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A Study on the Higher Moments of a
Biased Estimator

Ng Set Foong
Low Heng Chin
Quah Soon Hoe

ABSTRACT

In this paper, the biased estimator that is derived in Ng, Low, and Quah
(2007 ) is further studied. The expression for the higher moments of the estimator
is important if we want to know the whole sampling properties of the estimator.
Hence, a general expression for the higher moments of the estimator is derived
in this paper. Furthermore, the bias, variance, mean squared error, skewness
and kurtosis of the estimator are derived from the higher moments of the
estimator.

Keywords: linear regression, estimator, moments

Introduction

In linear regression analysis, a linear regression model is constructed to
predict a dependent variable from one or several independent variables.
The least squares estimator is commonly used to estimate the unknown
parameter in the regression model. Besides, a number of biased
estimators such as the Ridge Regression Estimator (Hoerl & Kennard,
1970), the Almost Unbiased Generalized Ridge Regression Estimator
(Singh, Chaubey, & Dwivedi, 1986), the Liu Estimator (Liu, 1993), and
the Iteration Estimator (Trenkler, 1978) have been proposed to estimate
the unknown parameter in the regression model.

A biased estimator is derived in Ng, Low, and Quah (2007) as an
alternative to the least squares estimator. The biased estimator is shown
to be preferable to the least squares estimator in terms of a reduction in
mean squared error. Thus, the accuracy of the parameter estimate is
increased by using the biased estimator in parameter estimation. In this
paper, some further study is done on the estimator that is derived in Ng
et al. (2007). The expression for the higher moments of the estimator is
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important if we want to know the whole sampling properties of the
estimator. Hence, a general expression for the higher moments of the
estimator is derived in this paper. The bias, variance, mean squared error,
skewness, and kurtosis of the estimator are further derived from the
higher moments of the estimator.

The Higher Moments of the Estimator

A linear regression model is generally written as
Y=XB+e, (1)

where Y is a vector of dependent variables, X is a matrix of p
independent variables, B is a vector of parameters, and € is a vector of
errors such that ¢ ~ N(0,0'21n) and I is a identity matrix.

The estimator that is derived in Ng et al. (2007) is given by

B, =[1-(h+cD)'(c—1)]1B. )

where ¢ >1 and ﬁ is the least squares estimator of parameter f .
The estimator, B, can be generalized as follows:

B, =[1-(2+G)"(G-D]. 3)

where matrix G =diag(c;) is a diagonal matrix of biasing factors ¢, ,
c; >1,j=12,..,p

SupposeA(ﬁ . ); is the j-th element of the vector ﬁ . - Then, a feasible
version of (f3,); is given by

. &-11,
(ﬁg)j={1—/l+ }ﬂj, (4)

Ky (). +1)+4, B
- ABZ

minimizing the mean squared error of ( ﬁg ); - Thus, (B ;); 1s a known

where ¢ =1, 2, ..., p, which is obtained from

value because l ﬁAI and §* can be obtained from observed data and
hence ( ﬁ ) can be used for parameter estimation.

By usmg Binomial Expansmn the r-th moment of (,B )
j=12,. ,r=1,2,3,...,is given by

16
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E[((ﬁﬁ)/)r] - E{[l_ /léj;él ]r (B] )rJ
~e[(-9,) (8]
:E[(Z;zo c, 1" @)")(B, ),}

=0 CaD)" E[(ﬂf)m (Bz )} )]

where ' C =——~—~  ,r=1,2,3,...,m=0,1, ..., r,
" m\(r—-m
¢ -1 G (A +1)+ A B2
19]_2 ¢ . and 6]': ( j 22 Jﬁl ]
/1j+cj ljﬂj

Let G(m, r):E[(ﬂj)’" (B/ )r} for even numbers of r, that is,
r=2,4,6,..,and J(m,r) =E[(19j)"‘ (/;; )r} for odd numbers of r,

thatis, r=1, 3, 5, ....
In order to solve G(m,r)=E [(19]_)”‘ ( ﬁj )r} for even numbers of
rand J(m,r)=E [(19j )" ( ﬁj )’] for odd numbers of r, the probability

density function of ,Bj and the probability density function of 19j should

be first obtained. Note that B,- is a normally distributed variable with
2
5 o
ﬁj ~ N(Bj’i_) . Let
j

rz‘/T’ﬁ". (©6)

In fact, 7, ~N(u;,1). 7; is also a normally distributed random

variable withamean of i, = ~—~2 and variance 1. Therefore, instead

o . A . .
of obtaining the probability density function of ﬁj , we will obtain the
probability density function of 7; because f3; isrelatedto 7;.

