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PREFACE

Matrix Algebra and Vector Algebra is an academic book that covers a series of topics
in mathematics such as operations on matrices, determinants, inverse matrices, vector
in two- and three-dimensional space. With the exposure of these basic concepts in
matrix and vector algebra, students would be able to understand and apply the
knowledge in solving system of linear equations using matrix and solving simple
geometric applications.

The concept of each topic is explained in the beginning of each chapter. Examples are
given to illustrate the concept. Detailed steps are shown on how to solve the problems.
This module is suitable to be used during lecture session to support teaching and
learning processes.
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CHAPTER 1

Matrix Algebra

Outline:

1.1 Definition

1.2 Special matrices

1.3 Operations on matrices
1.4 Determinants

1.5 Inverse matrices

1.6 Solving system of linear equations
a) Inverse Matrix Method
b) Cramer’s Rule
c) Gauss Elimination Method

1.7 Eigenvalues and eigenvectors
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1.1 Definition

A matrix is a rectangular array of numbers arranged in rows and columns.
(plural of matrix: matrices)

Example:
2 3 -4 R
A= 1 0 1] R,
G G G

- The matrix A has 2 rows (horizontal lines) and 3 columns (vertical lines).
So, the size of the matrix (the order of the matrix) is 2 x 3 (read “two by three”).

- The element of the matrix is denoted by a;;, where a;; is located at ith row
and j®* column.
a1

ai; Q4q3
a,; a

22 Qz3

a<|



1.2 Special Matrices

Special Matrices

Example

1. | Square Matrix
(n X n Matrix)

L %]

(2 x 2 Matrix)

1 0 5
2 -1 3
4 2 3

(3 x 3 Matrix)

(or Row vector)
(1 x n Matrix)

2. | Column Matrix 1
(or Column vector) [3] (3 x 1 Matrix)
(m x 1 Matrix) 0

3. | Row Matrix [2 6] (1x2 Matrix)

4. | Null Matrix/ Zero 0
Matrix 0= [0 0 0= 0]
(All elements are 0) 0 0 0
5. | Diagonal Matrix 20 0
(Elements outside of 0 —4 0
main diagonal are 0) 0 0 1

6. | Augmented Matrix

Given 4 = [i g] and B = [Z]

)

7. | Identity Matrix
(Elements on main
diagonal are 1, outside
of main diagonal are 0)

Augmented Matrix: (4 |B) = (i g Z
1 0 O

I'= [(1) 2 I=[0 1 0]
0 0 1

Note: AI=A4 andIA=A4

8. | Triangular Matrix

Upper Triangular Matrix:
2 -1 3]
0 1 2
0 0 6

Lower Triangular Matrix:
1 0 0]
2 5 0

13 4 -1

9. | Symmetric Matrix

1 4 -1
[425]

-1 5 3




1.3 Operations on Matrices

Operations
on
Matrices

(a) Equality of Matrices ]

Two matrices are equal if they have the same size and their
corresponding entries are equal.

. A _[x—2 0 N )
Example 1: Given 4 = [ 3 _ x] and B = [3 5].
FindxandyifA=B.
Solution:
x—2=1 y—x=5
x=3 y—3=5

y=38

(b) Scalar Multiplication J [ cA, where ¢ = scalar ]

Example 2: Given A = [_21 g] Find 24 and —-34.

Solution:

24=2[7} g] ~34=-3[} (5;
= [3 ol =[5 0]

(c) Addition and Subtraction ]

. 11 1 12 1
Example 3: Given 4 = [_2 0] and B = [0 3].
FindA+ Band A —-2B.

Solution:
A+B=[—12 (1)]+[3 é]
- —32 g]
a-28 =1, o]-2[; ;
=[5 o-lo o
_[-3 -1
-2 —6




Operations
on
Matrices

(d) Matrix Multiplication J

Example 4: Given 4 = [g ;], B= [(1) ; _01] and C = [ﬂ
Find AB and BC .

Solution:

2=2
(2x2) (2x3)

o=l 30

2000 +1(1) 2(3)+1(2) 2(=1) +1(0) _[1 8 —2]
36 0

B [0(0)+3(1) 03)+3(2) 0o(=1)+3(0)]

3#2
2x3) (2x1)

Be=[} 5 o]

= undefined

e

(e) Transpose of Matrix ] [ Transpose of A = AT

2 01

Example 5: Given 4 = 3 4 0

]. Find AT .

Solution: [ A is a 2 X 3 matrix ]

ar =2 0

w
N
o

Il
o N

3
4]\
1 0 [ATisa 3 X 2 matrix ]




9 Properties of scalar multiplication, addition and subtraction of matrices )

1) A+B=B+A

(A+B)+C=A+ (B+C)
A+0=0+A=A4

k(A+B)=kA+ kB ,k is scalar
(p+qA=pA+qA , p and q are scalar
A+(-A) =0

mA=0, (-1)A=-A

p(qA) = (pq)A , p and q are scalar

g2 er

9 Properties of matrix multiplication )
1)

AB # BA

(AB)C = A(BC)

(A+B)C=AC+ BC

C(A+B)=CA+CB

0OA=0

AB = 0 does notimplythat A=0orB =0
AB = AC does not imply that B = C

AW N

(©2IN9)]
—_ -

(1

9 Properties of transpose of matrix )
1) AHT'=4

2) (kAT =k AT |k is scalar
3) A+B)T=4"+BT

4) (AB)T = BTAT

5) (AB)T = ATBT




1.4 Determinants

The determinant is a number associated with a square matrix.

[ Determinant of a 2 x 2 matrix ]

Given a matrix A: A=|% b
c d
Determinant of A4: |A| = |‘Cl Z| = ad — bc
Note: We may write |A| or det(A) to represent determinant of A4 .

.

/

P -2 1 1 2
Example 1: Given matrix 4 = [ 4 3] and B = [2 4l
Find the determinant of 4 and B.

