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Abstract 
 

In this paper, we let a Taylor series expansion, ( )S , ,t 
 of the form 
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 The main focus of this 

article is to determine the radius of starlikeness, St
  by using Poisson Formula for the new 

generalized class of bi-univalent functions, ( )S , ,t 
 .  
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Introduction 
 

Complex analysis is one of the properties in mathematics that deal with functions that involve 

complex numbers, including their functions, manipulation, derivatives and other mathematical 

properties. The geometric function theory is a study of the geometric properties of univalent 

functions. This paper focuses on the class of analytic univalent functions implied with the 

complex plane. Let  be the element of complex number and let ( )g m be a complex valued 

function of the complex variable m . Based on Goodman [1], a function ( )g m is univalent in 

D if the function ( )g m is injective, which is for all  
1 2

m ,m D , ( ) ( )1 2
=g m g m . Besides, 

a function ( )g m provide one to one mapping onto its image, ( )g D . 

 

Let Z  denoted the class of function of the form 
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which are analytic in the unit disc,  1E m : m=  . The function ( )g m  is also known as 

normalized univalent function if it satisfies conditions of ( )0 0=g  and ( )0 1g ' =  or 

( ) ( )' 0 1 0g x g= − =  are fixed is denoted by 𝑆 (Duren, [2]) 

In this paper, we defined a new generalized class of bi-univalent function ( )S , ,t S 
 . In 

this class, ( )S , ,t 
 has a Taylor series expansion of the form (1.1) that satisfying the 

condition 
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tm m
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+ −
 

 

Based on ( )S , ,t 
, the coefficient bound is given following lemma derived from Rathi [3] 

and the method of proving by Nunokawa and Owa [4]. 

 

Lemma 1.1 

( ) ( )1 1 1Suppose that f S , ,t  is given by . . ,  then sharp inequality 
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( )equality is attained for each n while f is extreme point of  S , ,t . 
 

 

Lemma 1.2    (Ikeda and Saigo, [5]) 

( )    Let u m be harmonic in     m and continuous in  m  . ( )   Then u m is given  

  by the equation  
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 (1.2)   )(( 

 0where r    

 

The equation (1.2) is called the Poisson formula. Thus, by following the method of Nunokawa 

and Owa [4], the radius of starlikeness will be determined using this formula. 
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Preliminaries 
 

Based on Lemma 1.1, we are going to find a bound for 
( )g m

m
 by using the 
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when n  is even. 

 

Theorem 2.1 
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produces 
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Then, simplification of (2.2), yield 
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Next, substitute m r=  into equation (2.3) as 
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Thus, multiply equation (2.4) with 
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    This completes Theorem 2.1. 

 
 

Based on Lemma 1.1, in Theorem 2.2, we are going to find a bound for 
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Theorem 2.2 
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1for m r .=   

 

Proof. 
 

Given g Z , since g  satisfying Lemma 4.1.1 for 3 5 7n , , ,...= , we have  

( )
2

n

n

n

g m m a m ,


=

 +   

    and  

( )
( )

( )2

2 1 11

1

n

n

A n t
g m m m

n t




=

 − + +
 +   + 

  (2.9)    )(( 
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and the expansion of (2.9), 

( )
( ) ( ) ( ) ( )2

2 21 1

1 1 1 1

n

n

nA A t
g m m m

n t t t t

 


=

 
 + − + +  + + + + 

   

produce  

( )
( ) ( ) ( ) ( )2 2 2 2

2 2 1

1 1 1 1

n n n

n

n n n n

m m mA A t
g m m m

t t n t n t n

 
   

= = = =

 + − + +
+ + + +

     (2.10)    )(( 

Then, simplification of (2.10) yields  

( )
( ) ( )0 1

2 2
1

1 1

n

n

n n

mA A
g m m m m m

t t n

 
 

= =

  
  + − − + − − +   + +   

    

                                             
( ) ( )1 1

1
           

1 1

n n

n n

m mt
m m

t n t n

 

= =

   
   + − + + − +
   + +
   

  .  

