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Abstract
In this article, a semi analytical iterative method had been applied to solve a type of partial
differential equation namely Klein-Gordon equation. Four examples of linear and nonlinear
Klein-Gordon equations were considered to show the performance of the method. The results
obtained revealed the effectiveness of this method.
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Introduction

The Klein-Gordon equation is an important model in mathematical physics such as quantum
field theory, soliton and plasma physics. Due to its wide range of applications, Klein-Gordon
equation has attracted much attention to find the accurate and efficient method for solving the
equation. Some of these methods are Adomian decomposition method (Wazwaz, 2006; El-
Sayed, 2003; Rabie, 2015; Agom & Ogunfiditimi, 2018; Kulkarni & Kalyanrao, 2015),
homotopy perturbation method (Chowdhury & Hashim, 2009), variational homotopy
perturbation method (Yousif & Mahmood, 2017), Laplace decomposition method (Rabie,
2015), Elzaki iterative method (Alderremy et al., 2018), Elzaki transform method (Ige et al.,
2019) and homotopy Sumudu transform method (Mahdy et al., 2015).

The purpose of this paper is to solve the Klein-Gordon equation by applying an analytical
method called semi analytical iterative method (SAIM). This method was proposed by Temimi
and Ansari (2011a; 2011b) in order to solve nonlinear differential equations and nonlinear
second order multi-point boundary value problems, respectively. Then, the SAIM has been
successfully implemented by many researchers for solving others linear and nonlinear
differential equations problem. For example, wave, wave-like, heat and heat-like problems
(AL-Jawary & Mohammed, 2015), chemistry problems (AL-Jawary & Raham, 2017), thin
flow problems (Al-Jawary, 2017), Blasius equations (Selamat et al., 2019), Newell-Whitehead-
Segel equations (Latif et al., 2020), Fokker-Plank’s equations (AL-Jawary et al., 2017),
nonlinear Burgers and advection-diffusion equations (AL-Jawary et al., 2018), differential
algebraic equations (AL-Jawary & Hatif, 2017), duffing equation (Al-Jawary & Al-Razaq,
2016) and some nonlinear differential equations in physics (AL-Jawary et al., 2020).
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Materials and Methods
Semi Analytical Iterative Method
In this section, we presented the semi analytical iterative method (SAIM) which is introduced
by Temimi and Ansari (2011a, 2011b) and detailed by Al-Jawary and Mohammed (2015):

Consider the general differential equation,
L(u(x t)) + N(ulx,t)) + g(x, t) = 0, 1)

. - ou\ _
with boundary conditions B (u E) =0,

where u is unknown function, L is the linear operator, N is the nonlinear operator and g is a
known function. Noticed that, it is possible to take some or all parts of the g(x, t) and add them
to the nonlinear operator N as needed. The proper choice of these parts depends mainly on trial
basis.
By assuming that u,(x, t) is a solution of equation (1) of the initial condition

L(uo(x, 1)) + g(x,t) = 0, with B (uo,g—]:) = 0. 2)

The next iteration found by resolved the following equation:

L(ul(x, t)) + N(uo(x, t)) + g(x,t) = 0,with B (ul,au) = 0. (3)

at
Thus, an iterative procedure can be created by solving the following problem,
L(tper (x,8)) + N(up(x, 1)) + g(x, t) = 0, with B (un+1, 2—1:) =0, 4)

where, n = 1, 2, ... . Each of u,, are solution of the equation (1).

Solution of Klein-Gordon Equation Using SAIM
The general equation of Klein-Gordon equation can be written as:
Uy — Uy + byu+ byg(w) = f(x, t) (5)
with boundary condition
u(x,0) = ¢; and u,(x,0) = ¢, (6)

In view of SAIM, we have L(u(x,t))=uy,, N(u(xt)) = —ux + bju+b,g(u) and
gx,t) = —f(x,0).

