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ABSTRACT 

The study of magnetohydrodynamics boundary layer problem has been linked to various 

engineering problems including petroleum industries, geothermal energy extractions and 

boundary layer control in the field of aerodynamics. The study on the boundary layer flow and 

heat generation flows in stretching sheet plays an important role in engineering applications 

that includes both metal and polymer sheets. The magnetohydrodynamics (MHD) boundary 

layer flow and heat transfer over an unsteady stretching sheet is studied. The similarity 

transformation is used to transform partial differential equations (PDE) to ordinary differential 

equations (ODE). To obtain the result for numerical solution, Maple software are used for 

Runge-Kutta method using shooting technique. The effect of parameter which are unsteadiness, 

Prandtl number and magnetic on heat transfer characteristics are presented graphically and 

discussed in detail. Increases in unsteadiness, Prandtl number, and magnetic variables are 

found to increase the rate of heat transfer at the surface. 
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1. Introduction  

The evolution of boundary layer problems in engineering and industry increases continuously 

each year as a new problem has been proposed by the researcher. The need to study in this field 

is important because the industrial and engineering approach for problem-solving gives 

advanced results. The increasing quality of the product with yet undiscoverable characteristics 

can be achieved by increasing the number of new findings in much less time. The study of the 

dynamics of electrically conducting fluids is known as magnetohydrodynamic (MHD) which 

refers to magnetofluid dynamics or hydromagnetic. Plasmas, liquid metals, and salt water or 

electrolytes are examples of such fluids. The term magnetohydrodynamic comes from the word 

magneto-, which means magnetic field, hydro-, which means liquid, and -dynamic, which 

means movement. The inclined channel of mixed convection and effects porosity on MHD two-

phase fluid flow proposed by Hasnain et al. (2015). He found the fluid velocity and temperature 

distribution decreases and the magnetic, porosity, and third-grade increases. The upper phase 

of velocity field is high as opposed to the lower phase due to the presence of third-grade fluid. 

The fluid velocity and temperature field are also increased as we increase the height values and 

the viscosity ratio. Zin et al. (2017) investigated the free convection of unsteady MHD flow of 
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rotating Jeffrey fluid over ramped wall temperature with porous medium. MHD nanofluids in 

a permeable channel with porosity was studied by Khan et al. (2019). He found that in the case 

of suction, the velocity of nanofluids increases with the volume fraction, radiation, and 

permeability parameter increases, and velocity of Ag nanofluids decreases with an increase in 

the magnetic material. The Ag nanofluids temperature decreased with nanoparticles increases. 

Finally, various forms of nanoparticles have various suction effects and injection on velocity 

and temperature. Yürüsoy et al. (2019) investigated MHD flow with perturbation solutions in 

a non-newtonian fluid over concentric cylinders. He found the magnitude of temperature and 

velocity is decreased as the MHD parameter is increased in both viscosity models.  

A boundary layer is a thin layer of viscous fluid in contact with a moving stream whose 

flow rate differs within its thickness from zero at the wall where the flow sticks to the wall due 

to its viscosity at the boundary, which roughly within 1 percent error corresponds to the free 

stream velocity. Prandtl (1904) introduced the essential idea of the boundary layer, which 

describes it as a layer of fluid producing inflows with extremely high Reynolds Numbers Re, 

that is, with comparatively low viscosity when compared to inertia forces. The boundary layer 

parameters are determined by solving equations taken from the Navier–Stokes equations for 

viscous fluid motion, which are first greatly reduced to account for the boundary layer's 

thinness. Prandtl's solution is basically the first term of the Navier–Stokes equation's power 

series expansion, with the series expansion conducted for powers of the dimensionless 

parameter. 

Liu et al. (2008) further extended research of the hydrodynamics of a flow in a thin 

liquid film driven by an unsteady stretching surface to a more generic form of the required 

temperature variation in year 2008. The combined effects of a non-uniform heat source or sink 

and a magnetic field on thin film flow and heat transmission over an unsteady stretched sheet 

were examined by Abel et al. (2019). They discovered that increasing the non-uniform heat 

source or sink and magnetic field parameters causes the local Nusselt number to increase. When 

viscous dissipation and temperature- dependent thermal conductivity are present, Vajravelu et 

al. (2012) investigated the flow and heat transfer in a power-law liquid layer on an unsteady 

porous stretched sheet. They discovered that the existence of viscous dissipation can raise the 

dimensionless free surface temperature for all values of the power-law index. Kumaran et al. 

