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Preface

Integration is a fundamental concept in calculus that plays a central role in mathematics,
science, engineering, and many applied fields. Mastery of integration techniques is therefore

crucial for students seeking a deeper understanding of calculus.

This book is designed to present the techniques of integration in a clear, systematic, and
accessible manner. It begins with the concept of the indefinite integral and introduces the basic
rules required to evaluate elementary integrals, including algebraic, exponential, and
trigonometric functions. These foundational topics prepare the reader for more advanced

methods.

Subsequent chapters develop essential techniques such as substitution and integration
by parts, emphasizing their conceptual foundations and practical use. The connection between
definite integrals and antiderivatives is established through the First Fundamental Theorem of

Calculus.

The book then addresses more specialized integration methods, including integrals
involving trigonometric functions, trigonometric substitutions, and rational functions. These
techniques are systematically introduced such that the readers can handle a wide range of

integrals encountered in coursework and applications.

Throughout the text, the progression of topics is arranged to build gradually from basic
principles to more sophisticated techniques. This book is suitable for students in introductory
and intermediate calculus courses, as well as for self-learners seeking a structured and
comprehensive review of integration techniques. It is hoped that this text will serve not only as
a practical guide for evaluating integrals, but also as a resource that fosters a deeper

appreciation of integration as a powerful and unifying tool in mathematics.

Foo Fong Yeng,

Ng Set Foong,

Shamsatun Nahar Ahmad,
Aishah Mahat



1. Indefinite Integral

This section introduces the concept of the indefinite integral as the inverse process of
differentiation. Fundamental properties and interpretations are discussed to build a foundation

for all subsequent integration techniques.

1.1 Constant, Power Rules, Reciprocal Functions

This subsection covers the most basic integration rules, including integrals of constants,
power functions, and reciprocal functions. These rules are the core for evaluating elementary

integrals and serve as building blocks for more advanced methods.

Formula

fadx =ax+C, a,C = constant

le+1
fx”dx = +C
n+1

Example 1

Example 2

1d
[

—1+C
_zx

Example 3

jx3dx

x4-

=—4C
Tt



Example 4

f 8x3 dx

—8x4+c
4

=2x*+C

Example 5

Example 6

[
2x3x



Formula

1
f—dX=lnx+C
X

flf) B |
f f(x) dx =In|f(x)| +C, f(x) = function

Example 7 L
f—dx = fx_l dx
1 X

f;dx _xo
=lnx+C 0 x

Wrong concept

Example 8

[2a
[l

=;lnx+C

Example 9

[+
x+7x

let f(x)=x+7
fl) =1

=In|x+7|+C

Example 10

[557e
2x+7x

Let f(x) = 2x +7

fx) =2

—(>j2+7



2
=2
f2x+7dx

=2In|2x+7|+C

Example 11

[i=5e
4—3x

Let f(x) =4 —3x
f(x) = -3

- (- 3)j(—)

=—3f4_3xdx

=—3In|4—3x|+C

Example 12

[555e
5+3xx

1
_2f5+3xdx

Let f(x) =5+ 3x
f'(x)=3

_2(3)f5+3

:6f5+3xdx

=6In|5+3x|+C




1.2 Exponential Functions

Here, special attention is given to natural exponential functions and their unique

properties.

Formula

fexdx=ex+C

eax
feaxdx =7 +C, a = constant

ax+b

je“"”’dx = +C, a,b = constant

Example 1

.’_ e5x+2 dx

eSx+2

=——+C

Example 2

f e *dx

e—x
=—+C

=—e*+C

Example 3

j e—2X+5 dx

—2x+5
e
= +C
-2
e—2x+5

=———+C




1.3 Trigonometric Functions

This subsection focuses on the integrals of fundamental trigonometric functions.
Common patterns are identified to simplify integration involving sine, cosine, tangent, and

related functions.