Solution:
-2 1
|A|—|4 3|—ad—bc

=(=2)3)-(MD®

=-10
|B| = |; i| = ad — bc

= (D) - (2)(2)

=0




[ Determinant of a 3 x 3 matrix ]

[Finding determinant of a 3 x 3 matrix ]

—{Method (1): Sarrus' rule ]

—[Method (2): Laplace expansion ’

[ Method (1): Sarrus’ rule ]
2 4 6

Example 1: Given matrix A = |0 2 7‘. Find determinant of 4 using Sarrus’
1 0 2

rule.

Solution:

Determinant of A:

2 4 6] 2 4 Copy the first and second
|JA|=1[0 2 7| 0 2 S column to the right
1 0 2010

=(2x2%x2)+(4x7x1)+(6x0x0)
—(1x2%x6)—(0x7x2)—(2x0x4)

=24




[ Method (2): Laplace expansion ]

2 4 6
Example 2: Given matrix A =0 2 7]. Find determinant of A using Laplace
1 0 2
expansion.
Solution:
Determinant of A:
Tips (Laplace expansion):
2 4 6
|A| —lo 2 7 We may use any row or column.
1 0 2 <_[ Use Row 1 ]
Note: |— + —
+ - +

=+2fg Jl-4ff Jl+el} o
=2(4—0)—4(0—=7) +6(0—2)

=24

Solution (Alternative):

~

Determinant of A: Tips (Laplace expansion):

We may use any row or column.

2 4 6 Note: +
Al=]o 2 7 °e'; [UseCqumn2]
1 0 2
J
0 7 02 6] |2 6
=4[] Jl+2]f Hl-ofg 7

= —4(0—-7)+2(4—6)—0

=24




Example 3: Find the determinant of Triangular Matrix below.

3 2 1
(@) A=|0 2 —1| (Upper Triangular Matrix)
0 0 1
(4 0 O
(b) B={3 1 0 ] (Lower Triangular Matrix)
-1 2 -2
Solution: \
Tips (Laplace expansion):
(a) Determinant of A: We may use any row or column.
+
3 2 1 I [ Use Column 1 ]
Al=lo 2z -1 N )
0 O 1

=+3fy Tl-o0lg l+ol; i

=32%x1-0)—0+0

Determinant of Triangular Matrix

=3x2x1 | = product of the elements on main diagonal
L =3x2x1
=6
Solution:

(b) Determinant of B:

4 0 O
IBl|=13 1 o0
-1 2 -2 Determinant of Triangular Matrix
= product of the elements on main diagonal
=4x1x(=2) =4x1x(-2)
=-8

10




[ Properties of Determinants (Part 1) ]

Properties of Determinants (Part 1):
1) 1AT| = 4]
2) |kA| =k"|A| (Ais n xn matrix)

3) |AB| = |A| |B|

4) A" = |A]"
|AZ|:|A|2
|A3|=|A|3

-1 _i

5) |4 |_|A|

Example 1:

Given both matrix A and B are 3 x 3 matrices, where |[A| = 6 and |B| = 2.
Use the properties of determinants to find

(@) 24|

(b) [44B|

(c) [(a*B)T|

(d) |A7'B|

(A is n X n matrix)

Solution:
/Properties:
(@) 124] = 23|4| L|kA| = k"|A|

= 8(6) (Since Ais 3 x 3 matrix, n = 3)

=48

Solution:

Properties:
|kA| = k™| A]| (A is n X n matrix)
(b) [4AB| = 4°|A||B|

= 64(6)(2)

\>(Since Ais 3 x3 matrix,n=3)

=768

Properties:
§ |AB| = |A| |B]




Solution:

Properties:
(C) |(A2B)T| — |A2B| |AT| = |A|
= |4?||B|
Properties:
= |A|?|B]| |A™| = |A|"
42| = |a]?
= 6%(2)
=72
Solution:
(d) |[A~'B|=|A7"||B| Properties:
1 4= 0
- — A
1Bl 4]
1
=2(2)
1
3

12




[ Properties of Determinants (Part 2) ]

Properties of Determinants (Part 2):
1) If we interchange two rows (or two columns), we reverse the
sign of the determinant

C 5 Riory) Y e
=_|a b| =_|a b|
c d c d

2) If we multiply one row (or one column) of a matrix by k, the
determinant is multiplied by k
ka kb _,l|a b ka b| _,|a b
|c d|_k|c d kc dl_klc d

3) If two rows (or two columns) of a matrix are equal, the
determinant is zero

|a a| ~0

a4 =0 c ¢

4) If a matrix has a row (or a column) that is all zero, the
determinant is zero

2o R

5) The determinant behaves like a linear function on the rows
(or columns) of the matrix

| a b | |a b+w
c+w d+u c d+u
=[e a1y . =l d+le

6) Adding or subtracting k times row i (or column i) from
row j (or column j) doesn’t change the determinant

a b atkb by _|a b
hikd d _h d

|ciaka dibkb| :|C d

/Proof of properties #6: \

|ciaka dibkb|:|ccl %|i|kaa kZb|
=|Z d|i"|3 b
S MELIO
:|a

i

13

a

o




Example 1:

a b c
Given |A|=|d e f|=6.
g h i
Use the properties of determinants to find
—2a —-2b —2c
(@) | d e f
5—d 5h—e 5i—f
d e f
(b) a b c

a+3g b+3h c+3i

b ¢ a
(c) |[e f d
h i g
Solution:
—2a —2b —2c
(@ | d e f
5—d 5h—-e 5i—f two rows are equal,

the determinant is

—-2a —-2b —-2c¢ —2a —-2b —-2c zero
=|d e fl-1d e f
59 5h 5i d e f
a b c
g h i
= (—=2)(5)(6)
= —-60

14




Solution:

d e f
(b) a b P
a+3g b+3h c+3i two rows are equal,

the determinant is

zero
d e f d e f
=la b c[+|a b c
a b c 3g 3h 3i
d e f Interchange two
=0+@®ja b c rows, R; © R,
g h i
a b c
=3)(1|d e f
g h i
= (3)(=1)(6)
=—18
Solution:
b ¢ a Interchange two
(c) |le f d columns, C; & C;
h i g
a c b Interchange two
=(-1|d f e columns, C, & C;
g i h
a b c
=(-D(-1D|d e f
g h i
= (-1 (-1)(6)
=6

15




1.5 Inverse Matrices

s

Inverse of a 2 x 2 matrix ]

-

Given a matrix 4: A= [‘Cl Z

Inverse of matrix A: A1=21 [ d -b

=l a] where |A| = ad — bc

Note: The matrix A is invertible when the determinant, |A| # 0 .

