

modelling especially when it comes to modelling a large complex 

engineering structure. This paper puts forward the idea of using wave-based 

substructuring (WBS) to investigate the dynamic behaviour of the solid 

meshing based FE model of a structure with a large number of interface 

DOFs. The finite element method was used to construct the full finite element 

model of the structure and NASTRAN 103 was then used for the normal 

modes analysis. A new finite element model of the structure with reduced 

interface DOFs was constructed based on the WBS method. The 

measurement of the dynamic behaviour of the structure was carried out using 

free-free boundary conditions and an impact hammer test. The predicted 

results of the proposed method are then compared with those from the full 
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finite element model and experimental counterparts. It was found that the 

recommended relative threshold value to be use for Singular Value 

Decomposition (SVD) in 3D modelling is 1e-6. The comparisons of the 

results between the full FE, WBS method and test models revealed that the 

use of WBS method has led to a dramatic reduction in the expenditure of 

computational time by 80% faster than the full FEM while still maintaining a 

satisfactory level of accuracy. This indicates that the WBS method can be 

used economically and efficiently for the determination of dynamic behaviour 

of a solid meshing based finite element model. 

 

 
Keywords: Wave-Based Substructuring, Finite Element Analysis, Reduced 
Order Method, Modal Testing, Normal Modes Analysis 
 

 
Introduction 
 

The finite element method (FEM) is one of the most powerful approximation 

methods in the engineering community. The method has been widely used by 

engineers in the modelling and simulation of various engineering structures 

before the physical prototypes of the structures are developed. Since the need 

of the accuracy in the analysis results is extremely demanding, this situation 

has pushed the engineers to use fine meshes in the modelling of the structure. 

However, using fine meshes, solid meshing in particular, will usually lead to 

the high expenditure especially in terms of modelling, mesh preparation, 

computing and post-processing effort. 

One way to reduce the expenditure it may be necessary to use coarse 

meshes. However, coarse meshes usually lead to degrade accuracy, negating 

the advantage of directness in geometric dimensional reduction effect[1]. 

Theoretically, a solid meshing based FE model consists of much larger 

number of degrees of freedom (DOFs) than the beam and shell meshing 

based FE models. Therefore, it gives rise to a huge increment for the 

expenditure of CPU time recorded in the prediction of the dynamic behaviour 

of the solid meshing based FE model, in comparison with that of beam and 

shell meshing based FE model. Consequently, the solid meshing based FE 

model will have more number of DOFs at the junction between the 

substructures and the residual structure which may result in the increment of 

CPU time. 

The wave based structuring method (WBS) may be one of the 

efficient ways to alleviate the increment of CPU time as a result of using 

solid meshing based FE model. WBS is a substructuring approach in which 

the deformation of the coupling interface is written as a combination of a set 
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of basis deformations called waves[2]. In this method, despite the structure 

having a bigger or larger interface nodes, the nodes are condensed into much 

smaller numbers. As the essential number of the waves is always much lower 

than the number of interface DOFs, faster assembly prediction is 

obtained[2]–[4]. The method has been successfully applied for the case of 

shell meshing element [2], [5]–[9] where a faster prediction can be obtained 

through the usage of the WBS method. However, to the best of authors’ 

knowledge and open literature review, no information is available about the 

use of the WBS method in analysing the dynamic behaviour of a structure 

using solid meshing based FE model. It seems probable that the use of the 

WBS method maybe very helpful in increasing the efficiency and economics 

of the dynamic behaviour investigation of the structure. Therefore, this case 

study is a part of interesting investigation of the WBS method that should be 

looked into with close attention. 

This paper puts forward the idea of using the wave-based 

substructuring (WBS) to investigate the dynamic behaviour of the solid 

meshing based FE model of a structure with a large number of interface 

DOFs. The use of the WBS method will lead to a dramatic reduction in the 

size of structure interfaces. As a result, the expenditure of computational time 

for the prediction of the dynamic behaviour of the structure which is usually 

very computational expensive becomes much less. 

 

 
 

 

 

(i)  

 

 

 

(ii) 

 

 

 

(iii) 

Figure 1: Reduction of structure in component mode synthesis (CMS) 

method 
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Theory of WBS 

 
Consider an undamped structure with no external forces, the FE matrix form 

will be: 

 

       𝐌�̈� + 𝐊𝐱 = 0                                               (1) 

 

where M is the mass matrices and K is the stiffness matrices. The FE 

structure is divided into several non-overlapping substructures to obtain an 

assembled system as illustrated in Figure 1(ii).  