Formula
[sinxdx = —cosx+C fsinaxdx=—$+6'
[cosxdx =sinx+C fcosaxdx=smaax+C
[sec?xdx =tanx + C [sec?axdx =% 4 ¢
Jesc?2xdx = —cotx + C fcsczaxdxz—cot%+C
[secxtanxdx = secx + C [secaxtanaxdx = ==+ C
Jesexcotxdx = —cscx + C [escaxcotaxdx = —=—=+C

Example 1

f sin x dx

=—cosx+C

Example 2

f sin 2x dx

cos2x
=-— t¢

Example 3

j sec? x dx

=tanx + C



Example 4

f sec? 4x dx

tan4x
=224 c

Example 5

f secxtanx dx

=tanx + C

Example 6

j sec3x tan 3x dx

tan 3x
=— +C




2. Integral Algebraic Functions

This section explores the integration of algebraic expressions, including polynomials
and rational powers of variables. Emphasis is placed on rewriting expressions into integrable

forms and applying previously learned rules efficiently.

Example 1

f Vx (2 —x)%dx
1

= fx3 (2 —x)%dx

1
= jx§ (4 — 4x + x?)dx

4 7 10
=4x3 4x3 10x3 +c
3 6 &
4 12 7 3 10
=3x3—7x3 +Ex3 +C
Example 2

](2t+ D(E=3)
At

2t2 —6t+3t—9
[ dt

At

B f2t2—3t—9dt
N 4t
3 2t% 3t 9dt
N At At 4t
_ flt 3 9dt

2 4 4
_1(e 3t 91 t+C
“2\2) "2t 7"
—tz 3t 9l t+C
~ 4 33"



Example 3

f(ex —sec5x)(e* + sec5x)dx
= f(ex)z + e*sec 5x — e* sec 5x — (sec5x)? dx

= f e?* —sec? 5x dx

_e* tan5x
2 5

Example 4

j(ex —1)%dx

=j(ex)2—2ex+1dx

=je2x—26x+1dx

er

=— —2e* C
> et +x+



3. Integral by Substitution

This section introduces the substitution method as a powerful technique for simplifying

integrals. By changing variables, complex integrals can be transformed into basic forms.

Example 1

fx\/7—x2dx
= J.\/7—x2 x dx

Sub u=7-—x?
du = —2x dx
du_ p
_Z—x x

du

- [ (5)
1 1

= —EJuZdu

[ 3
uz
= — +C

Wk Wk Wk, N
wl N

10



Example 2

5x
Vit2

X
=5f dx
x+ 2

dx

Sub u=x+2
du = dx

u—2=x

u—2
=5f —du
uz

u 2
=5f—1——du
uz

1
u2
1 1
=5fu2—2u 2du
3 1

uz  2uz
=5|5———<|+C

@ @

2 3 1
=5[§u2—4u2]+6

10 3 1
=?(x+2)2 —20(x+2)2+C

=%(\/x+2)3—20\/x+2+C

11



Example 3

[F=t
x*+7 x

1 3
- fx4+7de

Sub u=x*+7
du = 4x3dx

du_ 3g
T—X X

- [2(3)
— Ju\4
_1f1d
Y R
—11 C
—Znu+

1
=Zln|x4+7|+C

Example 4

]x(x2 —9)10 dx

= f(xz —9)10 x dx

Sub u=x%>-9
du = 2x dx
du
7=xdx

du

_ 10 (&%
f“ (2)
1

=—Ju1°du

12



1
_ 11
22u +C

1
=5 @ =" +C

Example 5
(V3+e>)’
f e2x d

X

Sub u = e?*

du = 2e?* dx

du
2e2x = dx
du _d
2u x
B f (V3 + u)2 (du)
N u 2u

= f —(\/§ +2u) du
2u

1 (V3) + 2Bu
_EJ u? d

1

1 3u~?
20 -1

1] 3
=—[——+2\/§1nu+u
21 u

3 243

1 (3+2V3u+u?
L[

du

2v/3
=—J3u_2+7+1du

+C

3 1
=——+Tlnu+—u+C

2u

2

u

+2\/§1nu+u]+C

13



3 1
=———+V3lnu+su+C

2u 2
3 1
— — 2x _p2x
= 262x+\/§lne +2e +C
Example 6

x2
,fsinz(x3 +1) dx

_f 1 2d
B sinz(x3+1)x *

Sub u=(x*>+1)

du = 3x%dx
du
< = x%dx

- [aa(5)
B sinfu\ 3
_1f Iy
3 ) sz

_lj Zd
—3 cscuau

1
=§[—cotu] +C

= 1t+C
= —3cotu

1
= —gcot(x3 +1)+C

14



4. Definite Integrals and First Fundamental Theorem of Calculus

This section presents the definite integrals and The First Fundamental Theorem of
Calculus.