    ( )
1 0

1
Since log 1  and 

1

n

n

n n

m
m m

n m

 

= =

− = − =
−

  , thus  

                    ( )
( ) ( )

( )( )
2 21

1 log 1
1 1 1

A A
g m m m m m

t m t

 
 

 + − − + − − − −  + − + 

  

                                               
( )

( )( )
( )

( )( )
1

log 1 log 1
1 1

t
m m m m

t t
+ − − − + − − −

+ +
.  

Which gives  

( )
( ) ( ) ( )

( )( )
2 2 21

log 1
1 1 1 1

A A A
g m m m

t t m t

  
 

 − + + −  + + − + 

  

                                         
( ) ( )

( )( )
( ) ( )

( )( )
1

log 1 log 1
1 1 1 1

t m mt
m m

t t t t
− − − − − −

+ + + +
  

  

( ) ( )
( ) ( ) ( ) ( ) ( )

2 1 1
log 1 1 

1 1 1 1 1

A t t
g m m m

t t t t t


   

 − − − + − −   
+ + + + +      

  

                                                                                             
( ) ( )

2 21

1 1 1

A A

m t t

 
  

+ −    − + +    

.   (2.11)    )(( 

Next, substitute m r=  into equation (2.11) as  

                  ( ) ( )
( ) ( ) ( )

2 1 2 21
log 1

1 1 1 1

A t A A
g m r

t r t t

  
   − −  

 − + −    
+ − + +       

.  (2.12)    )(( 
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 Thus, multiply equation (2.12) with 
1

r
 and simplify to obtain the equation for 

( )g m
,

m
  

( )
( )

( ) ( )

2 1 2 1
log 1

1 1 1

g m A t A
r

m r t t r

 
 − −  

 − +   
+ + −   

  

 for 
1= m r

.  

  

    Hence, ( )g m absolutely converge in E , also ( )g m  is analytic in E . Therefore, we have  

( )
2

n

n

n

g m m a m ,


=

 −   

( )
( )

( )2

2 1 11

1

n

n

A n t
g m m m

n t




=

 − + +
 −   + 

  (2.13)    )(( 

 and expansion of (2.13),  

( )
( ) ( ) ( ) ( )2

2 21 1

1 1 1 1

n

n

nA A t
g m m m

n t t t t

 


=

 
 − − + +  + + + + 

   

 produces  

   ( )
( ) ( ) ( ) ( )2 2 2 2

2 2 1

1 1 1 1

n n n

n

n n n n

m m mA A t
g m m m

t t n t n t n

 
   

= = = =

 − + − −
+ + + +

    .  (2.14)    )(( 

 Then, simplification of (2.14) yields  

( )
( ) ( )0 1

2 2
1

1 1

n

n

n n

mA A
g m m m m m

t t n

 
 

= =

  
  − − − + + − +   + +   

    

                                                         
( ) ( )1 1

1

1 1

n n

n n

m mt
m m

t n t n

 

= =

   
   − − + − − +
   + +
   

  .  

 

( )
1 0

1
Since log 1  and 

1

 

= =

− = − =
−

 
n

n

n n

m
m m

n m
, thus 

 

( )
( ) ( )

( )( )
2 21

1 log 1
1 1 1

A A
g m m m m m

t m t

 
 

 − − − + + − − −  + − + 

  

                                 
( )

( )( )
( )

( )( )
1

           log 1 log 1
1 1

t
m m m m

t t
− − − − − − − −

+ +
.  
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Which gives 

           ( )
( ) ( ) ( )

( )( )
2 2 21

log 1
1 1 1 1

A A A
g m m m

t t m t

  
 

 + − − −  + + − + 

  

                                         
( ) ( )

( )( )
( ) ( )

( )( )
1

+ log 1 log 1
1 1 1 1

t m mt
m m

t t t t
+ − + + −

+ + + +
  

  

             ( ) ( )
( ) ( ) ( )

2 1
log 1

1 1 1

A t
g m m

t t t


 

 − − + + 
+ + +  

  

                                                    
( ) ( ) ( ) ( )

2 21 1
1 +

1 1 1 1 1

A At
m

t t m t t

 
    

+ + − +     + + − + +       

.  (2.15)    )(( 

 Next, substitute m r=  into equation (2.15) as  

              ( ) ( )
( ) ( ) ( )

2 1 2 21
log 1 2

1 1 1 1

t A A A
g m r r

t r t t

  
   − +  

 − + − +    
+ − + +       

.  (2.16)    )(( 

 Thus, multiply equation (2.16) with 
1

r
 to obtain the equation for 

( )g m

m
,  

( )
( )

( ) ( ) ( )

2 1 2 21
log 1 2

1 1 1 1

g m t A A A
r

m r t r r t r t

  
   − +  

 − + − +    
+ − + +       

  

                                                     
( )

( )
( ) ( )

1 2 2 1
log 1 2

1 1 1

g m t A A
r

m r t t r

 
 + −  

 − − +   
+ + −   

  

 for 1m r=   as required.  

