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ABSTRACT 

 

Hysteresis is a fundamental problem in most smart material based actuators. 

This phenomenon limits the performance of systems that driven by these 

actuators. Therefore, there is a need for a comprehensive and robust 

approach to model and control in order to eliminate the hysteresis effects. 

This paper presents an alternative modification to the original Bouc-Wen 

(BW) model so as to improve the characterization of smart actuators those 

are affected by hysteresis nonlinearity. For this purpose, an extended BW 

(EBW) model is proposed and formulated in the discrete-time domain. Due to 

nonlinear nature of the proposed model, an extended particle swarm 

optimization technique (EPSO) is used to properly validate EBW model. 

Through the simulation study, it is observed and confirmed that proposed 

model is capable of describing rate-dependent input-output relations, which 

is an important feature in the modeling of hysteresis phenomenon. 

 

Keywords: Modeling, Hysteresis, Smart Actuator, Particle Swarm 

Optimization, Bouc-Wen model. 
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Introduction 
 

The study of hysteresis phenomenon has a long history. It is first observed in 

the field of ferromagnetism by James A. Ewing in 1881 [1]. This 

phenomenon is history dependent, i.e., it can be referred to a system that has 

memory, where the effects of input to the system are experienced with a 

certain delay in time. According to [2], hysteresis is a quasi-static 

phenomenon in which a sequence of periodic inputs produces a non-trivial 

input-output loop as the period of input increases without bound. This 

phenomenon arises in diverse fields ranging from physics to biology, from 

material science to mechanics, and from electronics to economics. 

In recent decades, there has been a substantial advancement in various 

smart materials, which lead to a new class of sensing and actuation systems. 

A broad range of materials falls into this class, including piezoelectrics, 

magnetostrictives, shape memory alloys (SMA), electro-active polymers, and 

magnetorheological fluids. Their advantages include high flexibility in shape 

designs, versatility, and power–to–weight ratio compared to the traditional 

rigid actuators. In addition, their potential applications extend over a range of 

different industries including manufacturing [3]; for example, in 

semiconductor fabrication systems, robotics [4], automotive [5], medical 

applications [6], [7], also can be found in digital equipment such as in optical 

axis alignment of optical fiber, and positional control of charge coupled 

device (CCD) camera for enhancement of image resolution [8]. These 

materials however, are strongly exhibit hysteresis. As a result, systems that 

driven by these materials are directly affected by the hysteresis effects and 

give rise to poor performance [9], [10]. 

By and large, the common approach of characterizing the hysteresis 

behaviour is either by the law of physics or the phenomenological method 

[11]. A notable example of the physics-based model is Jiles-Atherton model, 

where it is the first model to describe the ferromagnetic hysteresis. 

Meanwhile, the phenomenological based models that have been exploited 

include: 

1. Operator based models such as Preisach, Prandtl–Ishlinskii (P-I) 

operators, and their extensions which are normally based on the 

weighted superposition of many (and even infinitely many) 

fundamental hysteretic units known as hysteron, 

 

2. Differential equation based (DEB) models, such as Coleman-

Hodgdon model, Dahl model, and Bouc-Wen model. 

It can be noticed that most of the existing models of hysteresis are initially 

developed to describe a particular type of hysteretic system but their 

mathematical forms are to a degree suitable for multi-disciplinary extensions. 

For example, Preisach model is initially developed to describe the 

dependence of magnetization on the magnetic field in ferromagnetic systems 
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in the mid-1930s. The model is widely used by the scientific community only 

after 50 years later following the works by [12]. Since then, the model has 

been extended to describe hysteresis phenomena in many other areas of 

science such as electromagnetism [13], economics, biology, geology, and has 

become one of the most utilized mathematical models in the literature [14]. 

Despite the fact operator based models demonstrate good capability to 

describe the hysteresis behaviour, they inherent relatively complex 

mathematical structures which require significant computation load during 

the control process, and thus limits their implementations in engineering 

fields [15]. Alternatively, differential equation-based models are also 

explored for modeling and control of smart actuators in the hope to simplify 

the mathematical structures. It is remarked that this class of operator can 

soundly describe a range of shapes of hysteretic effects, which match the 

behaviour of a wide class of hysteretic systems. In addition, it could provide 

physical insights to the problem, i.e., the changes to its parameters reflect the 

shape, amplitude, and orientation of the hysteresis curves. Recent results on 

the differential equations based models in the control and systems literature 

include [16]–[19]. 

In terms of hysteresis compensations, two main directions of control 

approaches are considered in order to mitigate the hysteresis nonlinearity and 

achieve closed loop system performance. The first approach is to employ the 

inversion of a hysteresis model or operator, which normally known as 

feedforward strategy. The second scheme is the typical feedback control 

methodology. Advanced control strategies such as adaptive control 

architecture and disturbance observer-based control have also been applied in 

order to better handle the compensation errors [15].  