Definite Integrals
b
f f(x)dx
a

*  f(x)is called the integrand
* aand b are called the limits of integration

* qis the lower limit and b is the upper limit.

First Fundamental Theorem of Calculus

For a function f(x)continuous over the interval [a, b], with F(x) as its antiderivative, the
integral of f(x) over [a, b] is equal to F(b) — F(a),

b
[ reax=ro) - F@

Example 1

dx

f:lf/;ﬁ

°1+x
1
4 2

X

°1 x2
= f —1+—1 dx
4 x2 x2

1
2

dx

4

15




1 9
= [2x7 + x]
4

= [2\/5 + x]z
= [2V9+9] — [2V4 + 4]
= [15] - [8]

=7

Example 2

ff(x)dx—{ e, xs1

sec?3x, x>1

2 1 2
j f(x)dx =f e3*dx +j sec? 3x dx

e3%]" tan 3x7°
5,

[ [F59- i

= [6.6952 — 0.0166] + [—0.097 — [—0.0475]]

= 6.6291

Example 3
3
f |4x — 10| dx
0

3

2.5
=f 10—4xdx+f 4x — 10 dx
0 2.5

= [10x — 2x*]§° + [2x* — 10x]3 5

= [[10(2:5) - 2(2.5)*] - [10(0) — 2(0)*]] + [[2(3)? — 10(3)] — [2(2.5)* — 10(2.5)]]
= [[12.5] — [0]] + [[~12] — [-12.5]]

=13

16



Example 4

2
f (x? — D*x dx
1

w2

o]
-]y
= [24.3] — [0]

=243

Example 5
™ sin 26

dae
% vcos 260

s

1

= sin 20 d6
.[% vcos 20

17



it
g

1
= —Uu2

-
= [Vc0s20 |x

_ [_Ml—[—\/@l
= [-V=1] - [-V0]

=1

18



5. Integration by Parts

This section develops the technique of integration by parts based on the product rule
of differentiation. It provides strategies for selecting appropriate functions and demonstrates

how the method can be applied repeatedly to evaluate more complex integrals.

fudv=uv—fvdu

Example 1

flnx dx

Let u=lnx, dv=1dx

1
u=;dx, V=X

=uv—]vdu

= [Inx][x] — f[x] E dx]

=xlnx—jldx

=xlhx—x+C

Example 2

]tzetdt

Let u=t?, dv =etdt

du=2tdt, v=et

= t?et — f et(2t dt)

=tlet -2 f tetdt

19



Let u=t, dv =et dt

= t2et — 2[tet — f etdt]

= t2et — 2tet + 2 f etdt

= t%et — 2tet + 2et 4+ C

Example 3

]ex sinx dx

Let u=sinx, dv = e*dx

du=cosx dx , v=e”*

= exsinx—fexcosx dx

Let U = CoS X, dv = e*dx

du = —sinx dx , v =e*

=e*sinx — [e* cosx—jex (—sinx dx)
=exsinx—[excosx+fexsinx dx
= exsinx—excosx—jexsinx dx
sincejexsinx dx = exsinx—excosx—fe"sinx dx
[e*sinx dx + [e*sinx dx = e*sinx —e* cosx
2fexsinx dx = e*sinx —e*cosx
. 1 .
e*sinx dxzi[exsmx—excosx]+C
1 X ; X
Ee Slnx—ze cosx+C

jexsinx dx =

20



Example 4

.f sin ! 2x dx

Let u=sin"12x,

, Sub w = 2x
u=sin""‘w
1 dw = 2 dx
du = ———dw
V1 —w?
1
du = —————=(2dx)
V1 —(2x)2
d 2 d
U = —dx
V1 —4x2