%

Example 1: Given matrix 4 = [; (1)]
(a) Find inverse of A.

(b) Find matrix M if aM=[2 9]

1 -6l

(a) Find inverse of A.

Solution:
-1_ 17 d —b _ _ _
A= % a] where [4] = 4(0) — 1(2) = -2
_1[0 -
2l-2 4
_ o 1]
= 2
1 -2

(b) Find matrix M if AM = [i _06].

Solution:
2 0
s —
3 > am=[7 2
Properties of . -1
Multiply A~ on
Inverse of 1 .12 O .
Matrix: AT AM = A [1 —6] <[both sides J
A 1A =1 2 0
a ) IM=a"t| |
1 -6
[ 1 Substitute:
|0 5“2 0] 1
1 —2]'1 —6 A1=|0 3
1 -2
1,
M=]2 l
[0 12

16




/ Properties of Inverse of Matrix:

1) (AB)"1=B"14"1
(ABC)"1 =c 1B 71471

2) A H1=4

3) (cA)yt=-4"!

4) AHt=@Mh"

5) If AB=1Iand BA=1,then B=A1.

6) AAl=1
A1A =1

7) If Ais a square matrix and |4| # 0,
then A4 has an inverse.
A is called a nonsinqular matrix or
invertible matrix.

8) If Ais a square matrix and |4| = 0,
then A does not have an inverse.
A is called a singular matrix.

9) If Ais a non-square matrix,
|A| does not exist.
A does not have an inverse.

17




[ Inverse of a 3 x 3 matrix ]

[Finding inverse of a 3 x 3 matrix ]

{Method (1): Adjoint Method ]

IMethod (2): Elementary Row Operations (ERO)

[ Method (1): Adjoint Method ]

2 4 6

Example 1: Given matrix A =0 2 7]. Find inverse of A using Adjoint
1 0 2

Method.

Solution:

Determinant of A:

2 4 6 Use Sarrus’ rule or
Al =10 2 7 Laplace expansion to
1 0 2 find determinant
=2x2%x2)+(4x7x1)+(6x0x0)
—(1%x2%x6)—(0x7x2)—(2x0x4)
= 24
Cofactor of A:
12 7] 0 7 [0 2 a b )
+|0 2 _|1 2 +|1 0 Note1:|c d|=ad—bc
| a6 2 6 12 4
cof(4) = |0 2 +|1 2 |1 0 Note 2 + N +
4 6 2 6 2 4 ote 2: |— -
-+|z 7 |o 7 +|0 2 + - +
[ 4 7 -2
=|-8 -2 4
(16 —-14 4

18




Adjoint of A:

adj(A) = [cof(A)]"

[ 4 7 =21
=|-8 -2 4
16 —-14 4 |
[4 -8 16 ]
=7 -2 -14
-2 4 4 |
Inverse of A:
-1 _ 1 .
A = Tl adj(A)
[+ -8 16
=17 -2 -14
-2 4 4
1 1 2
s T3 3
_ 7 _1 _7
- 24 12 12
_1 1 l‘
12 6 6

19




[ Method (2): Elementary Row Operations (ERO) ]

Rules of ERO:

1) Interchange two rows (example: R; < R3)

2) Multiply a row by a non-zero constant k (example: R;: kR3)

3) Replace a row by the sum of itself and a constant multiple of

another row (example: R;:R; + kR;)

> Transform [A|I]to[I1]|A71]

To find inverse of 4 using ERO:

Example 1: Given matrix 4 =

2 4
0 2
1 0 2

6

Row Operations (ERO).

7]. Find inverse of A using Elementary

Solution:

[

[

2

[Wnteln [A]|T] % [A]T] =(0

‘ ) 1

. Start, get ‘1’ here. RioRs|0
(interchange Row 1 and Row 3) 2
- ‘ ) 1

Get first ‘0’ here. Rs:Rs —2Rq4[ 0

Get second ‘0’ here. 0

1

[ Get third ‘0’ here % R3:R3 —2R;| 0

0

. 1

[ Get ‘1’ here % R3:—-R3| 0

0
1
{ Get fourth ‘0’ here % R;:R; —7R3| 0
0

B2 NO AN ONB

(=1 \* =)

=]

Nlm = O

almroalr O

1
0
-2

Nl O =

|
S N-NENE

20




1 _1 2
(1 0 0| ¢ 3 3
7 1 7
[ Get fifth ‘O’ here % Ri:Ri{—2R3|0 2 O o & e
\0 o 1 1 1 1
12 6 6
1 _1 2
1 0 0] ¢ 3 3
Get ‘1’ here. 1 7 1 _71|_ »
Get sixth ‘0’ here. Ry:3Rp [ 010} o7 5 o |=HIAT]
0 0 1_1 1 1
12 6 6
Inverse of A:
1 1 2
6 3 3
A_1= 1 _i _l
24 12 12
1 1 1
12 6 6

21




1.6 Solving system of linear equations

‘ Solving system of linear equations ’

——Method (1): Inverse Matrix Method |

—[Method (2): Cramer’s Rule ]

——|Method (3): Gauss Elimination Method |

[ Method (1): Inverse Matrix Method ]

Example 1: Solve the system of linear equations using Inverse Matrix
Method.

