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Abstract

In this paper, we let a Taylor series expansion, S*(a,6,t) of the form

g(m)=m+a,m® +a;m’ +...+) am® that satisfies the condition Re(ei“ %(m))J >8,mekE
z=2 g m

m . The main focus of this

(1+tm)(1-m)

article is to determine the radius of starlikeness, R, by using Poisson Formula for the new

where |a|< 7, cosa>8, 0<5<1, —1<t<l and g'(m)=

generalized class of bi-univalent functions, S™ (a,5.t) .
Keywords: Radius of starlikness, Bi-univalent, Poisson formula

Introduction

Complex analysis is one of the properties in mathematics that deal with functions that involve
complex numbers, including their functions, manipulation, derivatives and other mathematical
properties. The geometric function theory is a study of the geometric properties of univalent
functions. This paper focuses on the class of analytic univalent functions implied with the

complex plane. Let C be the element of complex number and let g (m)be a complex valued
function of the complex variable 7 . Based on Goodman [1], a function g (m) is univalent in
D c Cifthe function g (m)isinjective, whichis forall m,,m, e D, g(m,)=g(m,).Besides,

a function g (m) provide one to one mapping onto its image, g (D).
Let Z denoted the class of function of the form

g(m):m+a2m2+a3m3+...+iazmz (1.1)
z=2

415



Mathematics and Statistics Undergraduate Research Proceedings 2025

which are analytic in the unit disc, E = {m : |m| < 1} . The function g(m) is also known as
normalized univalent function if it satisfies conditions of g(O) =0 and g'(O) =1 or
g(x)=g'(0)-1=0 are fixed is denoted by S (Duren, [2])

In this paper, we defined a new generalized class of bi-univalent function S*(«,58,t)€ S . In

this class, S"(«,5,¢) has a Taylor series expansion of the form (1.1) that satisfying the

condition
Re eiaw >3 (meE)
g'(m)
where |a|<7z, cosa >0, 0<6<1, g'(m)zL and-1<7<1.

(1+m)(1-m)

Based on S (a,6,1), the coefficient bound is given following lemma derived from Rathi [3]

and the method of proving by Nunokawa and Owa [4].

Lemma 1.1
Suppose thatf € S” (a,5,t) is given by (1. L. 1), then sharp inequality

1[1—t2+2Aa5[(—1+t)+n(t+l)]
(t+1)2

1( 24, (n—1)+t+1

Z( (t+1) J

equality is attained for each n while f is extreme point of S* (a,é‘,t).

n

J’ n=2,4,6,...
<

a

n=3,5,7,...

Lemma 1.2 (Ikeda and Saigo, [5])
Let u(m) be harmonic in |m| < p and continuous in |m| <p. Then u(m) is given
by the equation

i0 1 i pz_r2
u(m):u(re ):EJ Re{u(pe¢)}p2—2prcos(¢—9)+1’2 49 (1.2)

where 0 <r < p

The equation (1.2) is called the Poisson formula. Thus, by following the method of Nunokawa
and Owa [4], the radius of starlikeness will be determined using this formula.
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Preliminaries

Based on Lemma 1.1, we are going to find a bound for by using the

g(m)

1=+ 24, [ (~1+2)+n(t+1)]

(t+1)2

a

n

1 .
— when » is even.
n

Theorem 2.1

1—£2 424 | (-1+¢ t+1
Let geZ, sincegeS*(a,&t) and |an|:l[ Ml ( . )+n( ’ )]J where
n

(t+1)2

n=2,4,6,..., then

oz (1-7) (1+1) S J

] r(t+1)°

- g(m) <log(1_r)|rz2—2zAa§+2Aa5—11|
om | | e+

|_—t2+2tAa5—2Aa5+1—| | —t2+4tAa§+1—| 1 r2tA +24,,
J|+|Ll+ J ( j|

2tA +2A4,;
(t+1)
1 r2tA +24 2tA . +2A4
+ | ad ad | _ ad ad
1 rL r(t+1)2 | r(t+1)2

for |m|:r<1.

