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Natural Convection In Polar Enclosure
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ABSTRACT

Natural convection in fluid-filled, 2D cylindrical sector enclosure heated from below 
and cooled from above is studied numerically for a wide variety of Rayleigh number. 
A numerical model by using finite difference method with first order upwind was 
chosen for the solution of the mass, momentum and energy transfer governing 
equations. Stream-vorticity function is applied in order to reduce the pressure 
term in momentum equation. Simulations are performed for several values of both 
the length in radial direction with angle direction ratio of the enclosure in the range 
between (19/16)π to (19/4)π, and the Rayleigh number based on the angle of 
enclosure in the range between 102 to 106. These parameters influence upon the 
flow patterns, the temperature distributions and the heat transfer rates. Rayleigh 
number afftected the natural convection process by increase the heat transfer 
rate from hot temperature to cold temperature.



821

Key Words:Finite difference method, cylindrical sector enclosure, natural 
convection

INTRODUCTION
Natural convection in enclosures has been extensively studied both numerically 
and experimentally due to its important application in many engineering and science 
applications such as collection of solar energy, operation and safety of nuclear 
reactors, energy efficient design of buildings and rooms and heat exchangers. 
These are always complex interactions between the finite fluid content inside 
the enclosure with the enclosure walls. The study of natural convection is very 
complex because the velocity equations are coupled due to the buoyancy force. 
Many geometries and boundary conditions are present in practice but little study 
has been carried out for more complex shapes of the enclosure. Furthermore, 
rectangular cavities always chosen as an interesting area for the study of natural 
convection even though the study consists of many obstacles inside it. In contrast, 
the natural convection in cylindrical coordinate system is less interest due to its 
complicity in solving Navier-Stokes equation compared to Cartesian coordinate. 
Ostrach [1] pointed out that thermal gradients can be varied by change its position 
in horizontal or vertical axis. A numerical and experimental analysis on natural 
convection heat transfer from a horizontal cylinder enclosed in a rectangular 
cavity was carried out by Cesinit et al. [2]. Holographic interferometer was used to 
measure the temperature distribution in the air and the heat transfer coefficients 
and then compared with numerical predictions obtained by finite element based 
on stream-vorticity formulation of the momentum equations. The study was 
emphasized on Rayleigh number and geometry of the cavity. 
The influence of aspect ratio in rectangular cavities has been discussed by Aydinet. 
al [3] and Corcione [4]. They found that the heat transfer rate from the heated 
or cooled sidewalls is dependent only on Rayleigh number if the cavity aspect 
ratios larger than a specific value. Aspect ratio also discussed by Ho and Chang 
[5]. They conducted a study by numerically and experimentally about the effect 
of natural convection heat transfer in a vertical rectangular enclosure with two-
dimensional discrete heating. They found that the effect of an enclosure aspect 
ratio of the average Nusselt number of the discrete heaters tends to decrease with 
the increase of the modified Rayleigh number. Frederick [6] conducted a study 
of natural convection in rectangular cavities and found that the overall Nusselt 
number decrease rapidly with increasing aspect ratio. The circulation rate always 
increases with the Rayleigh number and aspect ratio. Tong [7] also studied the 
effect of aspect ratio on natural convection in water near its density maximum. 
He reports that the flow patterns and temperature distributions in rectangular 
enclosures is impacted by the aspect ratio of enclosure. 
Chandrasekhar [8] summarized these studies presented recalculations for the 
solutions for the critical Rayleigh number and the cellular patterns, as well as the 
associated wave numbers and wave length. He showed that the critical Rayleigh 
number is 1707.8 for the case in which both top and bottom surfaces are fixed, 
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and 1100.7 if the top surface is free while the bottom surface is fixed.
This study will focus on the natural convection in a polar coordinate system with 
different aspect ratio and Rayleigh number in order to investigate the flow and 
heat transfer characteristics. The cavity will be in a cylindrical sector form with 
adiabatic boundary condition at the sidewalls while heated from bottom and 
cooled from above. 

MATHEMATICAL FORMULATION
Figure 1 Schematic Diagram of A Polar Enclosure Heated From Bottom 

and Cooled From Top 

A fluid-filled, polar enclosure of height R2-R1 with an angle of θ2-θ1 is heated 
from the bottom, kept at temperature Thot and cooled from the top, maintained at 
temperature Tcold, as sketched in Figure 1.  As the sidewalls are adiabatic, Table 
1 shows the configuration of the angle and length. The buoyancy-driven flow 
is considered to be two-dimensional, steady and laminar. The fluid is assumed 
to be incompressible, with constant physical properties and negligible viscous 
dissipation. The buoyancy effects upon momentum transfer are taken into 
account through the Boussinesq approximation. Once the above assumptions are 
employed into the conservation equations of mass, momentum and energy, and 
the following governing equations are derived from Cartesian coordinate and then 
transform into stream-vorticity function. After that, the stream-vorticity transport 
and energy equation is transform into polar coordinate including the buoyancy 
term. The following governing equation is obtained:
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Vorticity equation:

NUMERICAL SIMULATIONS
Finite difference formulation is used to discretize the considered partial differential 
equations. The resulting algebraic equations for vorticity and temperature were 
solved by using upwind scheme with first order accuracy. The conditional 
statement in the convection terms was applied in order to maintain the stability of 
the convergence criteria. The iteration method using Guess Seidel was applied 
for solving the discretization equation of the stream function and temperature. 
A home computer program using Matlab language was constructed to handle 
the considered problem. In order to ensure that the flow and heat transfer 
characteristics are not affected by the mesh, different grids were used, (20x20), 
(50x50), (100x100) and (150x150) respectively as shown in Figure 2. The grid 
density (100x100) was used in this work because the temperature different at 
angle θ = π/2 is small between 100 and 150 grids. Below shows the procedure of 
the iteration process:
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Figure 2. Grid independence test for temperature 
plot at angle θ = π/2 at Ra = 2x105. 