2x +4y+6z=10
2y +7z=4
X +2z=1

Solution:
— ) 2 4 6 10
Write in matrix 0 2 7 4
equation AX = B 1 0 2 1
coefficient matrix unknown vector constant vector
2 4 6 X 10
A=[0 2 7] X=[)’] B=[4]
1 0 2 z 1
(O
Note:

1) If B is a non-zero matrix, then the system is called non-homogeneous
system. The system of linear equations in Example 1 above is a

10
non-homogeneous system because B = | 4 ] is a non-zero matrix.
1
0
2) If B is a zero matrix, B = |0] , then the system is called homogeneous
0

system.
C )

22



First, find the inverse of matrix A:

Recall: We have found A~ 1

1 1[4 -8 16 using Adjoint Method.
A" =—|7 -2 -14
24 —2 4 4 " (See the steps in the topic
\\Of Adjoint Method)

From the matrix equation:

AX =B
X=A4"'B
L 4 -8 16 10
X=ﬁ 7 -2 -14| 1| 4
-2 4 4 1
1'24
=§48‘
[ 0
11
=12
nl
X 1]
> yl=2
z [0
Answer: x =1, y =2,z =0

23




[ Method (2): Cramer’s Rule ]

Example 1: Solve the system of linear equations using Cramer’s Rule.

2x+4y +6z=10
2y+7z=4
X +2z=1

Solution:
o ) 2 4 6 10
erte.' in matrix 0 2 7 4
equation AX =B 1 0 2 1
= B
coefficient matrix unknown vector constant vector
2 4 6 X 10
A=[O 2 7] X=[}’] B=[4]
1 0 2 z 1

Find determinant of A:

2 4 6 Use Sarrus’ rule or
Al =10 2 7 Laplace expansion to
1 0 2 find determinant

=(2x2%x2)+(4x7x1)+(6x0x0)
—(1x2%x6)—(0x7%x2)—(2%x0x4)

=24

Find determinant of A:

p
| 10 ‘21 6 Replace B in first ]
1l = 7

\\ column of matrix A

=(10x2%x2)+(4x7x1)+(6%x4x0)
—(1x2%x6)—(0x7x10)—(2x4x4)

1 0 2

=24

24




Find determinant of A,:

2 10 6 Replace B in second
Azl =0 4 7 column of matrix A
1 1 2

=2x4x2)+(10x7x1)+(6x0x1)
—(1x4%x6)—(1x7x2)—(2x0x10)

= 48

Find determinant of A3:

2 4 10 Replace B in third
Az =10 2 4 column of matrix 4
1 0 1
=2x2x1)+(4x4x1)+(10x0x0)
—(1x2%x10)—-(0x4x2)—(1x0x4)
=0
Then,
B |A1] 24 1
A T 24
|42 | 48
y = —_— = _— = 2
|A] 24
A 0
zZ = Q = _— = 0
|A] 24

Answer: x =1, y=2,2z =0

25




[ Method (3): Gauss Elimination method ]

Example 1: Solve the system of linear equations using Gauss Elimination

Method.
3x+6y-5z=0
2x+4y -3z =1
X+y+2z=9
Solution:
Write in Augmented \1 36
2 4

Matrix

— 11

R,<R, |2
3

—

Start, get ‘1’ here

(interchange Row 1 and Row 3) g

1 1

[ Then, get first ‘0" here % R, :R,-2R, 2
3 6

1 1

[ Get second ‘0’ here % R,:R;-3R; [0 2
3

1 1
[ Get ‘1’ here }7 R, :%Rz 0 @
0 3

[ Get third ‘O’ here

% R,:R, - 3R,

-5/0
-3|1
219

219
-3|1
-50

219
—7-17
-5/ 0

219
—7 |17
-11|-27

219
7117
2 2

-11|-27

26




[ Get ‘1’ here % R;:—2R, |0 1

1 o eole

Last step is to get Row Echelon Form: [0 |1 ejefor |0 |1 e]e

0 0|1 0 0 Ofe
Write into system of linear equation:
X+y+2z=9 -——()
7 17
-——z=-— —-—=(2
-3 5 (2)
z=3 -——(3)
. . . 7 17
Substitute z =3 into equation (2): y—§(3)=—7
y=2

Substitute y =2 and z=3 into equation (1): x+y+2z=9
Xx+2+2(3)=9
x=1

Answer: x=1,y=2,z=3
- The system has a unique solution
- The system is consistent

[ Summary: ]

[ Type of solution

J

| T

A unique
solution

Last row in row [0 0 ] [0 0

echelon form

No solution

Consistency of The system is The system is
the system consistent inconsistent

Infinitely many
solutions

[0 0 (9 9]

The system is
consistent

27




Type of solution and consistency of the system

Type of Last row in row Example
solution echelon form
Example 1: last step (row echelon form)
A unique 0 0
solution [ @
R is real
number.
Real number
includes all
+ve, -ve, 0. ,-3 (3)
Answer: x=1,y=2,z=3
- The system has a unique solution
- The system is consistent
Example 2: last step (row echelon form)
No Solution [0 0 1 3 118 0
0 1 61
0 0 @) ———= 20|
Xx+3y+z=18 —---(1)
y+gz:l3 ———((;)) 0=4
z= - (not logical)
Answer: X, Yy, Z=no sollﬁ'
- The system has no solution
- The system is inconsistent
Example 3: last step(row echelon form)
Infinitely 00 ‘ 1 2 1|8
oty | [0 0 €Y (€
solutions

0131{

X+2y+z=8 ——-(1)
y+3z=13---(2)
Letz=t, wheret €R, tis any real number.
Equation (2): y+3t=13
y=13-3t
Equation (1): x+2y+z=8
x+2(13-3t)+(1)=8
x=-18+5t
X -18 + 5t
Answer: |y |=| 13 -3t

z t

- The system has infinitely many solutions
- The system is consistent

28




[ Type of solution and consistency of the system ]

Example 4:
X+2y+3z=1
2x+5y+3z=-3
X+ (@+2)z=b-3
Find the value of a and b such that the system has
(a) a unique solution