 

In conventional CMS method, the full structure is decomposed into 

several substructures (Eg. (a) and (b)) which are then solved independently to 

obtain the reduced substructures before being reassembled and analysed to 

obtain an efficient iteration process. For each substructure, the DOFs, x are 

separated into interior DOFs, 𝐱𝑖 and boundary DOFs or junction DOFs, 𝐱j at 

the boundary[6]. The system matrices for each substructure will be: 

 

[
𝐌ii 𝐌ij

𝐌ji 𝐌jj
] [

𝐱̈i
𝐱̈j

] + [
𝐊ii 𝐊ij

𝐊ji 𝐊jj
] [

𝐱i

𝐱j
] = [

0
𝐟j

]                       (2) 

 

In the WBS approach, the method will limit the junction DOFs, 𝐱j 

by reducing the interface description by introducing them to a set of basis 

function W (Figure 2), weighted with involvement factor p: 

 

 𝐱j = 𝐖 × 𝐩                                                (3) 

 

 

 

 

 

𝐱j
(a)

= 𝐖(a) · 𝐩(a)   𝐱j
(b)

= 𝐖(b) · 𝐩(b) 

 

Figure 2: In WBS, the interface DOFs is represented in the form of waves 

which is much lower compared to interface DOFs used in CMS method 

 

 

Equation (3) is substituted into Equation (2): 

 

[
𝐌ii 𝐌ij𝐖

𝐖T𝐌ji 𝐖T𝐌jj𝐖
] [

𝐱̈i
𝐩̈

] + [
𝐊ii 𝐊ij𝐖

𝐖T𝐊ji 𝐖T𝐊jj𝐖
] [

𝐱i

𝐩 ] = [
0

𝐖T𝐟j
]    (4) 

 

(b) (a) 
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At this point, the set of basis functions is known as "waves". As the 

number of waves is lower than the junction DOFs, 𝐱j, this substitution will 

reduce the size of the interface FE matrix equation. 

Continuity and equilibrium condition must be translated into 

interface basis functions to perform the assembly for the substructures. For a 

rigid connection[7] between a and b substructures, the continuity and 

equilibrium conditions are as follow: 

 

 𝐱j
(a)

= 𝐱j
(b)

 and 𝐟j
(a)

+ 𝐟j
(b)

= 0            (5) 

 

In WBS, the assembly of two substructures, a and b will have the 

junction DOFs expressed as 𝐱j
(a)

= 𝐖(a) × 𝐩(a), 𝐱j
(b)

= 𝐖(b) × 𝐩(b) 

respectively. The same condition is applied to the involvement factor p: 

 

 𝐩(a) = 𝐩(b) and 𝐟j
(a)

+ 𝐟j
(b)

= 0               (6) 

 

 As for the wave calculation that will be used to span the vector 

space at the interface, SVD orthonormalization is used. Since the wave 

calculation plays the most important aspect in determining the success of the 

WBS method applied, the correct practice is to apply a value of T < 1.0𝑒−5  

for the relative threshold T for a 2D element FE model[10]. Using this value 

could give the most accurate required number of waves to be used for the 

analysis. However, using less value of relative threshold T will increase the 

number of waves which will also increase the computational (CPU) time. 

Therefore, the recommended practice is to apply the least acceptance relative 

threshold T. 

 

 
Academic Case 
 
Solid Element Modelling 
In this case study, aluminium 6mm block plate with 401mm × 401mm 

dimensional size having the material properties of the structure as follows 

was used: 

 

 

 The Young's Modulus, E = 70GPa 

 The Shear modulus, G = 26.31GPa 

 Poisson Ratio, 𝜈 = 0.3 

 Mass density, 𝜌 = 2900kg/m3 
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As shown in Figure 3, the FE model was used to investigate the 

capability of the WBS method in predicting the dynamic behaviour of the 3D 

meshing based FE model of the aluminium block plate. The structure was 

discretised with 1mm meshing size and was divided into two parts, one is 

called   residual and the other one is substructure. The meshing specifications 

of the structures are as follows: 

 

 Residual structure consists of 81608 nodes and 60300 CQUAD elements. 

 Substructure consists of 82416 nodes and 60903 CQUAD elements. 

 

 
Figure 3: The aluminium 6mm plate 

 

The interface nodes were defined as 808 coincident nodes and 

connected through rigid connectors as shown in Figure 3 (yellow line). Free-

free boundary conditions were applied for the analysis. A 2D meshing based 

FE model for the same structure was performed in advance using the WBS 

method. The results obtained from the 2D meshing based FE model were 

used to compare with those of  3D (Solid) meshing based  FE model . The 2D 

meshing based FE model used the same material properties as the 3D 

meshing based FE model. 

