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Abstract 

This research concerns some extremal properties of certain class of univalent 

analytic functions that include representation theorem and coefficient bound. Let S 

denote the subclass of univalent functions f  in an open unit disc, { : 1}E m m=  , 

given by ( )
2

n

n

n

f m m a m


=

= + . The study focuses on the generalised class of tilted 

univalent analytic functions, ( )* ,S t  which denoted as 

( )

( )

'
Re , ,

'

i
mf m

e m E
g m

 
  

  
  

 where ,  cos ,  0 1,  1 1t        −    and 

( )
( )( )

'
1 1

m
g m

tm m
=

+ −
. In this study, the new generalized class of tilted 

univalent analytic functions, representation theorem and the coefficient bound for 

the ( )* ,S t are obtained by using Herglotz Representation Theorem.   

Keywords:  Extremal properties, Representation theorem, Coefficient bound 

1. Introduction 

Complex analysis is a part of mathematical fields that deals with analytic functions of a 

complex variable. The Geometric Function Theory (GFT) is subdividing of complex 

analysis which included geometric properties of univalent analytic function, initiated by a 

German Mathematicians, Ludwig Bieberbach in 1916. As stated by Goodman (1983), an 

analytic function ( )f m  is a one-to-one mapping of one region to another in a complex 

plane.   

 

Let  ℂ  be an element of complex number and let ( )f m  be a complex-valued function of the 

complex variable .m  A function f  is called univalent on a domain, Dℂ  if the function 

f  is injective, which is for all ( ) ( )1 2 2, ,m m D f m f m =  implies 1 2m m=  (Duren, 1983). 

Then, Darus (2002) stated that the codomain and range of one-to-one function are in real 

axis R which need on one axis only. In addition, at a point m D  is said to be analytic if it 

is differentiable at every point of some open neighborhood of .0m  
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Let A  denoted the class of function of the form 

 

( ) 2 3 4

2 3 4

2

... ,n n

n n

n

f m m a m a m a m a m m a m


=

= + + + + + = +  
 

   (1.1) 

 

which are analytic in the unit disc,  : 1E m m=  . The function ( )f m  is also known as 

normalized univalent function if it satisfy conditions of ( )0 0f =  and ( )' 0 1f =  or 

( ) ( )' 0 1 0f x f= − =  are fixed is denoted by .S   

Based  on Kaharudin (2011), if f S  is given by (1.1) and ( ),Kf G   , then  

 

( )
2 1

1 ,
2

na A n
n



 
= + − 

 
   2,3,4...n =  

 

where the functions in this class satisfy the condition  

 

( )

( )
( )Re ,i

f m
e m E

g m

 
  

  
  

 

 

with ( )
1

, cos , ' .
1

g m
m

     =
−

 

 

In addition, Yahya, Soh, and Mohamad (2013) stated that if f S  and ( ),f G    then 

 

( )12 1
, 2,3,4,...

2 2
n

A n
a n

n


 −

= + =  
 

 

 

where the functions in this class satisfy the condition  

 

( )

( )
( )Re ,i

f m
e m E

g m

 
  

  
  

 

 

with ( )
2

, cos , ' .
1

m
g m

m
     =

−
 

 

In the present paper, we focused on the generalised class of tilted univalent analytic 

functions, ( )* ,S t  which denoted as S  and satisfied the condition  

( )

( )

'
Re , ,

'

i
mf m

e m E
g m

 
  

  
  

 
 

   (1.2) 

where , cos , 0 1, 1 1,t        −    and ( )
( )( )

' .
1 1

m
g m

tm m
=

+ −
  The main 

objectives of this paper are to define the new generalized class of tilted univalent analytic 
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functions, to find representation theorem for this class of functions and to determine the 

coefficient bound for the ( )* ,S t by using Herglotz Representation Theorem.   

 

2. Preliminaries  

To derive the main result, we apply Herglotz Representation Theorem to obtain 

Representation Theorem for the ( )* ,S t . 

 

Theorem 2.1 
* ( , ) ,Let f S and f S t then   

 

( )( )( )
)(

cos

sin11
mp

imtmmf
e i =

−

−−−+




. 

 

 

Proof. 

Based on (1.2), let ( )( )( )1 1f m tm m + −  be written as 

( )( )( )
1

1 1 1 .n

n

n

f m tm m p m


=

 + − = +  
 

   (2.1) 

Then, (2.1) can be written as  

1

( )(1 )(1 ) 1 .i n

n

n

e f m tm m p m 


=

 + − − = +  

By applying into the relation ,P we have, 

1

( )(1 )(1 ) 1i i n

n

n

e f m tm m e p m  


=

 
 + − − = + − 

 
  

 

   (2.2) 

Rearranging (2.2), we have, 

( )
1

( )(1 )(1 ) sin cosi i n

n

n

e f m tm m i e p m    


=

 + − − − = − + . 