= x sin 12x—f
\/1—4x2

Sub b =1 — 4x?

db = —8x dx

db
— =xdx

=17 f 2 (db
=xsin12x— | =|—
V5 \-8
1 _1
=xsin‘12x+zjb 2db
—xslex+1l1 l+C
/2
1,1
=xsin‘12x+zb2+C

1
= xsin™12x + i(l —4x%)24+C

= xsin~ 1 2x +i\/1 —4x2 4+ C

21




6. Integration of Trigonometry Functions

This section extends earlier trigonometric integration techniques to more complicated
expressions involving powers and products of trigonometric functions. Useful identities and

systematic approaches are introduced to simplify such integrals effectively.

jsinAsinB dx fcosA cos B dx JsinA cos B dx

Note: Angles A and B are in term of x when integral with respect to x. Change the
symbol accordingly if integral with respect to 6.

Use Product to Sum Formula and Even/Odd Formula to solve the question

Product to Sum Formula
1
sinAsinB = 3 [cos(A — B) — cos (A + B)]
1
cosAcosB = 3 [cos(A — B) + cos(A + B)]
1
sinAcosB = 5 [sin(A + B) + sin(4 — B)]
Even/Odd Formulas
sin(—6) = —sin (6) csc(—60) = —csc (0)
cos(—6) = cos (8) sec(—6) = sec (0)
tan(—60) = —tan (0) cot(—6) = —cot (0)

22



Example 1

J.sin 5x cos 3x dx A=5x, B=3x

= f%[sin(Sx + 3x) + sin(5x — 3x)] dx

1
=§J.sin8x+sin2x dx

_1[ cos8x cos2x
=3

8 2
_ 2 8 1 2x + C
= 16cos X 4cos X
Example 2
fsin39 sin 46 d6 A=36, B=46

= f%[cos(S@ —40) — cos(36 +40)] d6

1
= Ef cos(—60) — cos(76) d6

1
= E,f cos(8) — cos(70) d6

sin(76)
7

1
=5 [sin(@) - l +C

1 1
= Esm(@) — Esm(79) +C

23



J.sinmAcos"A dx fsinmA dx fcos”A dx

Note: Angle A is in term of x when integral with respect to x. Change the symbol
accordingly if integral with respect to 8.

Case (1) Either m or n is odd

If cos™ A4, nis odd.

Step (1) split off a factor of cos A

Step (2) apply cos?(A) = 1 — sin?(4)
Step (3) subu =sinA

If sin™ A, mis odd.

Step (1) split off a factor of sin A

Step (2) apply sin?(4) = 1 — cos?(4)

Step (3) subu = cos A

Note: The identity is Pythagorean Identity

sin?(A4) + cos?(4) =1

Case (2) both m and n are even

If sin™ A cos™ A, m and n are even.

N |-

Step (1) apply sin?(4) = =[1 — cos (24)]

cos?(A) = %[1 + cos (24)]

Note: The identities are Half Angle Formulas

They are just some guidelines, there are cases where you might need to trial
and error with the identities, integral by parts, and integration by substitutions

24




Example 1

fsin3 5x dx
= f sin? 5x sin 5x dx

= f[l — cos? 5x] sin 5x dx

Sub U = cos 5x

du = —5sin5x dx

Y sinsxd
5—Slnxx

T

1
=—=|1-u?du
__1 w +C
B
— 2 cos5x + ——cos? 5x + C
= —g c0s5x + gz cos” 5x
Example 2

J cos? 3x sin3 3x dx

= f cos? 3x sin? 3x sin 3x dx

= J cos? 3x [1 — cos? 3x] sin 3x dx

Sub U = cos 3x

du = —3sin3x dx

du__3d
_—3—SII’IXX
du
_ 211 _ 21 2%
—Ju[l u][ 3

25



_ 1 33x + ! °3x + C
= 9COS X 15COS X

Example 3

j sin? 7x cos? 7x dx
1 1
= j (E [1 - cos 14x]) (E [1+ cos 14x]) dx
[1 — cos14x][1 + cos 14x]dx