£ —4td,, —1
I+ ———a0

|r 1|
| (t+1) |

+

Proof.

Given g € Z, since g e N satisfying Lemma 4.1.1 for n=2,4,6,..., we have

‘g(m)‘ﬁ|m|+i a

n=2

n
m|

n

and

& ()] < ]+ 2 (1) @1

n=2

w l{l—tz +24,, [(—1+t)+n(t+1)]}

and the expansion of (2.1),

n

|m

n=2|1

®© 2
l( 17 24, +2tAa5 2mnd,, +2nAa5J

Ig(m)|ﬁlm|+z (t+1) (e41) (41 (e+1) (e+1) (e+1)
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produces
|g(m)|£|m|+ 1 Z|m| r z|m| 24, Z|m|
n=2 N n=2 N l+1 n=2 N
2tAaé |m| ab ad
2.2
SO 2 Sl - Sl )

Then, simplification of (2.2), yield

) <l s 1 _m+wﬂJ (m |m|J
)l Ll L s

_ [m[" ), 204, II}
(t+1[||z; }(zl)["z

el Sl |« 2 Al )

Since 10g(1_|m|)=_g|”;| d 1_|m|=n2=0|m|n , thus
1 2
()l L (bl 108(1 =)~ -l -10g(1-I)
24,5 2tA
g 2 (|| -tog (1= |m)) + iy (~lm|=1og (1-|m]))
+2tA°‘52 1= |m|+ L, 2A“52 1= |m|+ 1
(t+1) L=|m| )~ (t+1) 1—|rm|
Which gives
L chl
<|m|- - log(1—|m|)+ + log(1-
stom<lol-." R oali-p) e oo
+2Aa5|m| " togi-Jn 2tAa5|Z1| 205 1o 1|} —-2a
(t+1) (1+ 1) (1+1)  (z+1) (1+1)

_2tAa5|m|+ 2tA 1 2Aa5 2Aa5 |m|+ 2Aa(§' 1
(c+1) (+1) L=|m] )
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Next, substitute |m| =71 into equation (2.3) as

[ —2tA,s+2A,; —| —4t4,5 -1
g (m) < log (1 )| "2 s A

.
— |
L (t+1) J L (t+1) J
( jr (g + 24,y | 2y 2
. (2.4)
L t+1 J (t+1)

g(m)

m

1
Thus, multiply equation (2.4) with —to obtain the equation for
r

9

2 [ 2
cog(1-r)| £ 2s 2] £t
I r(t+1) 1L (e+1) |

{ 1 j 2tAa5+2Aa5-|_2tAa5+2Aa5
1 r(r+1) J r(t+1)

g(m)

for |m|=r<1,

Hence, g(m) absolutely converge in £, also g(m) is analytic in £. Therefore, we have

| (m)[=]m| =3 Ja, |Im]"
n=2
= (1 (1= +24,[(-1+2)+n(t+1)]
kwwaw—z—[ al ; 2.5)
n=2|1 (t+1)
and the expansion of (2.5),
- 1 ¢ 24,5, 24, 20d,; 204 "
> _ _ _ _ ad + ad + ad m
e (mf= ;n[(m)z (+1) (t=1)  (1+1) (+1) (z+1)2]|
produces
sm)|z -3, LSl 2
(t+1) n=2 N (+1) n=2 N t+1) n=2 N
ad |I’l’l| 2t4 aé n
- 2.6
(t+1),2;n iy 2 1);|| (26)

Then, simplification of (2.6) yields

) IR PR A
ottt )
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+(t+1)2{ 2T, J (t+1)2[ 2 J
214, ) 24, ( 2 ]
- ~1- - ~1- .
(+1)2( |m|+§m J (t+1) |m|+;|m|
Sincelog(1—|m|):—im and ! :im",thus
n=1 N 1_| | n=0
t2
o) 2l (=t =)+ (=g (1)
24 24
+ﬁ(—|m|—log(l—|m|))—(Z+‘;()52(—|m|—log(1—|m|))
24, Lo 24,
i BRARET wr A =T
Which gives
|| I £ |m|
> log(1-|m|)-
[¢() |m|+(z+1) Ty og (1= ) (t+1)
2 24,5|m| 24
- log(1- a0 9 _Jog(1-
o og (1-|m]) T og (1-[m])
24,5 |m|  2t4,, Log (1-|m])+ 24, 2td,;|m|