Thus, the primary problem to solve is,
L(uo(x,t)) = f(x, 1) (7)

or,
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(u), (% t) = f(x,) (8)

with uy(x,0) = ¢; and (uy):(x,0) = c,.
The general iteration problem can be done through the following
L(un+1(x' t)) + N(un(x; t)) + g(x' t) = 0, (9)

or,
yyr),, — () + Dyty + byg () = £ t) (10)

with u,,1(x,0) = ¢; and (up41)¢(x,0) = c,, where,n =1, 2, ....

Example 1:

Consider the linear homogeneous Klein-Gordon equation (Chowdhury & Hashim, 2009)

u, (6 t) —u, (xt) = ulx, t), (12)
with initial condition,
u(x,0) = 1+ sin(x), u,(x,0) = 0 (12)
where, the exact solution is,
u(x,t) = sin(x) + cosh(t) . (13)

The SAIM will be applied as, L(u(x, t)) = u, (x,t), N(ulx,t)) = —wy (x, t) — u(x,t) and
g(x,t) = 0.

Thus, the primary problem is
Luo(x,t)) = uye(x,t) = 0 (14)
with initial conditions,

u,(x,0) = 1 + sin(x), (u,),(x,0) =0 (15)

By solving the primary problem (14), we obtained,
uy(x, t) = sin(x) + 1. (16)

The first repetition can be done through the following
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(ul)tt (x' t)_(uo)xx (x' t) = Uy (X, t)’ (17)

with initial conditions, u;(x,0) = 1 + sin(x), (u,):(x,0) = 0.
Then, the solution of (17) is,
Uy (x, t) = sin(x) +1+ %tz. (18)

Similarly, we obtained,

. 1 1 19
uz(x,t)=sm(x)+1+5t2+£t4 (19)
1 1 1 (20)
— _ 42 __ 44 46
u;(x, t) = sin(x) + 1 + ot + 2t + 720t
Hence, when n — oo, the solution will lead to the close form
u(x,t) = sin(x) + cosh(t) , (21)

which is the exact solution of equation (11).

Example 2:

Consider the linear nonhomogeneous Klein-Gordon equation (Chowdhury & Hashim, 2009)

u, (x,t) —u,, (xt) — 2u(x, t) = —2sin(x) sin(t), (22)
with initial condition
u(x,0) = 0, u,(x,0) = sin(x), (23)
where the exact solution is
u(x, t) = sin(t) sin(x). (24)

The SAIM will be applied as: L(u(x, t)) = U (x, t), N(u(x, t)) = —u,(x,t) — 2ulx,t) +
2 sin(x) sin(t) and g(x,t) =0

Thus, the primary problem is
L(uy(x,t)) = up(x,t) = 0, (25)
with initial conditions

u,(x,0) =0, (uo)t(x, 0) = sin(x). (26)
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By solving the primary problem (25), we obtained,

u,(x,t) = tsin(x). (27)
The first repetition can be done through the following

(u1),, (6 t) = (ug) 1 (x £) — 2uy(x, £) = =2 sin(0) sin(x), (28)
with initial conditions, u;(x,0) = 0, (u,):(x,0) = sin(x).

Then, the solution of (28) is,

t3 (29)
Uy (x,t) = E —t + 2sin(t) | sin(x)
Similarly, we obtained
5 3 30
u,(x,t) = <§0 - % + t) sin(x) (30)
7 5 3 31
us(x, t) = <5(§40 - %0 + % —t+2 sin(t)) sin(x) 1)

Hence, when n — oo, the solution will lead to the close form
u(x, t) = sin(t) sin(x), (32)

which is the exact solution.