(2010) studied the impacts of a magnetic field imposed and removed on a viscous flow across 

a stretching sheet on the transition effect of boundary layer flow. It is seen that the first paper 

on non-Newtonian with stretching sheet in nanofluids was introduced by Hamad et al. (2009) 

considering the problem of two-dimensional laminar mixed convection flow of a power-law 

non-Newtonian nanofluids over a vertical stretching sheet. Khan et al. (2010) studied the 

problem of laminar fluid flow over a stretching sheet in a nanofluid numerically. Arnold et al. 

(2010) extended the research of flow across a stretching sheet by looking at the viscoelastic 

fluid flow and heat transfer properties, as well as the impacts of viscous dissipation and internal 

heat generation or absorption. 

 

2. Methodology 

The equation that is being involved in Aziz et al. (2018) research are continuity, momentum, 

and energy. These three equations can be referred to as governing equation. The adjustment 

was rendered by adding the new parameter to the equation. The adjustment involves by 

adding a new parameter to the momentum equation, which is magnetic parameter. The 

equation governing in published article with addition magnetic parameter are as below: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑥
= 0                         (1) 

 



 
Daud et. al., Mathematics Letters, eISSN: 2948-3735, 2 (1): 122-130, 2023  

 

 

 

124 

 

∂u

∂t
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
=

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑦2 −
𝜎𝐵0

2

𝜌
𝑢          (2) 

 
∂T

∂t
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑛𝑓

𝜕2𝑢

𝜕𝑦2           (3) 

 

where 𝐵0
2 is magnetic field and 𝜌 is fluid density, 𝜇𝑛𝑓

 is the effective viscosity and 𝜌𝑛𝑓
 is the 

effective density of the nanofluid. The boundary equation is: 

 

𝑢 = 𝑈, 𝑣 = 0, 𝑇 = 𝑇𝑆 𝑎𝑡 𝑦 = 0          (4) 

𝜕𝑢

𝜕𝑦
=

𝜕𝑇

𝜕𝑦
= 0, 𝑣 =

𝑑ℎ

𝑑𝑡
 𝑎𝑡  𝑦 = ℎ           (5) 

 

The equations were reduced by converting the PDE to ODE using similarity 

transformation method. The similarity variable, 𝜂 , dimensionless function, 𝑓 , and 

dimensionless temperature, θ were introduced and obtained by Aziz et al. (2018). The variables 

of u, v, η, ψ and T are represented as below: 

 

𝜓 = 𝛽𝑥 [
𝑣𝑓𝑏

1−𝛼𝑡
]

1 2⁄

𝑓(𝜂), 𝑇 = 𝑇0 − 𝑇𝑟𝑒𝑓 [
𝑑𝑥2

𝑣𝑓(1−𝛼𝑡)−
3
2

] 𝜃(𝜂),  

𝜂 =
1

𝛽
[

𝑏

𝑣𝑓(1−𝛼𝑡)
]

1 2⁄

𝑦,  𝑢 =
𝜕𝜓

𝜕𝑦
=

𝑏𝑥

(1−𝛼𝑡)
𝑓′(𝜂), 𝑣 = −

𝜕𝜓

𝜕𝑥
= − (

𝑣𝑏

1−𝛼𝑡
)

1 2⁄
𝛽 𝑓(𝜂)     (6) 

After these variables have been applied in governing equation, ODE reduced from PDE 

are written as below: 

 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑥
= 0             (7) 

 
1

(1−𝜙)2.5(1−𝜙+𝜙
𝜌𝑠
𝜌𝑓

)

𝑓′′′ + 𝛾 (𝑓𝑓′ −
1

2
𝑆𝜂𝑓′′ − (𝑓′)2 − 𝑆𝑓′ − 𝑀𝑓′) = 0       (8) 

 
𝑘𝑛𝑓

𝑘𝑓

𝑃𝑟(1−𝜙+𝜙
(𝜌𝐶𝑝)𝑠

(𝜌𝐶𝑝)𝑓
)