1 — cos? 14x dx

.pl»—x »{>I>—*

»-PIP—‘

1-— + cos 28x> dx

-[>|H

- — —cos 28x dx

il
-1
- Rtk cos200)
=3) 1
-3l

1
= Z[Ex —%sm 28x] +C

_1 ! 28x + C
_8x 224sm x

26



ftanmAsec"A dx ftanmA dx Jsean dx

Note: Angle A is in term of x when integral with respect to x. Change the symbol
accordingly if integral with respect to 6.

Case (1) n is even

If sec™ 4, n is even

Step (1) split off a factor of sec? A
Step (2) apply sec?(4) = tan?(4) + 1

Step (3) subu =tan 4

Case (2) m is odd

If tan™ A4, m is odd.

Step (1) split off a factor of sec Atan A
Step (2) apply tan? A = sec? A — 1

Step (3) subu = secA

Note: The identity is Pythagorean Identity

sec?(A) = tan?(4) + 1

Case (3) m is even and n is odd
If tan™ A sec™ A, m is even, n is odd.
Step (1) Reduce the integrand to powers of sec x alone,

Step (2) Use integration by parts if necessary

They are just some guidelines, there are cases where you might need to trial
and error with the identities, integral by parts, and integration by substitutions

27




Example 1

f tan3 x dx

= ftanzx tanx dx
= f(seczx — 1) tanx dx
= f(tanx sec? x — tanx) dx

= jtanxseczxdx —jtanx dx

Sub u=tanx

du = sec?® x dx

=judu —In |sec x|+C

U2
== In|secx| + C

1
= Etanzx —In|secx| + C

Example 1 (Alternative)
J tan® x dx
= ftanz x tanx dx
= j(secz x —1)tanx dx
= f(tanx sec? x — tanx) dx

= jtanxseczxdx —ftanx dx



Sub u =tanx

du = sec? x dx

=fudu —[=In|cosx|] + C
2

u
= 7+ In|cosx| + C

1
= Etanzx + In|cos x| + C

Example 2

fsec3 5x dx

= fsec 5x sec? 5x dx

u = sec5x dv = sec? 5x dx

5
du = 5 sec5x tan 5x dx V= tar; ad

tan 5x
5

= [sec5x][tan 5x] — f [

] [sec 5x tan 5x dx]

1
= sec5x tan 5x — EJ tan? 5x sec 5x dx

1
= sec5x tan 5x — Ef[sec2 5x — 1] sec5x dx

1 1
= sec5xtan5x—§fsec3 5xdx+§fsec5xdx

1 1
= sec 5x tan 5x _Ej sec3 5x dx +£ln | sec 5x + tan 5x |

Since
1 1
f sec35x dx = sec5xtan5x — gf sec3 5x dx + ﬁln | sec 5x + tan 5x |
6 1
Ef sec35xdx = sec5xtan5x + Eln | sec 5x + tan 5x |

5 1
j sec35xdx = 7 Sec 5x tan 5x + %lnlsec 5x + tan5x| + C

29



7. Integration of Trigonometry Substitutions

This section presents trigonometric substitution as a method for evaluating integrals
containing radical expressions. By exploiting geometric relationships and trigonometric

identities, difficult algebraic integrals can be reduced to manageable trigonometric forms

Case (1)
laZ — X2
Step (1) subx = asinf

Step (2) apply cos? 8 = 1 — sin? 6

Case (2)
va? + x?
Step (1) sub x = atan @

Step (2) apply sec?8 = tan?8 + 1

Case (3)
x2 — g2

Step (1) sub x = a secf

Step (2) apply tan? 8 = sec? 6 — 1

Example 1

j 4x d
—— dx
Vx%z —4

Sub x = 2secf
dx = 2secBtan @ do

4(2secH)
=J 2secBtanf d

V4 sec?0 —4

30



16sec? 0 tan

B V4sec?0 —4

16sec? 08 tan
= f— dae
J4 (sec?8—1)