We divide the equation with cos −  to obtain P ,  

 

( )
1

cos
( )(1 )(1 ) sin

.
cos cos

i n

n
i n

e p m
f m tm m i

e





 
 

   



=

− +
 + − − −

=
− −


 

 

Therefore, 

( )
1( ) (1 )(1 ) sin

1 .
cos cos

i n

n
i n

e p m
f m tm m i

e



  

   



=
 + − − −

= +
− −


 

 

By applying 
cos

i

n
n

e p
b



 
=

−
, we have 
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1

( )(1 )(1 ) sin
1 .

cos

i n

n

n

f m tm m i
e b m  

 



=

 + − − −
= +

−
  

 

We relate the function in P  with 

 

                
( )( )( )1 1 sin

( )
cos

i
f m tm m i

e p m
 

 

 + − − −
=

−
. 

 

(2.3) 

 

So that, ( )* ,f S t  if and only if ( ) .p m P  Based on (2.3) noted that cos − should 

always be positive which brings about the condition cos   in the definition of the class 

( )* ,S t . In addition, by using an approach of Herglotz representation theorem for function 

in P  give a representation function for ( )* ,S t . 

 

Now, we shall prove our main result. 

 

 

3. Main Result 

Now, we shall focus on the coefficient bound of ( )* ,S t . 

 

Theorem 3.1 

( )* , ,If f S and f S t then   

( ) ( )

( )

( )

( )

2

2

1 2 1 11
, 2,4,6,...

1

2 1 11
, 3,5,7,...

1

n

t A t n t
n

n t

a

A n t
n

n t





   − + − + + +    =
  + 


 


 − + + =   + 

 

Proof. 

Suppose that 

( ) ( )
1

1
x

xm
p P p m d x

xm


+
  =

−
,  1x = , 

for some probability measure   on the unit circle X . Rearranging (2.3) to make ( )f m  as 

the subject, 

( )

( )
( )( )sin cos .i

mf m
e i p m

g m

    


− − = −


 

Then, 

( )
( ) ( )( )cos sin

i
g m p m i

e f m
m


     − + +  = , 

by replacing cos A − = , we have, 
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( )
( ) ( ) sin

.i
g m A p m i

e f m
m


   + +  =  

Therefore, 

                    ( )
( ) ( ) sin

i
g m A p m i

f m e
m


 

−
  + +  = , 

(3.1) 

which implies 0.A   From (3.1), we have 

 

( )
( )

( ) ( )
1

cos sin .
1

i

X

g m xm
f m e d x i

m xm

     −
   +

 = − + +    −  
  

Then, follows that 

 

( )
( ) ( )( ) ( )( ) ( )

0

cos 1 sin 1
.

1

i im

X

g e x e i x d x
f m d

x

        


 

− −  − + + + −
=  

−  
   

 

Then, 

( )
( )( ) ( ) ( )( ) ( )

( )( )

( ) ( )

0

0

1 cos sin1 1

1

1 cos sin 21
,

1 1 1

i i
m

x

im

x

x e e i d xxt x
f m d

x

x e i d x
d

xt x x

 




      


 

    


  

− −

−

 
   + − − ++ −    =
 − 
  

 

   + − −   =
 + − − 
  

 

 

 

 

and 

( )
( )( )

( ) ( )

( )
( )( )

( ).
11

21

1

21

11

1

0

2

2

0

2

xd
xxt

deex

d
x

xdeex

xxt
mf

X

m ii

m

x

ii

















 

 










−+

−+
=



















−

−+

−+
=

−−

−−

 

Let ,22 mee iai =− −− 
 

                     ( )
( ) ( )

( ).
11

1

0

2
xdd

xtx

mx
mf

X

m





  









+−

+
=  

 

(3.2) 

Rearranging the equation (3.2), 

( )
( ) ( )

( )

( )( ) ( ) ( )
( )

2

0

2

0

1

1 1

1
,

1 1 1 1

m

X

m

X

m x m m
f m d d x

x xt

m m
d d x

x xt x xt


 

 

 
   

 − + + +
 =

− +  

 − +
 = +

− + − +  

 

 

 

Therefore,  
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( )
( )
( )( ) ( ) ( )

( )xdd
xtx

ee

xtx

ee
mf

X

m iiii








 

  








+−

−+
+

+−

−−
=

−−−−

0

2

22

11

21

11

2
. 