Example 3:

Consider the nonlinear nonhomogeneous Klein-Gordon equation (Chowdhury & Hashim,
2009)

u,(x,t) —u, (xt) —ulx t)? = —xcos(t) + x* cos?(t), (33)
with initial conditions

u(x,0) = x, u(x,0) =0, (34)
where the exact solution is

u(x, t) = x cos(t). (33)

The SAIM will be applied as: L(u(x, t)) = uy (x,t), N(u(x, ) = = (x,t) — ulx, t)? —
x? cos?(t) and g(x,t) = —x cos(t).
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Thus, the primary problem is
LQuo(x, 1)) = ug(x, t) = —x cos(t), (35)
with initial conditions

uy(x,0) = x, (up),(x,0) = 0. (36)

By solving the primary problem (35), we obtained,

uy(x, t) = x cos(t). (37)
The first repetition can be done through the following

()6t = () () —ug(x, 1)* = —xcos(t)(1 — x cos(1)), (38)

with initial conditions, u;(x,0) = x, (u;):(x,0) = 0.
Then, the solution of (38) is

u, (%, t) = x cos(t), (37)
Similarly, the higher order solutions are x cos t which is, the exact solution (Wazwaz, 2006)

u(x, t) = x cos(t). (38)

Example 4:

Consider the nonlinear nonhomogeneous Klein-Gordon equation (Chowdhury & Hashim,
2009)

u, (6, t) —u, (xt) —ulx, t)? = 6xt(x® — t2) + x°¢°, (39)
with initial conditions
u(x, 0) = 0,u,(x,0) = 0, (40)
where the exact solution is
u(x,0) = 0,u,(x,0) = 0, (41)

The SAIM will be applied as: L(u(x, t)) = U (x, t), N(u(x, t)) = —u,(xt) —ulx, t)? —
6xt3 + x°t® and g(x, t) = 6x3t.

Thus, the primary problem is

L(ug(x, ) = uge(x, t) = 6x°t, (42)
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with initial conditions
uo(x, 0) =0, (uo)t(x, 0) = 0. (43)

By solving the primary problem (42), we obtained,
uy(x, t) = £°¢%, (44)
The first repetition can be done through the following
W), (6 t) = () (0 t) —uo(x, 0)? = 6xt(x* — ) + 2°t°, (45)
with initial conditions, u;(x,0) = 0, (u;):(x,0) = 0.
Then, the solution of (45) is
u,(x, ) = 236, (46)
Similarly, the higher order solutions are x3t3 which is the exact solution (Wazwaz, 2006)
u(x, t) = x3t3, (47)
Conclusion
In this paper, the SAIM has been successfully applied to obtain the exact solution of some
examples of linear and nonlinear Klein-Gordon equations. It is appeared that the SAIM is very

efficient to yield the solution without required any restricted assumption to deal with nonlinear
terms in differential equations.

Acknowledgement
The authors would like to thank Universiti Teknologi MARA Negeri Sembilan for the facilities
involved in making this research success.

Conflict of interests
Author hereby declares that there is no conflict of interests with any organization or financial body
for supporting this research.

References
Agom, E. U., & Ogunfiditimi, F. O. (2018). Exact solution of nonlinear Klein-Gordon
equations with quadratic nonlinearity by modified Adomian decomposition method. Journal
of Mathematical and Computational Science, 8(4), 484 — 493.

Alderremy, A. A., Elzaki, T. M., & Chamekh, M. (2018). New transform iterative method for
solving some Klein-Gordon equations. Results in Physics, 10, 655 — 659.

Al-Jawary, M. A. (2017). A semi-analytical iterative method for solving nonlinear thin film
flow problems. Chaos, Solitons & Fractals, 99, 52 — 56.

Al-Jawary, M. A., Adwan, M. |., & Radhi, G. H. (2020). Three iterative methods for solving
second order nonlinear ODEs arising in physics. Journal of King Saud University — Science,
32, 312 - 323.

Published by Universiti Teknologi Mara (UiTM) Cawangan Pahang - March 2020 | 16



GADING Journal of Science and Technology Vol 3 No (1) (2020) — elSSN: 2637-0018

Al-Jawary, M. A., & Al-Razaq, S. G. (2016). A semi analytical iterative technique for solving
duffing equations. International Journal of Pure and Applied Mathematics, 108(4), 871 — 885.