In the present paper, we aim to address the hysteresis characterization 

problem in smart material based actuators. An extended Bouc-Wen (EBW) 

model is introduced to solve and improve modeling of smart actuators those 

affected by hysteretic effects. Discrete-time domain is chosen for the 

modeling platform in order to simplify and facilitate model implementation. 

Three types of smart actuators, namely, a piezoelectric actuator (PEA), a 

giant-magnetostrictive actuator (GMA), and an ionic polymer metal 

composites actuator (IPMC) are used to verify modeling capacity of EBW. In 

this regard, an extended particle swarm optimization technique is exploited to 

appropriately validate the proposed EBW model.  

 

Modeling Rate-Dependent Hysteresis Behaviour 
 

Bouc-Wen model has received an increasing interest due to its capability to 

capture a range of shapes of hysteretic effects which match the behaviour of a 

wide class of hysteretic systems such as smart actuators, magnetorheological 

dampers, as well as mechanical isolation systems [9]. The general expression 

of BW model is given as [20]  
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where )(ty  denotes the output of the BW model; )(tu  and )(tx  represent the 

applied input and hysteresis state respectively; 10    is the weighting 

constant; k is the stiffness coefficient; and  ,  ,   and 1n  are the 

parameters which govern the shape and amplitude of the hysteresis curve.  

Alternatively, the BW model (1)-(2) can be described as follows 
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For simplicity, consider 0 , 1k , and 1n . Thus, Eqn. (3)-(4) can be 

expressed as  

 

)()()()()()( tytutytututy        (5) 

 

Eqn. (5) is known as special case of BW model. From the literature, it is well 

known that BW model is rate-independent, i.e., limited to describing 

invariant hysteresis curves regardless the increment/decrement of the input 

frequency. This behaviour can be clearly seen in Figure 1(a). Besides, 

hysteretic effects found in most smart materials, especially in ferromagnetic 

and ferroelectric materials are rate-dependent e.g. as shown in Figure 1(b). In 

such cases, the use of standard BW model could yield considerable errors 

under inputs that are applied at varying rates. To cope with this problem, an 

extended version of BW model is developed based on Eqn. (5), which is 

discussed in the following subsection.  

 

Discretization Procedure 

In this study, discrete-time environment is chosen for development of the 

proposed rate-dependent hysteresis model. This consideration is taken to 

avoid numerical approximation, which normally degrades the system 

performance. Moreover, most of the equipment and experimental test rigs use 

digital environment. 

In view of relation (5), its discrete version can be easily derived using 

Taylor Series Expansion method. Consider the following simple 

approximation of a first order derivative 
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Figure 1: (a) Comparison of input-output relations described by relation (5) at 

difference frequencies. (b) Input-output relations measured in one of the commercial 

piezoelectric actuators. 

where ),( ttt  ; t  is the sampling period; tkt   is the sampling 

instant. If 0)( ty  and upon a simple rearrangement, the following relation 

is obtained 
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t . If the sampling period t  is chosen to be very small, then ( 11  ) will 

be nearly equal to 1. Thus, the derivative )(ty  can be approximately 

expressed as 
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where 1  is a parameter which is nearly equal to 1 when t  is sufficiently 

small. It can be easily seen that (8) is also valid even if 0)( ty . 

Similarly, )(tu  can also be approximately expressed as  
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where 2  is a parameter which is nearly equal to 1 when Dt  is sufficiently 

small. 

In virtue of (8) – (9), and upon denoting kDt  as k , Eqn. (5) can be 

expressed as 
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In order to insert a rate-dependent property and improve 

characterization accuracy, an absolute input difference term 
r

kkk uu )( 1  is introduced into Eqn. (10). In this regard, r  specifies 

the order of the difference term k . 

As a result, relation (10) becomes  
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Eqn. (12) will be known as extended-Bouc-Wen (EBW) model. Example of 

input-output relations generated by model (12) is given in Figure 2.  

 



A New Phenomenological-Based Rate-Dependent Hysteresis Operator 

148 

 
 

 

The comparison of input-output plots described by MBW 
Simulation results depicted in Figure 2 are based on sinusoidal input 

of )0005.0**sin(10 kHzuk  . In this case, four different frequencies, 

namely 1 Hz, 10 Hz, 25 Hz, and 50 Hz are studied. The parameters of EBW 

model are chosen as; 4346.01  , 0345.01  , 05.01  , 612  e , 

09.02  , 09.02  , and 9995.021   . It can be witnessed that the 

curves generated by EBW model are varying with frequency changes, in 

other terms; the proposed model is a dynamic or rate-dependent hysteresis 

operator. 