24, [ 1 24, 24,4lm 24, [ 1
- 2|7 + a7t 2 2|1 _
L=|m[ ) (e41)"  (e41)  (141) (1=|m]

|g(m)| > 1og(1—|m|)

[—ﬁ +2tA,;-2A4,; +1W+| |[1+{_t2 +4t4 5 +1
m - T T

| (t+1) | L (1+1)°

(1 (2tAa5+2Aa5—|+2tAm,+2Aa5
1—|m|L (t+1)2 J (t+l)2

| |

L Q)

Next, substitute |m| = r into equation (2.7) as

Ig(m)lzmg(l—r)( SR ZAMHLJH[MH

L (t+l)2 J L (t+1)2
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2.8)

(1 {2%5 +24,, | A, +24,
1-7 L

(e+1) | (e+1)
SOl

Thus, multiply equation (2.8) with — to obtain the equation for

) Slog(l—r)li_ﬁ +2tA,, —24,, +1}j1+(—t2 +4tA,, +1ﬁ

r(t+l)2 L (t+1)2
24, +2A,,

[ |
_(1—1JL2%:12)13MJ+ rZ+1)2

g(m
m

for |m| =r <1 as required.
This completes Theorem 2.1.

by using the

Based on Lemma 1.1, in Theorem 2.2, we are going to find a bound for

24 -1 1
a, -1 21U hdhs when n is odd.
n (t+1)
Theorem 2.2

24 (n—-1 1
LetgeZ, sincegeS (a,6,t) and |an|=l( as ((” 1))'”"‘
t+

t+1-24,, | 24, ( 1 3 a1 2 =t=1] 24, (1
log(l_r){ r(t+1) }(Hl)(l—r}rz_ <log(! ){ r(t+1) } (t+1)(1—rj

f0r|m|: r<l.

N

] where n=3,5,7,..., then

g (m)

m

Proof.

Given g € Z, since g e N satisfying Lemma 4.1.1 for n=3,5,7,..., we have

‘g(m)‘é|m|+i a

n=2

n

n

and

|g(m)|s|m|+zw:%[2/1&5((?;11))”“} 29

n=2
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and the expansion of (2.9),

2nd,s 24, ! 1 "
sl S G o
produce
|m| |m| R |m|n
Ay 2.10
|g(m| | | t+1 (t+1 Z_; n o (t+1 Z_; n t+1)nz=; n 210

Then, simplification of (2.10) ylelds
||
1-
2l St |- 2 52

" e
(t+1)( | | Z J (t+1)[ | | Z,:‘ n}

©

g (m)] <|m|+

Since log (1 |n]) = ETand | =Sl tus
|g<m>|s|m|+(iia;)[— = | 2 -ts(1-1)
iyl 1o (1=l + (-l -tog (1|
Which gives
o<~ 2 s 2|

m[

_(§|4’-nl|) (t+1( g(1-{)- (1) (,i—l)(log(l—lml))

24,, ! t !
|g(m)|310g(1_|’"|){(t+1)_(t+1)_(t+1)}+|m|{l _(t+1)_(l‘+1):|

+[ 1 J_zAm;T 24, @.11)
1—|m| _(z+1)J (t+ 1)

Next, substitute |m| = r into equation (2.11) as

g (m)] < 1°g(1‘F)FA(::)_I}*(12]{&%_ i (Z:Qf) - e
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g(m)|

Thus, multiply equation (2.12) w1th — and simplify to obtain the equation for

g(m) ) (24, —t-1] 2Aa5( 1 j

og(1- F)L r(r+1) J+(z+1)