  

    This completes Theorem 2.2.  

 

Now, we shall prove our main result. 

 

Main Results 
 

Now, based on Theorem 2.1 and Theorem 2.2, we will apply these theorem to find the radius 

of starlikeness, St
  for the class ( )S , ,t 


. A similar approach of Nunokawa and Owa [4] and 

Yahya [6] will be applied to obtain the radius of starlikeness, St
  for the class of ( )S , ,t 

 in 

E.    
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Lemma 1.2 will be applied to obtain the result for Theorem 3.1 by using bound 

( ) ( )

( )

2

2

1 2 1 11

1
n

t A t n t
a

n t


 − +  − + + +  
 =
 + 

 where 2 4 6n , , ,...= . 

 

Theorem 3.1 

( )  Let g S , ,t and 
      g is univalen t an d starlike in     

St
m , then radius of

  
St

starlikeness, is given  

                          

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

2 2

22

2 2

2 2 1 4 1
1 2 1

12 1

2 2 2 21
             

1 2 2 1 2 1

t tA A t tA
l og r r

tr r t

tA A tA A
e.

r r r r t r r t

  

   

    − + − − −
    − − + +

    ++ +    

 
+ +   + − −   − −  + + + +

 

 

Proof. 

By means of Theorem 2.1, we have 
( )

0
g m

m
  in 1

0 7475842618m R . =  and therefore, 

( )g m
l og

m

 
 
 

is harmonic in m R . From Lemma 1.2 and based on the harmonic function 

theory, we defined 

( ) ( )2

0

1

2

g m g m
log log d

m m

  


  

  +
=  

  − 


 
where ( ) ( )0 2 0 2

i i
e , ,m re ,
      =   =   , and 1

0 0 7475842618r R .   = . 

 

Logarithmic differentiation approach will be applied and yields 

( ) ( )2

0

1

2

g m gd d m
log log d

dm m dm m

  


  

    +
=       −    

  
 

and  

( )

( ) ( ) ( ) ( ) ( )

( )

2

2 2

0

1

2

g ' m g m g m md
log d

g m m m m

   


  

   − + + 
 − =       −     

 . (3.1)    )(( 

Then we simplify of (3.1) will results  

( )

( )

( )

( )

2

2

0

1 1 2
1

2

mg' m g
log d

m g m m

  


  

   
 − =       −     

   
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and  

( )

( )

( )

( )

2

2

0

1 2
1

2

mg' m g m
log d

g m m

  


  

  
 = +  

   −   
 . (3.2)    )(( 

From (3.2), we have  

( )

( )

( )

( )

2

2

0

1 2
1

2

mg ' m g m
log d

g m m

  


  

  
 = +  

   −   
   

and yields  

( )

( )

( )2

2

0

21
1

2

i i

i i

re emg ' m g
log d

g m e re

 

 




  

  
 = +  

   −   

 .  

Let 
i

e


 =  and 
i

re r

= , we have  

( )

( )

( )

( ) ( )

2

2

0

1 2
1

2

mg ' m g r
log d

g m cos r cos i sin r sin

  


       

 
= +  

  − + − 
  

 

which gives  

( )

( )

( )

( ) ( )

2

2 2

0

1 2
1

2

mg ' m g r
log d

g m cos r cos sin r sin

  


       

 
= +  

  − + − 
   

So that,  

( )

( )

( )

( )

2

2 2

0

1 2
1

2 2

mg ' m g r
log d

g m r cos r

  


     

 
= +  

  − − +
 
   

 From Theorem 2.1, we have  

( )
( ) ( ) ( )

( )
( )

( ) ( )