 

Model Validation 
 

Experimental Environment 

Figure 3 depicts the setup of experimental platform used in this section. Each 

smart actuator is driven by an analog input signal from the PC-based real-

time controller. An analog interface board (AIO-163202F-PE) is used for 

data collection throughout the experimentation. The interface board is 

equipped with 32 analog inputs (AIs) and 2 analog outputs (AOs) with 16bits 

resolution and 500kHz sampling rate. The control algorithm is implemented 

on a personal computer (PC) by C language. The sampling frequency is set as 

2kHz. 

 

Experimental Results 

To assess and verify the capacity of the proposed model, an extended particle 

swarm optimization (EPSO) technique is adopted where its velocity and 

position updates are given as 
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Figure 2: Input-output curves described by Eqn. (12) at different frequencies with (a) 

1r , (b) 2r .  
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with k is defined as  
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where wI  is inertia weight; 1  is cognitive learning gain; 2  is social 

learning gain; 1r  and 2r  are random numbers, uniformly distributed in the 

range of [0,1]; 
di

kPb ,
 is the best known position along the dth dimension of 

particle i in iteration k; di
kGb ,  is the global best known position among all 

particles along the dth dimension in iteration k; and 2,1k ;   ;N; denotes the 

iteration number, N is the maximum allowable iteration number, and   is a 

positive constant. 

 

 
 

 

Experimental data from the three aforementioned smart actuators are 

used for estimating parameters of EBW model using EPSO technique. For 

this purpose, the cost function is described by the root mean-square error 

(RMSE) as in Eqn. (16) 
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where 
nYexp  is the measured experiment data at the nth sampling instant, 

n
EBWY  is the corresponding estimated output from the EBW model, and L is 

the total number of samples. Optimal parameter values are obtained when the 

following relation (17) is satisfied.  

 

Figure 3: The diagram of experimental environment for model validation process. 
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In the validation process, the parameters of EPSO algorithm are 

chosen as 5.11 r , 5.22 r , and 0.41  . In addition, the population size 

sN  is set as 40 particles and k  is initiated by a random number.  

Figure 4 illustrates and compares measured and estimated hysteresis 

curves with 1r . Experimental studies related to both PEA and GMA use 

similar input excitations. Meanwhile, experiments done on IPMC considered 

much lower inputs to avoid curves reversal due to high hysteretic nonlinear 

property in this kind of smart actuator. Table 1 and Table 2 show the 

estimated value of each parameter of EBW model and the corresponding 

modeling accuracies in terms of numerical results. As can be clearly observed 

in Figure 4 and Table 2, good agreements are achieved between the simulated 

and measured input-output relations in the respective actuator.  

 
Table 1: The optimal value of each parameter of EBW model pertaining to each smart 

actuator. 

Parameter IPMC PEA GMA 

1  0.1584 0.3760 1.4666e-5 

2  0.1745 0.016 0.9624 

1  1.6875e-5 0.0099 6.737e-5 

2  0.1483 0.0395 2.3021e-5 

1  0.0945 -9.3084e-4 0.0292 

2  0.7447 -8.7295e-4 9.4695e-5 

 

 
Table 2: The RMSE value related to the measured and estimated hysteresis curves. 

Type of actuator Accuracy (RMSE) ( m ) 

IPMC 
0.0271 (0.05Hz of Input Frequency) 

0.0795 (0.2Hz of Input Frequency) 

PEA 
0.0248 (1Hz of Input Frequency) 

0.0273 (10Hz of Input Frequency) 

GMA 
0.1090 (1Hz of Input Frequency) 

0.1056 (10Hz of Input Frequency) 
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(a) (b) 

Figure 4: Comparison of input-output map between experimental data of (Top ) IPMC, 

(Centre) PEA, (Bottom) GMA and EBW model at 0.05Hz to 10Hz. 
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Summary 
 

In this paper, an alternative model modification is proposed to solve rate-

independent property of the original BW model. In this case, the special case 

of BW model is used as the basis for developing the modified one and its 

establishment is realized in the discrete-time domain. This consideration is 

taken to avoid numerical approximation, which normally degrades the system 

performance. Moreover, most of the equipment and experimental test rigs use 

digital environment. From numerical simulation results, it is observed that the 

proposed model is capable of describing rate-dependent input-output 

relations. Thus, EBW model can be classified as a dynamic hysteresis model. 

Then, model validation process is carried out to verify the capacity of EBW 

model in terms of modeling and characterization of hysteretic smart 

actuators. The results show that estimated outputs of EBW model are well 

matched with the measured outputs obtained from IPMC, PEA, and GMA. 

This confirms that EBW model is not unique and shall be capable of fitting 

and matching the input-output relations of other smart actuators. 
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