17
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We shall first obtain the probability density function of 7; and then
obtain the probability density function of 19]. . The probability density
function of 7, is given by

exp(— U4

1=

exp(=% =4 +T )
2w

_ exp _%)exp _#_J)exp(fj.uj)

\/_ £ (7)
where T, =, —°<T; <> and u;=

b, b,
(o}

Before obtaining the probability density functlon of ¥, , we re-write

A

as follows:

the variable 19,— = ;’

S* (A, +D)+ B’
LB
o (/1 +1)+}t[3
j lﬁ

( i 1
(vo‘ A%

o +1, (8)

18
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52 32 Hin
where A.:O-('li+l)+)'fﬂf, v=n-p, a;:(‘{z) and
J A B\Z ! VULZ) /v
j=1,2,...p. i A
: . AP
Note that @; is a ratio of the variable ’—2’ divided by 1 to the
a2 (o}
variable divided by v . In order to obtain the probability distribution
L . AB; 52
of @, the probability distribution of the variables, — ﬁz J and VO; ,
(o2 (o}

should be first identified. Since B - is anormally distributed variable with

[3 ~N(B;, /1_) —\/:(E—ﬂ— is a normally distributed variable with

f(ﬂ -B) N, Hen f(ﬁ -B;) J_ﬁ _AB

O.2

has a non-central Chi-squared distribution with 1 degree of freedom and

JA.B. A.B?
non-central parameter, 6, = A, =1 ﬁz /. Thus, the probability
o
A;B; 2

distribution of the variable 2’ is a non-central Chi-squared distribution

2
with 1 degree of freedom and non-central parameter, 9 '[3 . Note
vé?
O_2
degrees of freedom. From these two independent Chi-squared variables,
A R2

AB: 52 Mn
—ﬂ and Y9 _ , it is found that the variable @@ = ( o )

o) é 0'2 ! sz—) /v
central F distribution with 1 degree of freedom for the numerator, v

has an ordinary Chi-squared distribution with v =n—p

has a non-

degrees of freedom for the denominator and a non-central parameter,

2
0 = ﬁ . The probability density function of @ ; is given by

J
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' 2411
cen=D(3) (V) Ty
S TE+NTE) A+ (1))

1
fo @, |1,v;9j,0)=;2

exp(-)(%) @/ rOy o
G+t w+o ) (1) » @

- Zx:O

2

where @; >0, 6, = =0,1,2, ...
From 19,- = T +1 (Equation 8), the variable @ can be expressed
J
as a)-j =

£y @)= £, | 2 L[ 22
R N PR

J J J

D () Ty
=2 TG+OTG) v+ (1)

D1 (1-0 ) g snvto]

- 2t=0

T . (10)
FG+nTG) VY, +1-9,)° " (t!)
AB:
where 0<%, <1, 0j =—O_—2, V=n—pand t=0,1, 2, ....
Zp
Now, the probability density function of 7, :L——J and the

(0
probability density function of 19 are obtained. We shall next derive the

r-th moment of (,B ) Theorem 1 gives the r-th moment of (ﬂ |
where j=1,2,..,p and r is an evenAnumber that is r =2, 4, 6
Theorem 2 gives the r-th moment of (ﬂg ) r where j=1,2,.., p and
r is an odd number, thatis r=1, 3, 5, ....

20
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Theorem 1. For even numbers of r, thatis r = 2d , d =1, 2, 3, ..., the
r-th moment of (,Bg );» J=1,2, ..., p,isdefined by

E[(B),) [=X , C.(~1"Glm.r),

r!

r=2d=2,4,6,..,d=123,..,m=0,1,..,r,

G(m,r)=G(m,2d)=2" (g—)d Y hO)h WK, (md)

exp(- (%) A B2
h,(ej)ztiz'(z), 9].:—(’:2#, 1=0,1,2, ...
2 2 \4
exp-0(%) A,
— = = - 1 2 eee
h, (1) = - M= 4=k 2
Lv. 1y 2
K, (md)y= 12 g
IFG+or(HI'g+7)
j'[(ﬁ,)’"*%“ (1-0,) " wo, -0+ 1)“"2”"}d19_
0 J J J J J’
VEnop, o= Cj_Al and ¢ :6-2(/1’+1)+%B’?.
’ A +¢ j

TR
Proof. For r=2d, where d =1,2,3,... and r=2, 4,6, ..., the r-th

moment of (Bg)j, j=L2,..,p, can be written as
E[((B),)) [=X. , Cu=1" E[(ﬁ,)"’ (8) }
where, G(m,r):E|:(19j)'" (ﬁ’j )r} for even numbers of r,

m=0,1,..,r, ¥, = e and » =6-2(Aj+1)+/l/[3/2 .
P 7 =
A +C, AB:
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In order to obtain a formula for
E[(B),) [=Y , Cal=D)" E[(ﬂ,-)’" (8) ]we should first obtain
a formula for G(m,r) = E[(ﬁj)m (B,) }, where r is an even number.