(b) no solution
(c) infinitely many solutions

Solution:
Write in Augmented\} 12 3|1
Matrix , 2 5 3 |-3
— 10 a+2p-3

[ Start, get ‘1’ here ; 12 3 1

—— R,:R,-2R, 1 -3|-5
[ Get first ‘0’ here f 10 a+2b-3
1.2 3|1
[ Get second ‘0’ here % R,:R;,-R, |10 1 -3|-5
-2 a-1b-4
12 3 1
[ Get third ‘0’ here % R,:R,+2R, |0 1 -3 | -5
0(0)a-7b-14

(a) a unique solution: a unique solution:
a-7#0 and b-14eR

az7 beR ﬁ [0 0 @J )
(b) no s70|u’gon: 4 bo1420 no solution: A
a=7 b14 00 €9 @J
J
(c) infinitely many solutions: infinitely many solutions:
a-7=0 and b-14=0

a=7 b=14 [0 0 @ ]




1.7 Eigenvalues and eigenvectors

Tips:
To find eigenvalue 1
—-> Solve characteristic equation |A — AI| =0
where I is |dentity matrix

0 0 -2
Example 1: Given A=|1 2 1
1 0 3

(a) Find all eigenvalues of A.

(b) Find the eigenvector corresponding to the smallest eigenvalue.
(c) Find the normal eigenvector for 1 = 1.

Solution:

(a) Find all eigenvalues of A.
Let 1 = eigenvalue of A
Solve [A—AIl =0

0 0 -2 100

1.2 1|-20 1 0|=0

10 3 0 0 1

0 0 -2y (» 00

12 1|-]0 & 0}=0

10 3 0 0 A

0-2» 0 -2 Use Sarrus’ rule or Laplace

T 2-» 1 /=0 expansion to find determinant
1 0 3-A

(—2)(2-A)3-21)+0+0—(1)(-2)(2-1)-0-0=0
“M2-A)(B-1)+2(2-1)=0
(2-A)[-M3-2)+2]=0

(2-A)(A*=31+2)=0

2-2)(A-1)(*-2)=0

A=2 and A =1
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Solution:
(b) Find the eigenvector corresponding to the smallest eigenvalue.

0O-» O -2 0

Substitute smallest
1 2-1 100 eigenvalue 1 = 1

-1 0 -20
11 100
1.0 2|0

(1o 2/0
R:(-DR, [1 1 1[0 <[ Starrt],geﬂ ]
10 20 ere

1 0 2|0

R,:R, R, (©1 10 <[ Get first ‘0’ ]
1 0 2|0
1 0 2|0

R,:R,-R, [0 1 -10 —
@O olo % Get second ‘0 ]

Get third ‘0’ /

X+ 2z=0---(1)
y-z=0-——(2)

This is Row echelon form:

o O |-
QO |- e

Letz=t, wheret eR, tis any real number.

Substitute z = t into Equation (2): y-2z
y-—t
y

Substitute z = t into Equation (1): x+2z=0
x+2t=0
x=-2t

31




Eigenvector for 4 = 1:

X
v=ly|=| t |=t| 1
Z

Solution:

(c) Find the normal eigenvector for 1 = 1.

Normal eigenvector = L 1 1
(-2 + 1P+ 4 6

- &= &b
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CHAPTER 2

Vector Algebra

Outline:
2.1 Introduction — Definition

2.2 Vector in two and three dimensional space
2.3 Product of Two Vectors and Product of
Three Vectors
(A) Scalar product
(B) Vector product
(C) Scalar triple product
(D) Vector triple product
2.4 Simple geometric applications
(A) Equation of line
(B) Equation of plane

v Y
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2.1 Introduction — Definition

1. A vector is a quantity with magnitude and a direction.
eg. Force, velocity, wind movement (100km/h East, 100km/h West)

2. A scalar is a quantity with magnitude and no direction.
eg. Area (50 m?), Length (3m), temperature (37 °C)

Vector Scalar
Magnitude and Magnitude
direction
Example: Force, Example: Area, Length,
velocity, wind temperature
movement
Example: Example:
100km/h East, 50 mZ?,
100km/h West 3m, 37 °C

3. A vector is represented by a
directed line segment or arrow

eg. AB = vector from A to B /
|ﬁ| = magnitude = length A Length= |AB|

B

4. Notation of vector: eg. AB or U or d
AB _B u

A

5. Vectors with same length and same direction are equivalent.
ﬁ/ V Uu=7v

6. Basic vector operations: Addition, Subtraction, scalar multiplication

Scalar multiplication = ku

If kK > 0, same direction If k < 0, opposite direction
7l _
/ /

Zﬁ)/' -3u
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2.2 Vector in two and three dimensional space

Vector in two dimensional space

Vector in three dimensional space

ya

Point P (4, 3)

J 4
>
i

-Y

T is unit vector (with length 1) having
same direction as x-axis,
J is unit vector (with length 1) having
same direction as y-axis

Point P (2, 3, 4)

|
|
|
|
N

—

k is unit vector (with length 1) having
same direction as z-axis

Position vector = m’)

Position vector = Wj
=2i+ 3j + 4k

=4i+ 3j
=(2,3,4
—(4,3) (2 )
_ [4] = [3
3 4
Tips: \

The direction of the z-axis is
determined by the right-hand rule
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Example 1: Given points A (2, 0, 4) and B (4, 1, 2). Find

(a) vector AB
(b) magnitude of AB
(c) unit vector of AB

Find (a) vector AB

Solution:

(a) AB

=(4,1,2) - (2,0,4)

= OB - 04 /

: O/ ™
(9 1t Remember: ) Alternative answer:

If given

Then

Point A (2, 0, 4),

Position vector
04 =(2,0,4)

(a) AB = 0B — 04

4 2
=[1]— |0
2 4

2
=(2,1,-2) [2] - [ 1 ]
= i _:— k 4 — = 2_)+ j— 27()
2i+ j- 2k =20+ 0]+ 4k \ ‘J /
¢ J
(b) magnitude of AB
Solution: .
AB B

|AB| = {22 + 12 + (=2)2

=vV9=3

A

=

magnitude = Length

(c) unit vector of AB

Solution:
unit vector of AB:

%ﬁl

= ST+ J - 2Kk)

25 S 2P
=3l+;J— sk

W=
WIlN

unit vector of AB

has length 1 unit,

has direction same as vector AB
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Example 2: Given vector U = (3, —4, 0). Find

(a) all direction cosines of U
(b) all direction angles of U

Solution:

magnitude of U

U] = /32 + (—4)2% + 02

=5
(a) direction cosines of ﬁ\
X
cosa = —
[ul
_3
s
Yy
CcCoSp = —
B [ul
_-+__1
5 s
VA
cosy = ﬁ

/(b) direction angles of ﬁ:\

1 /(3
a = cos 1(—)

5
= 53.13°
_ 4
B =cos™?! (— —)
5
=143.13°
Yy = cos~1(0)

\=90°

/

Note: range of angles a, 8,y :

0 <apy<180

or 0<aqpy<m
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2.3 Product of Two Vectors and Product of Three Vectors

e ™
(A) Scalar product
(Dot product) @- b
[ Product of Two Vectors b

e ™
(B) Vector product

(Cross product) @ x b

VAN

(C) Scalar triple product

d- (bx¥¢)
[ Product of Three Vectors >

AN

-
(D) Vector triple product

ax(bx ¢
BENGE

K(A) Scalar product (Dot product) a- b

—/

6
Definition:  @- b = |d]| |b| cos6 (0<6<m

(Sl

Calculation:

Given d=a,i+a,j+ask, b=b,i+b, J+bs k

aq bl
Then a b:[a2]|:b2] :a1b1+a2b2+a3b3
N Il

Note:

J

Two vectors @ and b are perpendicular
(orthogonal) if @- b =0 .

al,
b

Example 1: Given d = 7+3

11 0
6l 11

= (1)(0) + 3)(7) + (6)(1)
=27

j+6k, b

= 7j+ k .Find @-

S0

Solution:
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Example 2: Given a =271+ j
Show that a@ and

21 1
[

11 1-1

=)D +DOED+MED

=0

,b=i—-j—k .
e

_|_
b ar perpendicular.

Solution:

Since d@- b=0,thend and b are perpendicular.

Example 3: Given @ =(1,4,—4), b=(0,—7,3) .Find
(@) @ b

(b) |d] and |b|

(c) angle betweend and b

Solution:

(a)

=MO)+HED + (=HB)

= —40

(b) ld| =12+ 42 + (-4)2 =+/33

|b| =02 + (=7)2+32 =+/58

(c) da-b=|d| |B| cosf

—40 =+v33 V58 coso

—-40

€080 = e

cosf = —0.9143

0 = cos~1(—0.9143) = 156.1°
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Example 4: Given d =(1,1,2), b= (0,3,4) . Find

(a) vector projection of a@ onto b
(b) scalar projection of d onto b
(c) vector component of @ orthogonal to b

Solution:

(@)

1 0
d- b= H : H = (1)(0) + (1)(3) + (2)(4)
2 4

b = V2371 &2 =@

0

_ _ _’._5 —
vector projection of a ontob = (‘i 2) :
5] /
11 = > B
=5 (0,3,4)
11 §
= 5: (0.3.4) /
0 > o
— <0 2 ﬂ ) - _\_ > b
— Y257 25 4
Vector projection of d onto B
, = _ (@b
(b) scalar projection of a onto b = Tm)
11

(c) vector component of d@ orthogonal to b

5

(@

—a- 223

Vector component of a

orthogonal to B
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(B) Vector product (Cross product)

ax b

Definition:

Calculation:

ax b=|d| |b| sino 7 (0<6<m)
Given a=a12+a2f+a3z, B:bli)‘l'bz ]-)+b3E
A
Then ax b = a, a, as
by by b3

axXbh

The right-hand rule gives the direction of @ x b.

Note 1:

bxd =—dx b

Note 2:

Two vectors d and b are parallel if @x b =0

a or E/’
5 “b

Example 1: Given vectors @= i—3j+6k, b= 7j+2k .Find dx b .
Solution:
. i Use Laplace
axb=[1 -3 6 expansion
0o 7 2 to find
3 6 L6 | _3 determinant S I
_ |- ~ 2|1 - a x
—ty 2|®’|0 2|+k|0 7|
=1(-6—-142)—j(2-0) + k(7 - 0) b
=487 -2j+7k d
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Example 2: Given points A (4,5,0),B (1,-1,0)and C (2, 3, 1). Find

(a) CA and CB
(b) vector perpendicular to both CA and CB
(c) unit vector perpendicular to both CA and CB

Solution:
(@) CA=0A-0cC

= (4,5,0)— (2,3,1)

=(2,2,-1)

CB =0B —-0C
=(1,-1,0) — (2,3,1)

=(-1,—-4,-1)

Solution:
(b) vector perpendicular to both CA and CB

- - —

— i j k
=CAx CB=|2 2 -1
-1 -4 -1

202 —1| —.»|2 —1| —»|2 2|
i VR S B 2]

=i(—2-4)-j(-2-1) +k(-8+2)

=—6i+3j-6k

Solution:
(c) unit vector perpendicular to both CA and CB

CAx CB=-6i+3]-6k

9|ﬁx ﬁﬂ

= J(=6)2 + 3% + (—6)?

1 — —
—m CAX CB
=3 (~6,3,-6)
21 2
= <—§,§,—§> =9
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Solution:

(a) Area of parallelogram formed by d and b

Example 3: Given vectors d=(1,0,2), b= (0,1,3) . Find
(a) Area of parallelogram formed by @ and b
(b) Area of triangle formed by d and b

1
5 14 units?