1-r

fln|m|=r<1

Hence, g (m) absolutely converge in E, also g (m) is analytic in £ . Therefore, we b

| (m)[> m[",

n=2
Z 11 24,5(n—1)+1+1
=|n (t+1)

|m|" (2.13)

and expansion of (2.13),

2nd,, 24, 1 1 ;
s ()| ] - Z;n(t+1 (t+1)+(t+1)+(t+1)J|m|
produces
g () 2~ 2 aézlml Zlml ! Zlml
t+1 t+1 ) t+1 ,,2 n t+1 ,,2 no (2.14)

Then, simplification of (2.14) yields

||

o) -2 1l S o 2 o S

Im" |1 [’
(t+1)( l + Z ] (t+l)[ al + Zl n J
& ||

Sincelog(1—|m|): Z and ! =i|mn

n=1 |m| n=0

, thus
) 1 24,
o) 22 1o o 2211

_(Iil)(_|m|_1og(1_|m|))—t%l)(—lml—log(l—lml))
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Which gives

(t+1) (t+1)\1=|m| ) (¢+1

g (m)| ]+ 24, 2Aaa( 1 } 24, )(1og( )

t|m]

m] 1
+m+m( g(1=|m[))+ D) (t+1)(1 og (1=|m]))

24, ¢ 1]

(t+1)+(t+1)+(t+l)J
[ 1] (1 rZAa5—|+2Aa5
o 1 (z+1)+(z+1)J_(1-|m|J[(z+1)J (c+1) 219)

Next, substitute |m| = r into equation (2.15) as

r
|g(m)| > 10g(1—|m|)t—

|g(m)|210g(1—r){%}+2r—(1irJ{(zti“f)}—(ii“f). (2.16)
g(m)|

Thus, multiply equation (2.16) Wlth — to obtain the equation for
r

g (m)

m

[1-24,+1] 2_( 1 jf A, | 24,

Zlog(l—r){ D) J+ Lrit+1)J+r(t+l)

g(m) [t+1-24,] 24

- zlog(l—r)t r(Hl)an_(Haf)[lierrZ

1-r

for |m| =r <1 as required.
This completes Theorem 2.2.

Now, we shall prove our main result.

Main Results

Now, based on Theorem 2.1 and Theorem 2.2, we will apply these theorem to find the radius
of starlikeness, R, for the class S~ (0!, ot ) . A similar approach of Nunokawa and Owa [4] and

Yahya [6] will be applied to obtain the radius of starlikeness, Ry, for the class of S™(«,8,7)in
E.
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Lemma 1.2 will be applied to obtain the result for Theorem 3.1 by using bound
1[(1-2 +24, [(-1+2)+n(t+1)]
al==
(z‘+1)2

n

J where n=2,46,....

Theorem 3.1
Letge S” (a,5,t) and g is univalent and starlike in |m| <Ry, then radius of

starlikeness, R, is given

) [ (. ]

" =24 . +2A4 . —1 t"—4t4 . —1
0 —r— , ” ad ad | ad |
lg(l 2) (r+\/2r)(z+1)2 T{ (t+1) ]J

J{ 1 J 2, +24,; 24, +24,,

N2 | (r 2 ) (1) | (rer )1y

Proof.
g (m)

m

By means of Theorem 2.1, we have >0 in |m| <R, =0.7475842618 and therefore,

m
/ og[g( )] is harmonic in |m| <R . From Lemma 1.2 and based on the harmonic function
m

theory, we defined

log—g(m) = i f[log d¢

m 0

g(é“)‘ +m
¢ |)&-m
where ¢ = pe” (0< ¢ <27),m=re’ (0<0<2r),and 0<r< p<R =0.7475842618.