2 2

2 2 2

2 2

2 2 2

2 2 1 4 1 2 21
1 1

11 1 1

2 2 2 2 1 4 1
                1 1

1 1 1

t tA A t tA tA A
log r

rr t t r t

tA A t tA A t tA
log r

r t r t t

    

    

      − + − + − + + + 
    − + + −      −   + + +       

    + − + − − −
  +  − + + 

 + + +    

( ) ( )
2 2

2 2 2 21
                                                                      

1 1 1

tA A tA A

r r t r t

   





 + + 
 + −   −  + + 
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 for 1m r=  , we derive  

( )

( )

( )

( )

2

2 2

0

1 2
Re 1

2 2

mg ' m g r
max log d

g m cos r



 

 


     
=

   
 −   

  − − +    
      (3.3)    )(( 

 and from (3.3) and integrating with respect to   yield  

( )

( )
( )

( )

( ) ( ) ( )

2

2 2 2

2

2 2 2

2 2 12
Re 1 1

1

4 1 2 2 2 21
1

11 1 1

mg ' m t tA Ar
log l og

g m r t

t tA tA A tA A

t t t

 

    




 

  

    − + − 
 − −   
− +      

    − − + + 
    + + + −     − + + +        

     where 1
0 0 7475842618r R .   = . 

 

 Based on 
( )

( )
Re 0

mg' m

g m

  
 

  

 in St
m    and from (3.4), we see that  

( )
( ) ( )

( ) ( )

2 2

2 2 2 2

2 2

2 2 1 4 12
1 1

1 1

2 2 2 21
                                       1

1 1 1

t tA A t tAr
log l og

r t t

tA A tA A

t t

  

   




 

  

     − + − − −
   − + + 

 −  + +     

 + + 
 + − =    − + +    

  

and  

( )
( ) ( )

( ) ( )

2 2

2 2

2 2

2 2

2 2 1 4 1
1 1

1 1

2 2 2 21
              

1 21 1

t tA A t tA
log l og

t t

tA A tA A r
.

rt t

  

   






  

     − + − − −
   − + + 

   + +     

 + +  −
 + − =    − + +    

  

Putting ( )1 2 r = +  in (3.5), we have  

( )( )
( )( ) ( ) ( ) ( )

( )( ) ( ) ( )( ) ( )

( )( )

2 2

22

2
2

2 2

2 2 1 4 1 1
1 1 2 1

1 1 1 21 2 1

1 22 2 2 2
                                      

1 2 1 1 2 1 2 1

t tA A t tA
log l og r

t rr t

r rtA A tA A

r t r t

  

   

      − + − − −      − + + + +
       + − ++ +       

  + −+ +  
− =

 
+ + + +  

  
( )( )2 r r+

 
 

(3.4))))) 

(3.5))))) 

 

Mathematics and Statistics Undergraduate Research Proceedings 2025

427



and  

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

2 2

22

2 2

2 2 1 4 1
1 2 1

12 1

2 2 2 21
              1

1 2 2 1 2 1

t tA A t tA
log l og r r

tr r t

tA A tA A

r r r r t r r t

  

   

     − + − − −     − − + +
     ++ +    

 
+ +   + − =   − −  + + + + 

  

  

which gives  

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

2 2

22

2 2

2 2 1 4 1
1 2 1

12 1

2 2 2 21
        

1 2 2 1 2 1

t tA A t tA
l og r r

tr r t

tA A tA A
e

r r r r t r r t

  

   

    − + − − −    − − + +
    ++ +    

 
+ +   + − =   − −  + + + +

   
in St

m   . 

 

 

   This completes Theorem 3.1. 
 

 

Next, Lemma 1.2 will be applied to obatin the result for Theorem 3.2 by using bound 

( )

( )

2 1 11

1
n

A n t
a

n t


 − + +

=   + 

 where 3 5 7n , , ,...= . 

 

Theorem 3.2 

( )  Let g S , ,t , and 
      g is univalen t an d starlike in     

St
m , then radius of

  
St

starlikeness, is given  

( ) ( ) ( )
( )

2 2 11
1 2

1 1 2 2 1

A A t
l og r r e

t r r r r t

 

 
− −   + − − −   + − −  + +

 

 

Proof. 