The important dimensionless parameter to investigate the heat transfer 
characteristics are Rayleigh number (Ra), Reynolds number (Re) and Prandtl 
number (Pr). Dimensionless numbers are defined as below:

The configuration of aspect ratio is differed by angle and inner radius while outer 
radius is fixed. The Rayleigh is varied from 2x102 until 2x106 passes the critical 
Rayleigh number which is 1708. Rayleigh-Benard convection was studied with the 
two-dimensional axis symmetric code, simplified from the full three-dimensional 
code. While maintaining the Prandtl number of 4 for Refrigerant-134a, Rayleigh 
number is differed by change the value of β. T1 is the inner hot temperature which 
set to be 100oC while T2 is the outer low temperature which set to be 20oC to 
investigate the effect of aspect ratio. The critical Rayleigh number was chosen 
in order to study possibility of AR at certain value to predict the value of critical 
Rayleigh number.
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Table 1 Configuration of Angle with Ra (critical) = 1708

Table 2Configuration of Angle with Ra (critical) = 1708

Effect of Rayleigh Number

Figure 3 shows the streamline and isotherm contour of natural convection in 
Cartesian coordinate [4] with polar coordinate. The presence of hot bottom and 
cold top, fluid near the bottom surface will be heated in the result of conduction 
and its density will be decreased and so move up. On the contrary, the fluid near 
the upper surface which has higher density, and is cooler will move down. This will 
cause to produce columns of cold and warm fluid that move up and down. Moving 
of these columns will cause of vorticity appearance in the enclosure. Thus both 
Cartesian coordinate and polar coordinate shows the same pattern of natural 
convection in an enclosure. 
Figure 4 shows the streamline and isotherm contour for different Rayleigh number 
at   AR=1.178. The flow field consists respectively of two counter rotating cells, 
symmetric about the vertical mid-plane of the cavity. The isotherm contour at 
Ra=2x103 shows that the temperature is not linear anymore. This is due to the 
convection mode take part the heat transfer process from conduction mode after 
pass the critical Rayleigh number which is 1708. All of the cells are stable until 
Ra=2x106, the cells become asymmetric and unstable. At this high Ra, the steady 
state assumption is not valid and the residual cannot converge. Thus at high Ra, 
unsteady state problems must be use because the fluid flow is time dependent. 
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Figure 3 Streamline and Isotherm Contour For 
Cartesian Coordinate [4] With Polar Coordinate

Figure 4 Streamline and Isotherm Contour for
 Ra = 2x102, 2x103, 2x105, 2x106 .

Figure 5. Temperature at Symmetrical Line For
 Ra = 2x102(+) , 2x103(*), 2x105(□),2x106 (x). 
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As mentioned above, and is obvious from Figure 5, in the lower range of Ra 
numbers (e.g. Ra=200), they are very close to the typical temperature distribution 
that corresponds to the limit of pure conduction. It is because of low buoyancy-
driven circulation inside the cavity relative to viscosity force. Gradually, with 
increasing of Ra number, convection contribution will be increased. 

Effect of Aspect Ratio

Figure 6 shows the streamline and isotherm contour of different aspect ratio. It 
can be seen that with the increasing aspect ratio, number of vorticity also will be 
increased which shows a good agreement with M. Corcione [4]. For instance, 
when the aspect ratio is 3.731, four vorticities appeared which are circulating in the 
middle of radial direction. When aspect ratio is increase, there is higher possibility 
of appearance of more columns of cold and hot air which cause more vorticity. 
These effects could be in the result of braking of regular layering in the upper and 
bottom of the enclosure. All isotherm contours also show that the temperature is 
not linear anymore because the fluid flow is simulated at critical Rayleigh number. 
To make clear, Figure 6 shows the temperature plot along symmetrical line which 
θ = π/2. This means that the convection process take place at critical Ra even the 
aspect ratio is different.   

Figure 6 Streamline and Isotherm Contour For
AR =  3.731, 7.461, 14.923 at Ra = 1708
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Figure 7 Temperature Plot at Symmetrical Line For 
AR =  3.731, 7.461, 14.923 at Ra = 1708

CONCLUSIONS
Natural convection heat and momentum transfer in fluid filled, polar enclosures 
heated from the bottom and cooled from the top has been studied numerically 
for different aspect ratios of the enclosure in the range between (19/16)π to 
(19/4)π, and for values of the Rayleigh number based on the volumetric thermal 
coefficient in the range between 102 to 106. Rayleigh number affected the natural 
convection process by increase the heat transfer rate from hot temperature to 
cold temperature. The existences of buoyancy forces will enforce the convection 
to take part the heat transfer process from conduction. It is investigated that 
with correct selected parameters, such as configurations and dimensions of the 
enclosure, we can control the heat transfer and obtains the optimal heat transfer 
in it.
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