7B,
Note that the probability density function of 7, =317
2 2 (o3
exp(—"5) exp(="3) exp(T 41,)

@)= (Equation 7), and the
e \2r
probability density function of B

j

_exp-D) (%) (1-9,) s e vy
5O LR Ty v, +1-) %" (t!)
Thus, G(m,r) can be expressed as
G(m,r)
=G(m,2d)

~E[0"(4,) |

o]

=[%]ME[«9,>” ()]
(=) [ wrE)

exp(-)(%) (1-9,) Ty +ovie)
T +0TE) WY, +1-9,) 57 (1)

(Equation 10).

=

2;=0

" exp(— %) exp(— %) exp(Tj,uj )

NpYS

drjdﬂj
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0,y (6,Y R )
B zw (_6_)2(1 exp(—=) (7) CXP(—HT’) D4 4v?
— t=0 A t | \/E 1_‘(% " t)r(%)

% .[(; J:, [(’91' )" (e )2d exp(—2) exp(t ) (1-9, )t_% a1
v, -, +1) " |z av,

- (@)

Using the expression, exp(T;l;) = zk=o !

, k=0,1,2, ...,

the Equation 11 becomes

’] 0.\ 2
P D(3) expc)

- o M (.
G(m,2d) = z,:ozk:o ;JT(T) t! \/ﬂ

J

I‘(“J+t)v% 1 poo 2d+k 72 —
r(%it)rw)}xfoﬂ(%) exp(—)(@,)"""

(1-9,)" w9, -0+ dz o,

xS ) exp(=) (%) exp(-%) Ty +1v
00| ey W ! V2 TGA+0TE)

Xﬁ[(ﬂj)m%'[ (l—ﬁj )"% (Vl9j —19] +1)"('§V+t):|d19j

oL@ e b, (12)

When k =2g+1, g=0, 1, 2, ..., theintegral in Equation 12 is equal
to 0 because the integral is an odd function of 7;. When k =2g¢,
g =0, 1, 2, ..., and considering the integration with respect to sz. instead
of T;, the Equation 12 becomes
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(g’l)p[(ﬁ Jydxo ()(—)]f

‘ap [ i1 0= "0 . (‘e-1) [_W("a)}ff *
{(%)J(I +H1 wp

AU+ SN | (Z_,iﬂ —)dxo

‘ i (bZ) =b =1
1(T)[ '_bz[—ﬁ—] I—(%+b+p>z] ' mzowz -
([ p{(i b il)}j

"ap[(,%)_(l +'e-"an)_ (‘a-1) [_§+m([@):|:)_’. x

) L )dxe pz(

< —
r
AT

i’
(€1) (

(DI0+Da 2 i’ NP | oty gy
ﬁgA(Hfﬂ)J (5-dxo (%)(%—)dxe pz( °) potl KLK=

( Z’g,)p{(%) (;Z,:-)dxa bzwz( -fl) Z} :J'

"61[’[(,“%)_([ +'a="en  ('a-1) ,_%W("a)]:’j' x

(DI0+Ha  xp i1 V1L
[i/\(ﬁfﬂ)_[ (Z,i,,—)dxs (%)(%_)dxg pz( ° ) 7 Kex€

(pzuo

‘v 12 U004 12§ SN
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w| g2 (d+q+5)-1 .2
By noting that _[0 {(%) exp(- %)jld(rf) =2I(d+g+7),

which is the Gamma function, Equation 13 reduces to

G(m,2d)

S @rgsba [ B ),V exp(—%)(%’)t CXP(—L;)
:2t=02q=0 [2 (\/Z)

(2g)! t! NG

L%+

1
l"(§+t)1"(§)}<[2r(d ra+dl

[l (-0, o, -0, 0 Jas,

o - . 2d exp(_e_f) 73 ' exp _y_f 'u? q
=21=02q=0 2d ! (70_,1_) [2! (2 ) 21 ( 1)

J

L +00(d+q+Liw?
T +0T) [ VT (29)!]

X L‘[(ﬁj)"'*‘fl (1-9, )"'f Vo, -, +1)“"T”*’>}d19.

J

t 2 2 \4
sexp- (%) exe-(%)

=X 2L (E)

L2 +00(d +g+1)vi(g))
TG+00¢)[Vr 29)!]

t! q!