 

Results and Discussion 
For the 3D (solid) meshing based FE model analysis, the suitable  threshold 

value required to be used might differ from that of the 2D meshing based FE 

model. Therefore, in determining the most suitable threshold value for 

singular value decomposition (SVD), different threshold values ranging from 

1.0𝑒−3 to 1.0𝑒−6 were used for the test. The accuracy of the predicted natural 

frequencies in comparison with the full FE results by using different 

threshold value for SVD is shown in Figure 4. It was found that by using a 

threshold value of 1.0𝑒−6, a more accurate result can be obtained. This 

differs from the value that was used for the 2D meshing based FE model 

which was 1.0𝑒−5. The reason of this changing might be due to the 

increasing number of the interface DOFs in solid element FE model where a 

Residual 

Interface 

Substructure 
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higher number of waves were needed to fully span the waves along  the 

interfaces between the residual and substructure. 

 

 

Figure 4: The accuracy of the predicted natural frequencies in comparison 

with full FE results by using different threshold value for SVD 

 

As for the WBS reduction of the substructure, the residual 

attachment modes were requested for each wave participation factor. The 

results of the analysis with and without the residual attachment modes in 

comparison with the full FE results are illustrated in Figure 5. The results of 

the eigenvalues for the analysis with residual vector (RESVEC) show the 

same 100% trend line as the full FE, while the eigenvalues for the analysis 

without RESVEC show significant difference and are unstable in the trend 

line. By including the residual attachment modes for the reduction process, 

an accurate prediction of the dynamic behaviour of the large span structure 

can be obtained. Furthermore, the frequency of interest for the substructure 

reduction must be 1.5 times higher than the frequency of interest of the 

assembled structure. The residual attachment modes must be included and 

sufficient in the reduction process because it is a powerful technique that can 

be used to mitigate against the effect of mode truncation in the analysis[11]. 

 The results shown in Table 1 are the comparison between the full FE 

and WBS method in terms of the expenditure of CPU time taken for the 

analysis. Column I shows the results of the full FE and Column II shows the 

results of the WBS analysis. For the full FE model, the total number of nodes  

available and used for the analysis are 164024 nodes which has caused the 

CPU time for the analysis of the full FE model to 924 seconds. For the WBS 

model, instead of analysing the structure normal mode by using the full FE 

model or the interface nodes which are normally used in the convention 
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reduced order such as Craig-Bampton method, the WBS method improve the 

efficiency of the analysis by reducing large interface nodes size. Therefore, 

the boundary nodes used between the residual and substructure consisting of 

808 nodes were reduced to only 28 numbers of waves. As a result of a 

significant reduction in the size  of interface DOFs, a dramatic decrease in 

the CPU time with only 188 seconds was recorded in comparison with   the 

CPU time obtained from the full FE. In other words, the WBS model offers 

an efficient and economic solution with a satisfactory level of accuracy in the 

investigation of the dynamic behaviour of the structure with 80% faster than 

the full FE model.  

 

 

Figure 5: Results of the analysis with and without the residual attachment 

modes in comparison with the full FE results 

 

  

Table 1: Comparison of CPU time between the full FE and 

WBS models 

  

 I 

Full FE 

II 

WBS 

Number of component normal modes 16 16 

Number of Nodes 164024 28 

CPU Time (s) 924 188 

Time reduction (%)  80 

 

Table 2 shows the numerical and measured mode shapes of the 

model. From the table, it can be observed that a clear and good agreement 

mode shapes between the predicted WBS and measured counterparts. This 

suggests that the use of the WBS method has no direct effect on the quality of 

the predicted mode shapes of the structure in particular.  
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 From the results tabulated in Table 1 and Table 2 and the 

aforementioned made in the previous paragraph, the WBS is a method that is 

not only very effective to be used to reduce the computational  time for the 

2D (shell)  meshing, but the method also offers the same capability  to the 3D 

(solid) meshing based FE model which usually possesses a very large number 

of interface nodes in comparison with 2D meshing based FE model. 

Therefore, it would  be very practical to use the WBS method for the 

reduction purposes if a 3D meshing based FE model was used in the dynamic 

behaviour analysis. 

 

Table 2: Comparison between the measured and 

predicted mode shapes of the structure 

 

Measured mode shape Numerical mode shape 

Mode 1 Mode 1 

 
Mode 2 Mode 2 

Mode 3 Mode 3 

 
Mode 4 

 
Mode 4 
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Conclusions 
 

The use of the WBS method in the investigation of the dynamic behaviour of 

the 3D (solid) meshing based FE model of a structure is presented and 

discussed. It was found that the WBS method has been successfully used to 

predict the dynamic behaviour of the structure with a dramatic reduction in 

the expenditure of computational time. In addition, the method also recorded 

a satisfactory level of accuracy.  

To achieve the efficiency and accuracy, firstly an adequate number 

of waves are required to fully span the waves along the interface DOFs of the 

substsructure and the residual. Therefore, the appropriate value of threshold 

must be used in order to calculate satisfactory minimum number of waves for 

the wave orthonormalisation solution. Secondly, it is recommended to 

include the residual attachment modes for the reduction of the solid meshing 

based FE model.  
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