&,

’ i
3 i
4 "
LA, P
N 1“
¢ o AN
N
¥
AP
—_—-
A

o rnafl:}pf Mathematics &
omputing Science

ol 1. Issue 1, May 2016

¥
f
/
y




JOURNAL OF MATHEMATICS AND COMPUTING SCIENCE, 2018,
Volume 1, Number 1,1 -8

Solving One-Predator Two-Prey System by using Adomian Decomposition Method

Wan Khairiyah Hulaini Wan Ramli'*, Muhammad Saufi Firdaus Azmi?, Farahanie Fauzi® and Norlaila Md Nor*

1.234Faculty of Computer and Mathematical Sciences, Universiti Teknologi MARA Kelantan, Bukit IImu, Machang,
Kelantan, Malaysia
wkriyah@kelantan.uitm.edu.my
*Corresponding author

Abstract: In this paper, a mathematical model of one-predator two-prey system is discussed. This model is
derived from predator-prey Lotka-Volterra model by adding another population of prey into the system. The
model derived is a nonlinear system of ODEs. So the approach to this model is different from the linear system
of ODEs. With reference to that, Adomian Decomposition Method (ADM) is one of the semi-analytical
approaches being applied in this paper to solve the system. The approximate solution is made until four terms.
The solution obtained is analyzed graphically.
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1 Introduction

Population is a group of organisms of the same species which live in the same region at the same
time. A population consists of all the individuals of a given species in a specific region or area at a
certain time. It contains genetic variation between themselves. From one individual to another, there
might be a slight difference among them such as in terms of size, hair color, and so forth. Most
importantly, not all individuals in the population have the same ability to survive and reproduce.

All living things within an ecosystem are dependent on each other. A change in the size of one
population affects all other organisms within the ecosystem. There are many types of interaction that
happen among the population and one of them is predation. According to Obaid and Hamoud [1],
predation is the species interaction when one species, the predator eats another species, the prey as a
source of food.

In the 1920's, a mathematical model was created independently by Alfred Lotka and Vito Volterra,
and it is characterized by oscillations in the population size of both predator and prey [2]. This model
was proposed to explain the dynamic, natural populations and describe the relationship of predators
and prey. It is an application of a nonlinear system of differential equations in mathematics as it
involves more than 1 population. This model is known as Lotka-Volterra predator-prey model.

From the model, a new system is derived by adding another prey population into the system. In
formulating the system, there are a few assumptions made. The assumptions are :

Consider there are only one predator and two prey species in the system.
Both preys do not compete with each other.

Food sources for both preys are different and unlimited.

The system is free from any disease that can increase the death rate.

The same species are competing in nature.

arwnE

In [3], many topics under the system of Lotka-Volterra were discussed, one of them was two species
Lotka-Volterra systems. The author has reviewed about the evolution of predator and prey fish
populations in Adriatic Sea. He stated that there are several points of criticism worth noting for the
Lotka-Volterra model. The changes of birth and death rates do nothing but the changes in the period
of oscillation - i.e. no population - can dominate, and it is impossible for either population being
driven to extinction.
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Another study was conducted by Schrum [4] where the author discussed the two-dimensional Lotka-
Volterra systems where the interaction of two species was assumed as a closed system. The two given
species are only affected to each other and no other external factors can influence the system. Schrum
stated that the main weakness of this model is the exponential growth assumption. It is biologically
unrealistic for the unbounded growth of the prey species without predators. He extended the
discussion by stating that the system exhibits stable periodic behavior for all non-zero initial
conditions.

Obaid and Hamoud [1] discussed two types of interaction in their article, which are one-prey one-
predator system and one-predator two-prey system. The authors showed how both interaction was
being modeled. Numerical simulation is also used in the verification of the results. After both
mathematical model were examined, predator and prey populations seemed to be cyclical endless
without settling down quickly. The same result is also stated in [5].

Kar and Batabyal [6] emphasized on the persistence and stability of the one-predator two-prey system.
The authors used Holling type | and Holling type Il response function to represent the interaction
between the predator and prey. Kar and Chaudhuri [7] considered a two-prey one-predator harvesting
model with interference. The model was based on Lotka-Volterra dynamics with two competing
species which were affected not only by harvesting but also by the presence of a predator, the third
species.

Biazar et al. [8] discussed solving the system of ordinary differential equations. It is known that
among the many, Lotka-Volterra is a type of first order nonlinear system of differential equations. The
author showed that Adomian Decomposition Method (ADM) was able to solve both linear and
nonlinear system of differential equations. According to Babolian et al. [9], ADM was initially
proposed by George Adomian in the early of 1980s. The authors stated that a solution of functional
equation was assumed as the summation of infinite series that usually converges to the solution. There
were two topics discussed which are system of linear equation and system of Volterra integral
equation. The authors presented numerical examples to show a comparison between ADM and Jacobi
iterative method for solving system of linear equations. The results indicate both methods are the
same which means if Jacobi Iterative method diverges, so will ADM.