Triangle

= |ax B| First, find
Lol J ok
= \/(_2)2 +(=3)% +1? dxb=|1 0 2
0 1 3
= /14 units? ) L
=-2{-3j+k
___________ -
a
Parallelogram
Solution:
(b) Area of triangle formed by @ and b First, find
1 CGiR
_E|aXb| axb=|[1 o0 2
0 1 3
1
=3 _2 2 _3 2 12 - - -
V(=22 + (=37 + ai-siei
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/(C) Scalar Triple Product @ (b x ¢) \

Calculation: Given @ = (aj,a,,a3), b = (by,b,,b3), €= (cy,cy,C3)

Then Scalar Triple Product

. a a; das
a . (b X E')) = b]_ bz b3
i C (3

-

Note1: a-(bx ¢) =(dx b)-¢

Note 2: Three vectors a ,3 and ¢ lie on the same
plane (coplanar) if @-(bx ¢)=0

=4

Example 1: Given vectors @ =(1,2,—1), b=(—2,0,3), ¢=(0,7,—4) .
(a) Find @- (b x ©) .
(b) Find the volume of parallelepiped formed by d, b and ¢.

Solution:
(a) Find @- (b x ©).

- 1 2 -1
a-(bx¢)=[-2 0 3 Use Sarrus’ rule
0 7 -4 or Laplace
expansion to
=0+0+14-0-21-16 find determinant
=-23
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(b) Find the volume of parallelepiped formed by d, b and ¢.
Solution:

volume of parallelepiped formed by b and ¢

= Ja- (B x 9)

= |-23| |—-23| = Absolute
value of —23

= 23 units®

Parallelepiped

Example 2: Given vectors @ =(0,1,2), b= (p,1,0), ¢=(3,0,1) .

Find the value of p sothat d, b and ¢ are coplanar.

Solution:
0 1 2
F-(bx ¢ Use Sarrus’ rule
a(bx 9= ‘p ! 0‘ or Laplace
3 0 1 ©
expansion to
=04+0+0-6—-0—p find determinant

Vectors a ,5 and ¢ lie on the same plane (coplanar)
if a- (5 X ¢)=0

—-6—p=0

p=-6

45




/(D) Vector Triple Product  @x (b x ¢

Note 1: ax(bx ¢) =(d-

al
N/
S
|
—_
Ql
Sl
—/
al

Note2: (dx b)x¢ = (d-

al
N/
S
|
—_
Sl
al
—/
Ql

-

J

Example 1: Given vectors a =(2,0,—1),
Find @ x (b x ¢) .

Solution:
da-¢=(2,0,—-1)-(1,2,1)
=2+0-1
=1
d-b=(20-1)-(1,2,0)
=2+0-0
=2
dx(bx ¢)=(d-¢)b—(d-b)¢
=(1)b-(2)¢
=(1)(1,2,0) - (2)(1,2,1)
= (1,2,0) — (2,4,2)

=(-1,-2,-2)

b=(1,2,0), ¢=(1,2,1) .
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2.4 Simple Geometric Applications

(A) Equation of line }

[ Simple Geometric

Applications (B) Equation of plane ]

[ (A) Equation of line ]

Introduction

4 )
Q(‘x' y’ Z)

P(xo,¥0,20)
e /6=az+bj+c7<’

- J

> If Q(x,y,z) is any point on a line

> Given that P(x(, y,, z,) is a point on the line and the line is parallel to a
vectorB=ai+bj+ck

> Then, PQ = tv

—_— —

0Q — OP =t

(x, Yy, Z) - <x0t yO'ZO) = t(a: b: C)

(x—x)l+(y—y,)J+ (Z—Zo)l—é: t(at+bj+ CE)

This is the equation of line (vector equation)
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Equation of line
P(x9,¥0,20)
A B—ai+bj+ck

Definition: Equation of line that
passes through a point P(xq, ¥4, Zp)
and parallel to a vector

D=ai+bj+ck canbe expressed in

3 forms:

(a) vector equation:

(x_xo)i+ (y_yo)i+ (Z_ZO)E:
t(al+bj+ck)

Example 1: Find the equation of line
that passes through a point
P(1,0,4) and parallel to a vector
T=217+4]— 3 k. Express the
answer in

(a) vector equation:

x=Di+@y-0)j+@z—4k=
t(2i+4]—-3k)

(x—1,y,z—4)=1t(2,4,-3)

(b) parametric equation:

xX=x,+ta
y=y,+tbh

z=ZzZ,+tc

(b) parametric equation:

x=1+t2 x=1+2t
z=4+1t(-3) z=4-3t

(c) Cartesian / symmetric equation:

X—=Xo Y—Yo Z7 2

= =t
a b c

(c) Cartesian / symmetric equation:

x—1 y—-0 z-—-4
2 4 0 =3
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Example 2:

(a) Find the parametric equation of line that passes through points A (0, 2, 1)
and B (2, 3, 4).

(b) Find the intersection point where the line intersects the xz-plane.

Solution:

(a) Find the parametric equation of line that passes through points A (0, 2, 1)
and B (2, 3, 4).

v =AB = 0B — 0A

B (2, 3, 4)
=(2,3,4)—(0,2,1) /
A (0,2, 1) % =48

=(2,1,3)

Using point A (0, 2, 1), parametric equation of line:

X=x,t+ta x=0+2¢t x=2t
y=y,+tbh y=2+1t y=2+1
Z=z,+tc z=1+3t z=14+3t

(b) Find the intersection point where the line intersects the xz-plane.

Solution:
z

"‘—f;L—H}*

x

[ Theory: On xz-plane, y =0 _ ]

Substitute t = —2:

]
I
N
o~
A S

L, x=2t=2(-2)=—4

z=1+3t t=-2 y=2+t=2-2=0

z=1+43t=1+43(-2)=-5

Intersection point = (—4,0,-5)

**Tips: On xy - plane, z=10

On yz-plane, x =0
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Example 3:
Given two lines:

Li: x=-3-2t¢, y=—-2+2t¢, z=6+4t
Ly: x=—-1+4s5, y=—4-2s5, z=2+3s

(a) Find the Cartesian equation of line that passes through point 4(2,4,0)
and parallel to line L, .