𝜃′′ + 𝛾 (𝑓𝜃′ − 2𝑓′𝜃 −
1

2
𝑆𝜂𝜃′ −

3

2
𝑆𝜃) = 0       (9) 

 

The boundary conditions are transformed as follows: 

 

𝑓(0) = 0, 𝑓′(0) = 1, 𝜃(0) = 1    𝑎𝑡  𝑦 = 0       (10) 

𝑓(1) =
1

2
𝑆, 𝑓′′(1) = 0, 𝜃′(1) = 0    𝑎𝑡  𝑦 = ℎ       (11) 



 
Daud et. al., Mathematics Letters, eISSN: 2948-3735, 2 (1): 122-130, 2023  

 

 

 

125 

 

where prime denote differentiation with respect to 𝜂, the magnetic parameter is 
𝑀 =

𝜎𝐵0
2

𝜌

, the 

Prandtl number is 𝑃𝑟 =
𝑣

𝛼
, the unsteadiness parameter is S, nanoparticles volume fraction is 𝜙, 

𝜌𝑓 is the reference density of fluid fraction, 𝜌𝑠 is the reference density of the solid fraction, 𝑘𝑛𝑓 

is the effective thermal conductivity of the nanofluid, 𝑘𝑓 is the thermal conductivity of the fluid 

and (𝜌𝐶𝑝)𝑠

(𝜌𝐶𝑝)𝑓

 is the heat capacitance of the nanofluid. 

 

3. Results and Discussion 

The results obtained by applying the boundary condition from Aziz et al. (2018) in the 

transformed equation based on Runge-Kutta method by using Maple software. Results will be 

discussed in parts, based on the involving parameter. The results of the skin friction coefficient 

and heat transfer rate are shown in Table 1, Table 2, and Table 3 respectively. For unsteadiness, 

Prandtl number and magnetic parameter, noted that the heat transfer rate is local Nusselt 

number. Figure 1, Figure 3, and Figure 5 plots the velocity boundary layer graphs of the 

different numbers of parameters with the presence of the other parameter. Other than that, the 

temperature boundary layer graphs of parameter S, Pr and M with the presence of the other 

parameter are plotted in Figure 2, Figure 4 and Figure 6 respectively.  

 

3.1 Result of the skin friction coefficient and heat transfer rate 

 

Table 1. Value of 𝑓′′(0) and 𝜃′(0) for different value of unsteadiness S 

S Skin friction coefficient, −𝒇′′(𝟎) Heat transfer rate, 𝜽′(𝟎) 

0.8 1.0551 1.0705 

1.0 1.1271 1.1697 

1.2 1.1983 1.2620 

1.4 1.2687 1.3521 

 

Table 1 shows changes in skin friction coefficient and heat transfer rate when the S parameter 

value is varied, and other parameter are fixed which is the Pr and M value are constant at 1. 

The skin friction coefficient decreases when S increase. However, heat transfer rate increase 

following the S parameter. 

 

Table 2. Value of 𝑓′′(0) and 𝜃′(0) for different value of Pr 

Pr Skin friction coefficient, −𝒇′′(𝟎) Heat transfer rate, 𝜽′(𝟎) 

1.5 1.1271 1.4263 

2 1.1271 1.6343 

3 1.1271 1.9658 

7 1.1271 2.8022 

 

Table 2 shows changes in the coefficient of skin friction and the rate of heat transfer 

when Pr value is varied. The S and M parameters are constant at 1. As the value of Pr increase, 

skin friction coefficient remains at same value. This cause by uncoupled boundary layer 
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equation. There is no existence of the Pr in the momentum equation. The heat transfer rate 

increases as Pr increase.  

 
Table 3. Value of 𝑓′′(0) and 𝜃′(0) for different value of M 

M Skin friction coefficient, −𝒇′′(𝟎) Heat transfer rate, 𝜽′(𝟎) 

0 0.7307 1.0458 

1 1.1271 1.1698 

2 1.3948 1.2002 

4 1.7979 1.2137 

 

Table 3 shows change in skin friction coefficient and heat transfer rate when the M 

value is varied. The S and Pr are constant at 1. The skin friction coefficient decreases as the M 

increase. Thus, heat transfer rate increases with increases in M.  