The main part in solving a system of differential equation using ADM is computing the Adomian
polynomial. Many authors suggested different algorithms for computing Adomian polynomials [10-
12]. This paper uses an alternate algorithm for computing Adomian polynomials [11].

2 Problem Formulation

The derivation of the system was discussed in Obaid and Hamoud [1]. The system was given by Eq.

Q).

d

—d)il = (—a+ byZ + b2 y3 )yl ) yl(o): le

d

% =(c—dy,—ey)y, . ¥,(0)= Y20 @
d

e ayels 10

where y, (t) represents the predator’s populations at time t,y,(t) represents the first prey’s
populations at time t and y;(t) represents the second prey’s populations at time t. The parameter a

represents per capita death rate of predator in the absence of prey, parameter c represents per capita
birth rate of first prey in the absence of predator and parameter c, represents per capita birth rate of

second prey in the absence of predator . Parameter b and b, represent interaction parameter of
predator with the first and second prey respectively. Parameter d and d, represent the interaction



Solving one predator two prey system by using Adomian decomposition method

parameter of first and second prey populations respectively. Lastly, parameter e and e, respresent the

first and second prey death rate killed by predator respectively. Eq. (1) is called one-predator two-prey
system. This nonlinear system will be solved by using Adomian decomposition method.

3 Adomian Decomposition Method

The Adomian Decomposition Method is a semi analytical method for solving Ordinary Differential
Equations (ODE) and non-linear Partial Differential Equations (PDE). The purpose of this method is
towards a unified theory for the solution of PDE, an aim which has been superseded by a more
general theory of the homotopy analysis method.

The important aspect of ADM is employment of the Adomian Polynomials which allows for solutions
to convergence of the nonlinear portion of the equation, without help to linearizing the system. These
polynomials are mathematically generalized to Maclaurin series about an arbitrary external parameter
that give more flexibility compared to the Taylor series.

Consider the one-predator two-prey system with the initial condition given by Eq. (1). The system can
be represented in the form of L operator :

Ly, =(~a+by, +b,y; )y,
Ly, =(c—dy, —ey,)y, )
Ly, = (Cz —d,Y, _ezyl)YS

d
where L is linear operator I with inverse, L™ =I; (-)dt. By applying the L™ on both sides of each

Eq. (2), the equation becomes :

t
yl(t): Y1(0)+I0 (_a"'bYZ +bzy3)y1 dt

V()= 2(0)+ [, c—dy, —ey,)y, dt 3

0

t
Y3(t): y2(0)+J0 (Cz —d,y; _ez)/l)ys dt

Then, according to Babolian et. al [9], the solution is considered as the sum of infinite series with
parameter A.

yl = i yl,n ﬂ“n
n=0

Yo =D Yon A" 4
n=0

Y3 = i Yan A"
n=0
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Let each integrand in Eq. (3) as the sum of the following series :

fl(Vl: Yo, y3)= Al,n(yl,O“"vyl,n’ Y2,0’---aY2,naYS,O’---'Ys,n)ﬂ'n

fz(Y11yzaY3) Az,n(yl,o’---ayLmY2,01---1y2,naY3,o’---’y3,n)ﬂ~n (5)

M: M 1D

fs(Yr Y2vY3)= As,n(yLOv---ayanY2,o’---vY2,nay3,0'---1)’3,n))°n

]
o

n

where A, A, ,, Ay, are called Adomian Polynomials. Then, substitute Eq. (4) and Eg. (5) into Eq.
@A):

t

Z Yy = Y1(O)+Z Zs J'o Al,n(yl,o’---vyl,n Y2001 Yo Y3,0’---,y3,n)dt
n=0

n=0
i Ao = YZ(0)+§: A J'; A2,n(yl,0""lyl,n : Y2,o’---vY2,n1Y3,01---ay3,n)dt (6)
n=0 n=0
Z Y3, = y3(0)+z A j; Asn (yl,O""vyl,n Y2005 Y200 ys,o’---:ys,n)dt
n=0 n=0

Then, define the following scheme :

t
Y10 = Y1(O)’ Yo = .[0 An (Y1,o’---vY1,n 1 Y2011 Yo Y3,0’---,Y3,n)dt

t
Y20 = yz(o)v Yna :IO A, (yl,O""’yl,n!y2,07"'1y2,n1y3,0""'y3,n)dt (7)

t
Y30 = Y3(O)v Yna = Io As,n(yLo’---’yLn 1 Yo0r Yo ys,o’---’ys,n)dt

In computing all the Adomian Polynomials, an alternate algorithm method is used [11]. From the
series in Eq. (4), if we derive f(yl, y2,y3) as a power series of A, then the coefficient of A" will be
A (ylvo,...,yLn ' Ya01e1Yon y3Y0,...,y3yn) . Then, the expansion will be as follows :

Predator equation :

Ao =-aY;0+bY10Y20 +02Y10Y30

1 1
A, =-ay, + b(z YirYoir J +D, (z Yir Y3,1-rJ

r=0 r=0
2 2
A’LZ =-ay,, + b Z YirYoor |+ bz Z YirYso-r ®)
r=0 r=0
3 3
A-L3 = _ayl,S +b z ylyr y213_r + b2 Z yl,r y3,3—r
r=0 r=0
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1 Prey equation :
Ao =CYy0— d(yz o) —Y10Y20