_[16 sec’6tané

B V4 tan26

f 16sec? 0 tan 8
2tan@

do

=f8 sec? 6 do

=8tanf + C

Since x = 2sec@
x (H) x
= sect O)VZ—4

2
2 6
X

= cos 0

(A) 2

Example 2
Solve

Jm

X

dx

by substituting x = % secH

f\/25x2—4d
— dx
X

Sub x =§ sec@

2
dx = gsecetaanH

31



=f2tan9(tan9d9)
=2J.tan29d9
=2fsec29—1d9

= 2[tanf - 6] + C

=2tanf —-20+C

(0) V25x% — 4

2

Since x = % secf
5x
> = secH (H) 5x
9= 2
cosf = o p
(A) 2
Then tan 6 = 22**=% and 9 = tan™1( 25x2_4)

=2 [\/252—2_4] -2 [tan‘1 (

= \/m—Z[tan‘1<

25x2—4>] iC
2

m)]+€

2

32



8. Integration of Improper Rational and Proper Rational Functions

This section focuses on integrating improper rational and proper functions. Techniques
such as algebraic manipulation and decomposition are introduced to prepare integrals for

evaluation.

8.1 Integration of Improper Rational Function

This subsection discusses improper rational functions and demonstrates how
polynomial division is used to rewrite them as a sum of a polynomial and a proper rational

function, simplifying the integration process.

P(x)
Q(x)

dx

deg(P(x)) = deg(Q(x))
g _fx3+xd f x2 42 4
g: x—1 © x2+4+3x+2 X

[ Step (1) Use Long Division before integral ]

Formula:

jf'(x) dx = In|f ()| + ¢

fx)
Example 1
x2+3x+5d x +2
j x+1 7 x+1) x2+3x+5
(-) x*+x
=fx+2+x+1dx ) 2% 45
2x +2
2
== +2x+3Injx+ 1| +C 3

33



Example 2
fo -1
dx
x—1

=J.x2+x+1dx

x3  x?
==+ c
T tat

Note:
32 —1=x34+0x?4+0x—-1

x? 4+x +1
x—1) x3+0x24+0x—1
(_) x3_x2
x? +0x
=) x?—x
x -1
=) x —1

34



8.2 Integration of Proper Rational Function: Q(x) cannot be factored

This subsection addresses the integration of proper rational functions whose
denominators contain irreducible quadratic factors. Methods for expressing the integrand in
suitable partial fraction forms are developed and applied.

P(x)

0™

deg(P(x)) < deg (Q(x))

E-f ad df 2 4
g: x2+9 X x2—2x-3 x

/ N

x?% + 9 cannot be x> —-2x+3
factored cannot be factored

-
Ensure the denominator is in the form of x? + a2, else use Completing the square J

L to convert it

Formula:

fﬁdx = %tan‘1 (E) +C

f'e)
jf(x) dx =In|f(x)| + ¢

Example 1

f2x+9d
4x%2+9 x

2x+9
=j—dx
T

=1f 2x+9 dx
ey
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1

zif[xzu I f[xz+]

_11
_4n

x2+2‘+2f;2dx
v [x2+(%)]

1
=—In

x2+|

(3/2> ((372)> i

=—In|x?+ [t (2x>]+c
—4nx 4‘3611’1 3

=L+ 2] 4 2 ‘1(2x)+c
I I

Example 2

j 2x+5 d
x2+2x+4x

Completing the square
2\? 2\2
x2+2x+4=x2+2x+(+5> _(+E> + 4
=x2+2x+(1)?>-(1D?*+4

=(x+1)*+3

2x+5
(x+1)2+3 x

Sub u=x+1 ®mp x=u-1
du = dx

_fZ(u—1)+5d
- uz+3 u

_f2u+3d
T u?+3 U

—f o d+f > 4
) wry3™ w+3™
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1

=1In |u2+3|+3.f—2du
u? + (V3)

In| 2+3|+3[1 ¢ -1(u)]+c
= Infu —tan~! (—
V3 V3

3 x+1
= In|(x + 1) + 3| +—tan_1( )+C

V3

= In|x? + 2x + 4| +itan_1 (x al 1) +C

V3
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8.3 Integration of Proper Rational Function: Q(x) can be factored

This subsection focuses on proper rational functions with factorizable denominators.
The method of partial fractions is systematically applied to decompose the integrand into
simpler terms that can be integrated directly.