Logarithmic differentiation approach will be applied and yields

m i g +m
O (L
and
d [g'(m) g(m)] 1% |e(&))f(£=—m)+({+m)
g(m){ moow }zﬂo(log ; D[ (C—m) ]M' (3.1)

Then we simplify of (3.1) will results

| mg'(m) |
)5l

0

g(é)lj[ 2 J
¢ | (é’—m)2 a9
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¢ m
g(g )U[( 2_i)2 Jﬂ”- (3.2)

and

me'(m) 1 @] _2me |
g(m) —1+2ﬂ_.(|:{log ; |U{( _m)z Jd¢
and yields
me'(n) | :”(, g(é)lu( 2relloe”] ),
g(m) +27r'(|)‘ o8 e | Upem_reia|2J¢
Let ‘pew" = p and ‘re’y‘ =r, we have
mg’(m) _ LZ” MH 2rp
g(m) 1+2ﬂ'}[[10g g }‘(pcosqﬁ—rcos9)+i(psin¢—rsin9)2‘d¢

which gives

s ) 1| () rp y
g(m) 27, g | (pcosqﬁ—rcos&)z+(psin¢—rsin¢9)2
So that,

mg'(m)_ 17 g({) 2rp

g(m) = 27 I[log JpQ —2prc0s(p—6’)+r2d¢

¢

From Theorem 2.1, we have

Jog (1-7) —* + 24, — 24, +1 J1+ —* + 44, +1 W ( 1 j 2tA,; +24,,
og(l-r — Tw ||
r(t+1)2 L (t+1)2 J l-r

r(t+1)2
2_ _ r 2_ _ }
2+ 24, <10g(1_r)(z 21,5+ 24, 1L [
r(t+1) | r(t+1) | (t+1)
{ 1 ) 2d, +24, | 2d, +24,
1-r r(t+l)2 r(t+1)2

426



Mathematics and Statistics Undergraduate Research Proceedings 2025

for |m| =r <1, we derive
g(¢)]

—mg’(m) > —Lzﬂmax
Re{ g(m) }_1 27[{ c—p[ - |

and from (3.3) and integrating with respect to ¢ yield

’ |_2_ _ ]
Rel ™8 (m) - 22pr210g Log (1 p) t 2tAa5+2;4a5 1
g(m) p’=r p(r+1)

| t2—4tAa5—1—| [ 1 JZIAM+2AM 2A, +24,;
+ 1+ 2 + b 2 (3.4)
[ (t+1) J l-p p(t+1) p(t+1)

where 0<r< p <R =0.7475842618.

log

2pr
Jpz —2pcos(p—0)+r’ a9 (3.3)

mg'(m) .
Based on Re{————}+>0 in |m| <R, and from (3.4), we see that
2pr [ 24, 424, 1}
> log[log(lp)

g (m

[ f )|
p—r L (t+1) L [ t+1 JJ
+[ 1 2t4,, +2A i, +2A _
l-p t+1 t+1

L p(t+1) t+1
{ 1 ]2tAa5+2Aa5 2d, 424, |_pP-r 1 s
1-p)| p(e+1) p(r+1) 2pr 3-5)
Putting p = (1 + \/E)r in (3.5), we have
log| log(1-(1 \/Er{ﬁ_maﬁmmf_l] (1 £ -4, 1
|t )L((“ﬁ)’)(m)z J+[ ey 1~ 1+I

24, +24,, 24, +24,, (1 +\2)r ) a

(14 32)r) (e +1) _((1+\/5)r)(t+1) 2((1++2)r)r

and
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and

2 2
log[log(lr\/gr)(t 24,5+ 24,5 1+{1+{—t (4tA“‘; 1H

| (rer) ey (1)
+( 1 Jf A+ 24,5 | A5+ 24, |
l—r—\/zr L(r+\/5r)(t+l)2 (r+\/5r)(t+1)2
which gives
r 2 —l |— 2 —|
" =2tA,; +24,5 -1 =44, —1
log(l—r—ﬁr){ (r+\/51’)(t+1)2 J-ﬂl-{ (t+1)2 M
+[ : j A, +24,5 | 24,5 + 24, =e
1-r—2r (r+\/5r)(t+1)2 (r+\/5r)(t+1)2

,|m|<§RS,.

This completes Theorem 3.1.

Next, Lemma 1.2 will be applied to obatin the result for Theorem 3.2 by using bound
1(24,5(n—1)+t+1
al==
(t+1)

n

J where n=3,5,7,....