1
AQ,l =CY;; — d y2,y21 rJ ELZ yl,ry2,1rJ
r=0

2
A2 =CY,5 d[ Yor W,HJ“{Z Yir Y2,2—rJ ©)
r=0 r=0
3 3
Az =CY,5—d Z YorYosr | 7€ YirYaar
r=0 r=0

2" Prey equation :

Ao =CrY30— dz(ya,o)z_ €Y10Y30

r=0
2 2
Ay, =CyY5, —d, Z YarYsor | € Z YirYsor (10)
r=0 r=0
3
Ag3=CrY33— dz y3ry33r —& Z YirYssr
r= r=0
So, in general :

Al,n = _ayl,n + b(z Yir yz,n—r J + b2 [Z yl,r y3,n—r J
r=0 r=0
A2,n = Cyz,n —d (Z y2,r y2,n—r ] - eLZ yl,r y2,nr} (11)
r=0

r=0
A3,n =C,Y¥3n —dg(z Yar y3,n—rJ_e2 (Z Yir y3,n—r}
r=0 r=0

In this paper, the solution is approximated until four terms. So, all the Adomian Polynomials will be
generated for n =0, 1, 2. The four terms approximation to the solution are considered as

y; ()= YiotYia tViz2 1 VYis (12)

The three populations for y,,y, and y, are fox, rabbit and turkey populations respectively where
their initial population are 100, 90 and 80. The parameters a = 0.5, b = 0.01, b, =0.02,c=1,d =
0.01,e=0.01, ¢, =3.2, d, =0.04 and e, =0.03are used for solving the model [1].
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The approximations to the solutions with four terms for vy, (t), y, (t) and y,(t) are as follow:

y; (t) ~100 + 200t —80.5t —97.36667t°

y,(t)~90-81t —17.1t* +66.54t>

y5(t)~ 80— 240t +504t* —1265.2t>

From the solutions obtained, some of the approximated values are shown below :

Table 1 : Numerical results obtained from the solutions using ADM

t y, (t) y,(t) ys(®)
0.1 | 119.0976333 81.79554 59.7748
0.2 | 136.0010666 73.64832 42.0384
0.3 | 150.1260999 65.95758 19.1996
0.4 | 160.8885331 59.12256 -16.3328
0.5 | 167.7041662 53.54250 -72.1500
0.6 | 169.9887993 49.61664 -155.8432
0.7 | 167.1582322 47.74422 -275.0036
0.8 | 158.6282650 48.32448 -437.2224
0.9 | 143.8146976 51.75666 -650.0908
1.0 | 122.1333300 58.44000 -921.2000
1.1 | 92.9999622 68.77374 -1258.1412
1.2 | 55.8303942 83.15712 -1668.5056
1.3 10.0404260 101.98938 -2159.8844
1.4 | -44.9541425 125.66976 -2739.8688

Table 1 shows some numerical results after using Adomian Decomposition Method in approximating
the predator and both preys population for some value of t. The negative value means that the
population extincts. This result is analyzed further by a graph that has been plotted using MAPLE

software.
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Figure 1: Population of foxes and rabbits versus time
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Figure 1 shows the population of foxes and rabbit. This graph agrees with the graph plotted in Biazar
and Montazeri [13].
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Figure 2: Population of foxes, rabbits and turkey versus time

In Figure 2, all the three populations are plotted. We can summarize that there are patterns we can see.
First, populations go up and down, this refers to a graph where shape of the graph is oscillated up and
down. Second, the number of predator population depends upon the number of prey population. As
can be seen in the table and graph, the number of foxes increases gradually over the time, t at the
beginning. On the other hand, the number of rabbits and turkeys decreases as we can say the
population is in the process of adapting to the environment.

Foxes are known as the predator that readily adapt to new environments and so are very successful
invasive species. Foxes grow quickly and occupy new area and generally prey on native species,
which are easily caught. So, it is relevant to say that number of foxes increases at the beginning.

Yet, the number of rabbits decreases at first and then going up back when foxes turn to decrease. It is
logically realistic for the rabbits population to show an increase when there are less foxes. For turkeys
population, we can see the values continuously go down until they reach 0 and drop to a negative. It
means that the turkeys population is experiencing an extinction. The graph agrees with Vlastmil and
Eisner [14] who said, when resources grow exponentially, handling times are zero and apparent
competition always leads to extinction of the weaker resource.

5 Conclusion

This paper discusses solving one-predator two-prey system by using Adomian Decomposition
Method. This method is claimed to be a powerful device for solving nonlinear problems. From the
two preys’ population, one prey goes to extinction while the other prey survives. The predator
population is also heading towards extinction. All predators and preys can neither leave these
populations nor enter them from the outside system. This means that there is no possible immigration
into the system. This model also assumes that the predator has only two types of prey as food sources.
This is rarely the case in nature and the real world. As for the recommendation, this method should be
applied to an improved model which considers realistic assumptions and an open system.
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