AL-Jawary, M. A., Azeez, M. M., & Radhi, G. H. (2018). Analytical and numerical solutions
for the nonlinear Burgers and advection—diffusion equations by using a semi-analytical
iterative method. Computers & Mathematics with Applications, 76(1), 155 — 171.

Al-Jawary, M., & Hatif, S. (2017). A semi-analytical iterative method for solving differential
algebraic equations. Ain Shams Engineering Journal, 9(4), 2581 — 2586.

AL-Jawary, M. A., & Mohammed, A. S. (2015) A semi-analytical iterative method for solving
linear and nonlinear partial differential Equations. International Journal of Science and
Research, 6(5), 978 — 982.

AL-Jawary, M. A., Radhi, G. H., & Ravnik, J. (2017). Semi-analyical method for solving
Fokker-Planck’s equations. Journal of the Association of Arab Universities for Basic and
Applied Sciences, 24, 254 — 262.

AL-Jawary, M. A., & Raham, R. K. (2017). A semi-analytical iterative technique for solving
chemistry problems. Journal of King Saud University of Science, 29(3), 320 — 332.

Chowdhury, M. S. H., & Hashim, 1. (2009). Application of homotopy-perturbation method to
Klein—Gordon and sine-Gordon equations. Chaos, Solitons & Fractals, 39(4), 1928 — 1935.

El-Sayed, S. M. (2003). The decomposition method for studying the Klein—Gordon equation.
Chaos, Solitons & Fractals, 18(5), 1025 — 1030.

Ige, O. E., & Oderinu, R. A., & Elzaki, T. M. (2019). Adomian polynomial and Elzaki
transform method for solving Klein-Gordon equations. International Journal of Applied
Mathematics, 32(3), 451 — 468.

Kulkarni, S., & Kalyanrao, T. (2015). Application of Adomian decomposition method for
solving linear and nonlinear Klein-Gordon equations. International Journal of Engineering,
Contemporary Mathematics and Sciences, 1(2), 21 — 28.

Latif, B., Selamat, M. S., Rosli, A. N., Yusoff, A. N., & Hasan, N. M. (2020). The semi
analytics iterative method for solving Newell-Whitehead-Segel equation. Mathematics and
Statistics, 8(2), 87 — 94.

Mahdy, A. M., Mohamed, A. S., & Mtawa, A. A. (2015). Implementation of the Homotopy
perturbation Sumudu transform method for solving Klein-Gordon equation. Applied
Mathematics, 6(03), 617 — 628.

Rabie, M. E. (2015). Solvability of nonlinear Klein-Gordon equation by Laplace
decomposition method. African Journal of Mathematics and Computer Science Research, 8(4),
37 —42.

Selamat, M. S., Halmi, N. A., & Ayob, N. A. (2019). A semi analytic iterative method for
solving two forms of Balsius equations. Journal of Academia, 7(2), 76 — 85.

Published by Universiti Teknologi Mara (UiTM) Cawangan Pahang - March 2020 | 17



GADING Journal of Science and Technology Vol 3 No (1) (2020) — elSSN: 2637-0018

Temimi, H., & Ansari, A. R. (2011a). A semi-analytical iterative technique for solving
nonlinear problems. Computers & Mathematics with Applications, 61(2), 203 — 210.

Temimi, H., & Ansari, A. R. (2011b). A new iterative technique for solving nonlinear second
order multi-point boundary value problems. Applied Mathematics and Computation, 218(4),
1457 — 1466.

Wazwaz, A. M. (2006). Compactons, solitons and periodic solutions for some forms of
nonlinear Klein—Gordon equations. Chaos, Solitons & Fractals, 28(4), 1005 — 1013.

Yousif, M. A., & Mahmood, B. A. (2017). Approximate solutions for solving the Klein—

Gordon and sine-Gordon equations. Journal of the Association of Arab Universities for Basic
and Applied Sciences, 22, 83 — 90.

Published by Universiti Teknologi Mara (UiTM) Cawangan Pahang - March 2020 | 18