Through Theorem 2.2, we have 
( )

0
g m

m
  in 1

0 7475842618m R . =  and therefore, 

( )g m
l og

m

 
 
 

is harmonic in m R . From Lemma 1.2 and based on the harmonic function 

theory, we defined 
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( ) ( )2

0

1

2

g m g m
log log d

m m

  


  

  +
=  

  − 
   

where ( ) ( )0 2 0 2
i i

e , ,m re ,
      =   =   , and 

1
0 0 7475842618r R .   = . 

 

Logarithmic differentiation approach will be applied and yields  

( ) ( )2

0

1

2

g m gd d m
log log d

dm m dm m

  


  

    +
=       −    

   

and  

           
( )

( ) ( ) ( ) ( ) ( )

( )

2

2 2

0

1

2

g ' m g m g m md
log d

g m m m m

   


  

   − + + 
 − =       −     

 .   (3.6)   )(( 

Then we simplify of (3.6) will results  

( )

( )

( )

( )

2

2

0

1 1 2
1

2

mg' m g
log d

m g m m

  


  

   
 − =       −     

   

and  

                                
( )

( )

( )

( )

2

2

0

1 2
1

2

mg' m g m
log d

g m m

  


  

  
 = +  

   −   
 . (3.7)   )(( 

From (3.7), we have  

( )

( )

( )

( )

2

2

0

1 2
1

2

mg ' m g m
log d

g m m

  


  

  
 = +  

   −   
   

and yields  

( )

( )

( )2

2

0

21
1

2

i i

i i

re emg ' m g
log d

g m e re

 

 




  

  
 = +  

   −   

 .  

Let 
i

e


 =  and 
i

re r

= , we have  

( )

( )

( )

( ) ( )

2

2

0

1 2
1

2

mg ' m g r
log d

g m cos r cos i sin r sin

  


       

 
= +  

  − + − 
  
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which gives 

( )

( )

( )

( ) ( )

2

2 2

0

1 2
1

2

mg ' m g r
log d

g m cos r cos sin r sin

  


       

 
= +  

  − + − 
 .  

From Theorem 2.2, we have  

( )
( ) ( )

( )
( ) ( )

2 1 2 2 1 21 1
1 2 1

1 1 1 1 1 1

A t A A t A
log r log r

r t t r r t t r

   
   − − − −   

− + +  − +       + + − + + −      

  

for 1m r=  , we derive  

( )

( )

( )

( )

2

2 2

0

1 2
Re 1

2 2

mg ' m g r
max log d

g m cos r



 

 


     
=

   
 −   

  − − +    
  (3.8)   )(( 

and from (3.8) and integrating with respect to   yield  

( )

( )
( )

( ) ( )2 2

2 1 22 1
Re 1 1

1 1 1

mg ' m A t Ar
log l og

g m t tr

 


 

    − −   
 − − +       + + −−       

 (3.9)   )(( 

where 1
0 0 7475842618r R .   = .  

 

 

Based on 
( )

( )
Re 0

mg' m

g m

  
 

  

 in St
m    and from (3.9), we see that  

                   ( )
( ) ( )

2 22 1 2 1
1

1 1 1 2

A t A r
l og l og

t t r

  


  

  − −   −
− + =      + + −   

. (3.10)   )(( 

Putting ( )1 2 r = +  in (3.10), we have  

( )( )
( )( ) ( ) ( ) ( )

( )( )
( )( )

2
2

1 22 1 2 1
1 1 2

1 1 1 21 2 1 2 1 2

r rA t A
l og l og r

t rr t r r

 

     + −− −    − + + =
    + − ++ + +     

 
 

and  

( )
( ) ( ) ( )

2 1 2 1
1 2 1

1 1 22 1

A t A
l og l og r r

t r rr r t

 

  
− −    − − + =    + − − + + 

  
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which gives 

( ) ( ) ( )
( )

2 2 11
1 2

1 1 2 2 1

A A t
l og r r e

t r r r r t

 

 
− −   + − − =   + − −  + +

 

 

in St
m   .  

 

 

 

Conclusion 
 

In conclusion, there is a purpose of this paper, which is to determine the radius of starllikenss,

St
  using the Poisson formula. We believe that we have achieved the objective that we 

highlighted. 
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