P(x)
Q@)
deg(P(x)) < deg(Q(x))

269 P@)
B | g e | s

/ ~.

x*—9=(x+3)(x—3) x*—=2x—-3=(x-3)(x+1)

dx

r

Use Decomposition Method ]

\

Formula:
1 1 X
e iy £
sz_l_azdx—atan (a)+C

flx)
fﬁdx =In|f(x)| +¢

[ Decomposition of rational function ]

1)  Q(x) is a product of distinct linear factors.

Pix) A N B N C
Q(x) ax+b cx+d ex+f"

E.g.,
P(x) A B C
(x+2)2x —5x (x+2)+(2x—5)+§
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2) Q(x) is a product of repeated linear factors.
P(x) A B w
Q(x) ax+b (ax+ b)? YX+ w

E.g.,
P(x) A B
(x+2)(x+2x (x+2)+(x+2)2+;

E.g.,

PG) A B C
2x=3) x 2 x=3)

3) Q(x) contains|irreducible quadratic factor

Px) A Bx +c
Q(x) ax+b cx2+dx+te
E.g.,
P(x) A Bx +C

(x+2)(x2+2x+7):(x+2)+(x2+2x+7)

4) Q(x) contains combination of (1) to (3).
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Example 1

| ez

Decomposition

Q(x) = (x+2)*  has repeated factors

X A B

(x+2)2_(x+2)+(x+2)2

multiply (x + 2)2

x=Ax+2)+B
x=Ax+2A+B
Compare LHS &RHS

X 1=4

const 0=24+B----(1)

Sub A = 1 into (1)
0=2(1)+B
B=-2
Then
x 1 2

(x+2)2 (x+2) (x+2)2

:f(ximdx‘fﬁd"

Sub u=(x+2)

du = dx
—J ! d 2 d
“Jar™ T wr™

:f(xiz)dx—zfu‘zdu
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-1

u
=ln|x+2|—2l_—1]+C
=In|x+2|+2ut+C

2
=lnlx+2|+-+C
u

2
=lhnx+2|+——+C
x+2

Example 2

1—5x
,fx4+x2dx

Decomposition

Q(x) = x* + x? = x?(x? + 1) has repeated factors & irreducible quadratic

1—5x _A+B+Cx+D
x2(x2+1) x x? x241

multiply x?(x% + 1)

1—-5x=Ax(x*>+1)+B(x?+ 1)+ (Cx + D)x?
1—5x = (Ax3 + Ax) + (Bx? + B) + (Cx3 + Dx?)

Compare LHS &RHS

B3| 0=A+C

C=-4 —()

x? 0=B+D

D=-B-—(2)
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N —5=4

Sub A = —5into (1)

C=—(-5)=5

const 1=8B

SubB =1 into (2)

D=-1

—f_sd +f1d +jsx_1d

- X x x2 X x2+1 x

= _5] +f—2d+f5xd fld
- nx xoax 21 2r1
Y +5(1)f @x j ! 4
I 2) 2 +1% 7 e x 2™

= —51 1+5f 2x d 1t ‘1(x)+c
DY I B L V]

1 5
= —51nx—;+§1n |x2 + 1| —tan™(x) + C
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Integration is one of the cornerstones of calculus and a critical tool across
mathematics, science, and engineering. However, integration is not always
straightforward, many integrals cannot be solved by simple formulas, and
systematic techniques are required to handle a wide variety of functions.

This book is designed to guide the reader to understand integration methods in a
clear and logical manner. Each chapter is structured to build intuition and problem-
solving skills, with examples progressing from simple to challenging.

This book is intended for students, instructors, and self-learners who wish to master
the techniques of integration comprehensively. By the end of the text, readers will
able to apply the integration methods with confidence.
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