(b) Find the intersection point of lines ; and L, .

(c) Find the angle between lines L, and L, .

Solution:

(a) Find the Cartesian equation of line that passes through point A(2,4,0)
and parallel to line L, .

Cartesian equation of line: K \

X—=Xo Y—Yo Z—2
a b A(2,4,o)/./
/

x=2 y—4 z-0

) 2 4 vi=(-2,2,4)
Line L

x—2 y—4 z k ( 1) J

-2 2 4
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(b) Find the intersection point of lines L; and L, .
Solution:

—3—-2t=—-1+4s ---@ [L1:x=—3—2t, y=-2+2t¢, z=6+4t }
—242t=-4-2s5 —(2) X = X y=y z=2
6+4t=2+3s ___@ [Lz:x=—1+4s, y=—4—-2s5, z:2+3s}

Solve the above simultaneous equations:

D+@: -5=-5+2s5 > s=0

Substitute s =0 into 3): 6+4t=2+3s
6+4t=2+3(0)

> t=-1

To find intersection point, substitute s = 0 into

-
Lyy:x=—=1+4s, y=—-4-2s5, Z=2+3S}

.

x=-14+4(0)=-1 Intersection point:
y=—4-20)=-4 | (-1,-4,2)
z=2+300)=2

L
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vy V3 = [vq] [vz] cos6

0=+v24+29 cosO

0

cosf = NpT

¥

cosf =0

0 = cos~1(0) = 90°

(c) Find the angle between lines L, and L, .
Solution:
Line L,: LLl:x=—3—2t, y=-2+2t z=6+4t J
v—l)= (_2'2;4’> »
Line L,:
v, =(4,-2,3) /ELz:x:—1+4S, y=-4-2s5, Z:2+35}
A1

To find the angle between lines L; and L, :

VitV =(-2,2,4)(4,-2,3)
=-8-4+12
=0

vl = (=2)% 4+ 22 + 42 =24

[v;| = 4%+ (-2)% + 32 =29
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[ (B) Equation of Plane ]

Introduction

/ n=ai+bj+ck \

P(x9,¥0,20) b\’
* Q(x,y,2)

\J /

> If Q(x,y,z) is any point on a plane

> Given that P(x, y,, z,) is a point on the plane and the plane is
perpendicular to a vector i=ai+bj+ck

» Since P_Q) and m are perpendicular,
then PQ -1 =0
(0Q—-0P)-1i=0

[(x,y,z) - (xO!yO!ZO)] '(Cl,b,C) =0

(X — X0,y — V0, Z—2,) " {a,b,c) =0

This is the equation of plane
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4 N

Equation of plane

P(x0,¥0,29) ®

- /

Definition: Equation of plane that passes through a
point P(xq, Vo, 2Z9) and perpendicular (orthogonal) to a

vector i =ai+bj+ck canbe expressed as:

(X — X0, Y — V0, Z—2,){a,b,c) =0

ax + by + cz = ax, + by, + cz,

ax+by+cz=D
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Example 1: Given points A(2,0,1) and B(4,1,0).
Find the equation of plane that passes through point 4 and
perpendicular to 4B .

Solution:
A7i = AB
A(2,0,1) l
n=AB = 0B - 0A
=(4,1,0)—-(2,0,1)
=(2,1,—-1)
Using point A(2,0, 1), the equation of plane:
(X =%0, ¥y = Yo Z—2,) (a,b,c) =0
(x—2,y—0,z—1):(2,1,-1)=0
2x—4+y-z+1=0
2x+y—2z=3 Please take note that the
coefficients are taken from
n=(2,1,-1)
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Example 2: Given points A(4,—1,0), B(2,4,1) and €(0, 2, 0).
Find the equation of plane containing the points 4, B and C.

/ 7i= AB x AC \

LT

7i=AB x AC AB = OB — 04

Solution:

k = (2;41 1) - (4" _11 0)

0 =(—2,51)

_— = —

|2 1| *|‘2 5| AC=0C—- 04
|@’|—4 ol PRIy 3

=(0,2,0) - (4,—1,0)

=-3i-4j+14k = (—4,3,0)

Using point A(4,—1,0), the equation of plane:
(X — X0, Y — Yo, Z— 2,)"{a,b,c) =0
(x—4,y—(-1),z—0)-(-3,-4,14) = 0

(x—4,y+1,z)-(-3,-4,14) =0

—3x+12-4y—-4+14z=0

—3x—4y+ 14z = -8 Please take note that the
coefficients are taken from
n=(-3,—-4,14)

56




Example 3: Given a line L; and a plane P, .

Li: x=3¢ y=2+2t%, z=4+t

Py 2x—y+z=22

Find the intersection point of line L; and plane P;.
Solution:

Substitute L, into P;:

Li: x=3t /,{Pl: 2x —y+z =22 }
_ (G

y=2+2t 230) — (2+20) + (4+1t) =22

z=4+t t=4

To find intersection point, substitute t = 4 into

p
Li: x=3¢ y=2+2t, z=4+t }

.

x=3(4)=12 Intersection point:
y=2+2(4)=10 —»{ (12, 10, 8)
z=4+(4)=8
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Example 4: Find the angle of intersection between plane P, and P, .

Py: 3x—6y—2z=15

Py: 2x+y—2z=5

[/Plz 3x —6y—2z=15

/LPZ: 2x+y—2z=5

Solution:
Plane P;:
i = (3,-6,-2) |
A
Plane P,: A
n; =(2,1,-2)
A_ 1]

To find the angle:

Please take
note that i is
taken from
the
coefficients

—

ny - n; = |ng| [n;| cos@

4 = (7)(3) cosb

4
cosf = o)

ny{ - n; =(3,-6,-2)-(2,1,-2)
=6—6+4

=4

cosf = 0.1905

0 = cos~1(0.1905) = 79.02°

[ngl =32+ (—6)2+(-2)2 =7

In;] =22 +12+(—2)2=3
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