Next, separate the variable 

( ) ( )
( )( )

( )
( ) ( )

( ).
11

1
21

11

1
2

2

2

0

2

xdd
xtx

ee

xtx
eemf

ii

x

m

ii








































+−
−++



















+−
+−=

−−

−−

 
 

By using partial fraction, we get 

( ) ( )
( )( ) ( )( )

( )
( ) ( ) ( )( ) ( ) ( )

( ),
1111

1

11
21

1111

1
2

2

2

22

2

0

2

xdd
xtt

t

xtxt

t
ee

xtt

t

xt
eemf

ii

X

m

ii








































++−+
+

−+
−++



















++
+

−+
+−=

−−

−−

 

by replacing, 

                                       ( )21 2 2 cos sini ie e A i 

  − −+ − = −  

and rearrange the equation, 

( )
( ) ( ) ( )

( ) ( ) ( ) ( )
( ).

11

1

11

2

11

1

1

2

2

22

0

2

xdd
xt

t

x

t

x

t

t

eA

xt

t

xt

ee
mf

i

X

m ii








































+
+

−

+
+

−













+
+



















+
+

−








+

+−
=

−

−−

 

 

 

 

 

 

(3.3

) 

 

 

From (3.3), we have 

( ) ( )
( ) ( )

( ) ( ) ( )
( )

( )
( ) ( )

( ) ( ) ( )
( ) ,

11

21

11

2

11

1
2

1

1

,
11

1

11

2

11

1
2

1

1

2

22

0

2

2

22

0

2




























dxd
xt

t

x

t

x

tx

t

eA

xt

t

x
ee

t

dxd
xt

t

x

t

x

txt

t

eA

xt

t

x
ee

t
mf

i

m

X

ii

i

m

X

ii




























+
+

−

+
+

−

−














+
+



















+
+

−
+−

+
=




























+
+

−

+
+

−

−














+
+



















+
+

−
+−

+
=

−

−−

−

−−

 

 

 

and 
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( ) ( ) ( ) ( )( )

( )
( ) ( ) ( ) ( )( )

( )
( )( ) ( )( )

( )
( )

( )( ) ( )( ) .1
1

212

1

2

1
1

2
2

2
1

1

0

0

0

2

2

0 0

2





















dxdxn
t

teA

xdxn
t

etA

xdxt
t

eAt
ette

xdxee
t

mf

n

X n

n
i

X n

nn
i

n

X n

nnn
i

ii

m

X

n

n

nii





+

+

+
+

+
−

−













+
++−+

−−
+

=







 



=

−



=

−



=

−

−−



=

−−

 

 

 

       

 

 

 

 

 

 

 

 

  (3.4) 

From (3.4), substitute 0=n , then 

( )
( )

( )( ) ( )( )2 2 2

2

1
2 2 1 2 2 1 2 ,

1

i i i i i if m e e te t e t t A e A e t
t

     

  − − − − − − = − + − + + + + +
 +

 

and 

( )
( )

( ) ( ) ( )( )2 2 2 2

2

1
1 2 2 4 2 2 4 2 .

1

i i if m t t e t t e t t A e
t

  

− − −= − − − + + + + + +
+

 

Substitute  −= cosA  and 
2

cos



ii ee −+

= , thus 

( )
( )

( ) ( )( ( ))2 2 2 2 2 2

2

1
1 2 2 1 2 4 2 2 4 2 2 1

1

1

i if m t t t t e t t t t e t t
t

 − −= − − − + + + + + + − − − + + +
+

=
 

Then, rewrite the equation (3.4) will yield to  

 

( ) ( )( )

( ) ( )

( )
( ) ( ) ( )( )

( )
( )( ) ( )( )

( )

( )
( )( ) ( )( ) .1

1

212

1

2

1

2121

1

2
1)(

1
2

1
2

1
2

22

10

2



























dxdxn
t

teA

xdxn
t

etA

xdxt
t

eAttettte

xdx
t

ee
mf

n

X n

n
i

X n

nn
i

X n

nnn
iii

n

X n

n
m ii





+

+

+
+

+
−

−














+

−+−+
−















+

−
−=











=

−



=

−



=

−−−



=

−−
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Integrating with respect to  gives us, 

 

( ) ( )

( ) ( )

( )
( ) ( ) ( )

( )
( )( ) ( )

( )

( )
( )( ) ( ) .