 

3.2 Result on velocity and temperature profiles  

 

 
Figure 1. Velocity profiles for the various value 

of unsteadiness S 

 

Figure 2. Temperature profiles for the various 

value of unsteadiness S 

 

 

Figure 1 and Figure 2 show the effect of unsteadiness parameter on velocity profiles and 

temperature profiles respectively. As shown from Figure 1 and Figure 2, for various value 

of the (S = 0.8, 1.0, 1.2, 1.4) and the other parameters are constant at 1, however parameter 
𝜙 is 0. Based on Figure 1, the velocity profiles thickness increase with the decreasing value 

of S and velocity profiles gradient at surface increase. Therefore, the skin friction coefficient at 

surface decrease with increasing of S. For Figure 2, the temperature profiles increase with 

the increasing S. As the S increases, the exact value of the temperature profile gradient 

increases at the surface. As a result, as the S is increased, the heat transfer rate at the surface 

increases. Table 2 shows the same conclusion, indicating that as the S increases, the skin 

friction coefficient decreases and the heat transfer rate at the surface increases. 
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Figure 3. Velocity profiles for the various value 

of Pr 
Figure 4. Temperature profiles for the various 

value of Pr 

 

Figure 3 and Figure 4 show the effect of Pr on velocity profiles and temperature 

profiles. As seen from Figure 3 and 4, for the various value of the (Pr = 1.5, 2, 5, 7) and the 

other parameters are constant value at 1 while parameter 𝜙 is 0. Based on Figure 3, there is no 

effect of Pr on velocity profiles. This phenomenon caused by uncoupled boundary layer 

equation. This shows that there is no existence of the Pr in the momentum equation. Figure 

4 shows the temperature profiles thickness increase with increasing Pr. As the Pr increases, 

the exact value of the temperature profile gradient increases at the surface. As a result, as the 

Pr is increased, the heat transfer rate at the surface increases. Table 3 shows the same 

conclusion, indicating that as the Pr increases, the skin               friction coefficient has no effect and 

the heat transfer rate at the surface increase. 

 

 

 

Figure 5. Velocity profiles for various value of 

M 
Figure 6. Temperature profiles for various 

value of M 
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Figure 5 and Figure 6 show the effect of M on velocity profiles and temperature 

profiles respectively. Based on Figure 5 and Figure 6, for various value of (M = 0, 1, 2, 4) 

and the other parameters are constant value at 1 while parameter 𝜙 is 0. As seen from Figure 

5, the velocity profiles thickness increases with increasing of M. Therefore, the absolute value 

of velocity profiles gradient increase at surface with increasing of M and the skin friction 

coefficient decrease.  

As for Figure 6, the temperature profiles thickness increases with the increasing of 

M. The absolute value of temperature profiles gradient increase at surface with increasing M. 

Therefore, the heat transfer rate decreases. Based on Table 4, the same result can be seen that 

when skin friction coefficient decreases, the heat transfer rate increases with increasing of 

M. This shows that the result in both table and graph are accurate. 

 

4. Conclusion and Recommendations 

In this research, a new modification has been made based on article flow and heat transfer in a 

nanofluid thin film over an unsteady stretching sheet by Aziz et al. (2018) was done by adding 

magnetic parameter in the previous research. The effect of the unsteadiness, Prandtl number, 

and magnetic parameter on skin friction coefficient and heat transfer rate was perceived. This 

shows that the addition of magnetic parameter in the research of magnetohydrodynamics 

boundary layer and heat transfer over an unsteady stretching sheet will decrease the skin friction 

coefficient and increase heat transfer rate when the value of magnetic parameter increases. The 

same effect goes with unsteadiness parameter. As the value of unsteadiness parameter increase, 

skin friction coefficient decreases and heat transfer rate increase. For Prandtl number, skin 

friction coefficient has no effect however, heat transfer rate increase as the value of Prandtl 

number increase. This research, magnetohydrodynamics (MHD) boundary layer and heat 

transfer flows over an unsteady stretching sheet is studied. In future research, the researcher 

can add permeability parameter into the boundary layer problem. The latest problem discovered 

is the magnetic effect of magnetohydrodynamic (MHD) boundary layer in an unsteady 

stretching sheet. The researcher can add new parameter which is permeability parameter where 

the ability for fluids to flow through boundary layer. A comparison can be made with other 

research to check the accuracy and validity of the research. 
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