1
0

< [(@g)"’*“ (1-9,) " wo, -0 + 1)‘“3—”*"sz9,. (14)
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Applying the duplication formula for the Gamma function (Stroud,

2003), /7 (2¢)!=2*'T(q +1)q!, Equation 14 reduces to

e exp= D (%) exp= (%
G(m,2d):2:ozq:0[2 (3_,) exp t!( )exp q!( )

L2 +00(d +q+2vi(q!)
T(+0T()[ 2 T(g+1)q!]

x j;[(ﬁj)'“‘f‘ (1-0,) " vo, -0, + 1)‘“?'*”](119].

exp(— —’) (7’) exp(— % (#T])q

SACA DWW " q!

L% +0)T(d +q+1w?
(L +0OT() (g +1)

xj;[(ﬁj)'"*%“ (1-9,) " vo, -0, + 1)“"’7"*”}d191

L +0)0(d +g+Lw?

=2(5) X B h O )

xj;':(ﬁj)'w%—l (1—191. )f-% (Vﬁ,- —19,- +1)_(1+Tv+’):|dl9j
=2 (%)d Do Dy B OB (WK, (md), (15)

exp-0 (%) ap
79].: sz’t=0,1,2,...’
t! o

q
Hj
w0, BB
p , L 2, .,

hq([,lj)-— q' "uj

where h, (9,-) =
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L2 +00(d+q+iv?

Kt,q(m’d): r 1 r v I_, 1
G+OIHI(g+75)
1 m+3-1 19 '_% 19 19 —(HTVH) dﬁ
jo @)" 7 (1-9,) " o, -0, +1) i
gl a:éz(aﬁl)mﬁf
J A"j+éj s /IJBJZ P
v =n-p,

r=2d=2,4,6,..,d=12,3,...and m=0,1, ..., r.

The proof for Theorem 1 is completed.

Theorem 2 is given here with the proof omitted. The procedure to
obtain the proof for Theorem 2 is similar to the procedure to obtain the
proof for Theorem 1.

Theorem 2. For an on number of r, thatis r=2d +1, d =0, 1, 2, ...,
the r-th moment of (B,),, j=1, 2, ..., p,is defined by

BB, [=3 , Cu=D"T(m,),

r!
here C =————,
waere m!(r—m)!

r=2d+1=1,3,5,...,d=0,1,2, .., m=0,1, ..., r,
J(m,r)y=J(m,2d +1)

=2 (%) B X, X, )k (1)K, (m. )

6,y (6,\
exp(=7)( 7 A.B?
h,(@j)— tl ( ) U = (_/)-21 ’t:O, 1, 2, wos?
exp(—" ("7) 2B,
h (k)= . ,u,-=ﬁ £, q=0,12, ..,
q! c
v, 3y
K,..(m.d)= I'(~3 +t)F(d+q+23)v
‘ FG+OrGI(g+3)

[ (10, v, -0, v Jas,
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A A2 }2
9 = &=1 4 s .9 (A, +D+A,B; .

ke PWE

The Bias, Variance, Mean Squared Error, Skewness, and
Kurtosis

The first, second, third, and fourth moments of (ﬁ ;); are given by
Equations 16 to 19 respectively.

E((B),;)=70.0-J1) (16)
E((B,)})=G(0,2)-2G(1,2)+G(2,2) (17)
E((Bg)):J(o 3)=3J(1,3)+3J(2,3) = J(3,3) (18)
E((B,)})=G(0.4)-4G(1,4) +6G(2,4) - 4G(3,H)+G(4,4)  (19)

Thus, the bias, variance, mean squared error, skewness and kurtosis

for (/3,), can be computed using the following equations:
bias((B;),) =E((B;), )-B,
:J(O,l)—J(l,l)—ﬁj (20)
var((B) )= (B, )-[E (B, )|
=G(0,2)-2G1,2)+G(2,2)—-[J (O, DI +2J(0,DJ(1,D)—[J (1, D] (21)
mse((f,),) = var(B,),)+[ bias((B,) ) |

=G(0,2)-2G(1,2)+G(2,2)+ B> = 2B, (0,)+2B,J (1) (22)
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E[1(B;), ~E((By),)Y |

skewness = = 7
[var((B;)) ]
_E((B7)-3B((B7JE((By), )+ 2AE(By), )F .
[E((&)i)—[E((&)Jﬁ
E[IB, ~E(B) )Y ]
kurtosis = - 5
[var((B;)) ]
={B((B)-4E(B )E((By),)
+6E (B2 JEE((By), I -3 (B, I |/
e {=)] |
Conclusion

In this paper, a further study is done on the biased estimator that is
derived in Ng et al. (2007). The general expression for the moments of
the biased estimator is developed in this paper. The bias, variance, mean
squared error, skewness, and kurtosis of the estimator are further derived
from the higher moments of the estimator. The results enable us to further
study the sampling properties of the biased estimator.
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