Theorem 3.2
Let ge S (a,6,t), and g is univalent and starlike in |i11| <Ry, then radius of

starlikeness, R, is given

24,5 1 N 24,5 —t-1 A
(t+1)[l—r—\/5rj [(r+\/5r)(t+1)}l g(] \/E)

Proof.

m)

m

Through Theorem 2.2, we have >0 in |m|<R1 =0.7475842618 and therefore,

m
log [ ¢ )] is harmonic in |m| < R . From Lemma 1.2 and based on the harmonic function
m

theory, we defined
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log do

g($) Ué’+m

) L f{onfelS 522

where ¢ = pe” (0< ¢ <27),m=re”,(0<0<2r),and
0<r<p<R =07475842618.

Logarithmic differentiation approach will be applied and yields

d(, &m)_17[ 18(S)]|d ({+m
%[log m J_,’Z;r'([(log g Jdm(é’—mjdq}
and
d [g'(m) g(m)} 12”(1 g(c)l][( —m)+(§+m)]d
- 2 | T 5 0 2 9. .
g(m){ m m 27['([ g g | (& —m) (3.6)
Then we simplify of (3.6) will results
1 [ mg'(m) 1 g(é“)|J 2
—|———=-1|=—|1lo
| i e &
and
mg'(m) [ g(é)q{ 2m¢ }
=1+— || /o = dé. )
gim) 224 ¢ I (cmm) (3.7)
From (3.7), we have
mg’(m)_Hgf( g(é)‘U g |,
g(m) 27 g ¢ ( _m)z
and yields
mg'(m) 2(¢ |U 2|re”||pe”|
—l+— lo dg .
g (m) I[{ ¢ | ‘pe —re‘
Let ‘pei"" = p and ‘reig‘ =r, we have
mg’(m)—u 1 2”[1 g(é“)|U 2rp
= — og 2d¢
g(m) 27[}[ g | ‘(pcos¢—rcos9)+i(psin¢—rsin0)‘
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which gives

mg’(m) 1 27![

g(¢)| 2rp

g |U(pcos¢—rcost9)2 +(,osin¢—rsin€)2

=1+ —
g(m) +27z

log dg.

0

From Theorem 2.2, we have
[ 1] - i
log(l—r) 24, 171 + 2A’15[ ! J+2<log(1—r) 24, 171 + 2A‘m( ! ]
r(t+1) (t+1)\1-r (t+1) (t+1)\1—-r
for [m|=r <1, we derive

M —Lhmax 2pr
Re{ g(m)}21 o | “( |J " 2pcos(g0)ir ! (3.8)

and from (3.8) and integrating with respect to ¢ yield

mg'(m)| . _2pr 24, —1-1) 24, ( 1
Re{ e (m) }_1_,02?1’2 log(log(l—[’)[ p(+1) J+(t+l)[1—pn (3.9)

where 0 <r < p <R =0.7475842618.

g(m

24, —t—1) 24, ( 1 _pi=r
log(log(l_p){ p(t+1) ]+(t+1)(l—pJJ_ 200 (3.10)

Putting p :(1+J§)r in (3.10), we have

log| Tog(1- (142 r( 24, —t-1 L 24, | _((1+J§)r)2_
og og( ( ‘/_) )L((Hﬁ)r)(Hl)J (t+1)(1(1+\/5)r] - 2((1+«/5)r)r

mg'(m) )
Based on Req————= >0 in |m| <R, and from (3.9), we see that

and

24, —t-1 24, 1 -
log log(l—r—\/gr)[(r+\/_r)(t+l)J (f+1)(1—r—\/5rJ =1
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which gives

24,5 1 ( 24, —1-1 ) )
(t+1)(1_r—\/EV}LL(r+«/5r)(t+1)yog(l_r_ﬁr)_e
in |m|<ERS[,

This completes Theorem 3.2.

Conclusion

In conclusion, there is a purpose of this paper, which is to determine the radius of starllikenss,
R, using the Poisson formula. We believe that we have achieved the objective that we
highlighted.
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