1

212

1
1

2

1

2121

1

2
)(

2

1

2

2

1

2

2

11

2

22

2

1
2















+

+
+









−

+
−









−















+

−+−+
−


















+

−
−=











=

−
−



=

−
−



=

−−
−−−



=

−
−−

X

n

n

n
i

n

X n

n
i

X n

n
nn

iii

n

X n

n
ii

n

m
xdxn

t

teA

n

m
xdxn

t

etA

n

m
xdxt

t

eAttettte

n

m
xdx

t

ee
mmf



























 

Rearranging the equation, we have 

 

( )
( )

( ) ( )

( ) ( )

( )
( ) ( ) ( )

( )
( )( ) ( )

( )

( )
( )( ) ( ) ,

1

212

1
1

2

1

2121

1

2
)(

1

2

1

2

11

2

22

1

2

2

n

X

n
i

X

n
i

X

nn
iii

X

n

n

ii

mxdxn
nt

teA

xdxn
nt

etA

xdxt
nt

eAttettte

xdx
nt

ee
mmf
















+

+
+









−

+
−









−















+

−+−+
−



















+

−
−+=









−
−

−
−

−−
−−−

−


=

−−



























 

 

 

 

 

 

 

 

 

 

 

 

(3.5

) 

and from (1.1), we have that .)(
2




=

+=
n

n

nmammf  By comparing (3.5) with (1.1), we have 

found that 

( )
( )

( ) ( )

( ) ( )

( )
( ) ( ) ( )

( )
( )( ) ( )

( )

( )
( )( ) ( ) .

1

212

1
1

2

1

2121

1

2

1

2

1

2
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2

22

1
2

n

X

n
i

X

n
i

X

nn
iii

X

n
ii

n

mxdxn
nt

teA

xdxn
nt

etA

xdxt
nt

eAttettte

xdx
nt

ee
a
















+

+
+









−

+
−









−















+

−+−+
−



















+

−
−=









−
−

−
−

−−
−−−

−
−−
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Upon simplification, we have 

 

( )
( )

( ) ( )

( )
( )

( )

( )

( )

( )
( ) ( ) .

1

212

1

12

1

2121

1

2

1

22

1

2

222

















+

+
+

+

−
−

−
+

++++
−





+

−
−=


−

−−

−
−−−−−

X

n
ii

n
iiiii

n

xdx
nt

eAtn

nt

eAnt

t
nt

eAttettte

nt

ee
a
















 

 

 

 

Rearranging the equation, 

( ) ( )
( )

( ) ( ) ( ) ( )
( ) ( )

2
12 2

1

21
2 2

1 1

2 2 2 4
,

1 1 1 1

i
ni i i i

n

i i i i
n

X

t A e
a e e te t e t

t n t

ntA e tA e nA e ntA e
x d x

t t t t


    

   

   

 



−
−− − − −

− − − −
−

  
= − + − − − −   + + 


− + + + + + + + 



 

we have, 

( ) ( )
( )

( ) ( ) ( )
( ) ( ) ( )

2 2

1

21
2 2

1 1

2 2 2
. 3.6

1 1 1

i
ni i i i

n

i i i
n

X

tA e
a e e e e t

t n t

ntA e tA e nA e
x d x

t t t


    

  

  

 



−
− − − −

− − −
−

  
= − + − − + + −   + + 


+ + + + + + 



 

Based on (3.6), we will obtain two equations of na . One of the equations of na  when n is an 

even number starting with ,...6,4,2=n   

( ) ( )

( ) ( ) ( )
( ) ( )

2
2 2

1

21
2 2

1 1

2 2 2
,

1 1 1

i
i i i i

n

i i i
n

X

t A e
a e e te t e

t n t

ntA e tA e nA e
x d x

t t t


    

  
  

 



−
− − − −

− − −
−


= − + + − −+ +


+ + + + + + 



 

and

 

( )

( ) ( )( )
( )

( ) ( )
2

1
1 1 2 21

2 ,
1 1

i i i

ni

n

X

t t e e tA e
a nA e x d x

t n t

  

 






− − −

−−

 − + + − −
 

= +
+ +   

then again since 1222 −=− −−− 


  iii eAee  and ,1=− ie  

( )

( )

( )
( ) ( )

11 2 11
2 ,

1 1

i

ni

n

X

t t A e
a nA e x d x

t n t



 

 

−

−−
 − + − + − 

= +
+ +   
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and 

 

( )

( )

( )
( ) ( )

2
11 2 1 2 ( 1)1

,
1 1

i i
n

n

X

t t t t A e n t A e
a x d x

t n t

 

 


− −
−+ − − + − + + +

=
+ +   

 

thus 

 

( )

( ) ( )

( )
( ) ( )

( )

( ) ( )

( )
( ) ( )

2

1

2

1

1 2 1 11

1 1

1 2 1 11
,

1 1

i

n

n

X

n

X

t A e t n t
a x d x

t n t

t A t n t
x d x

t n t











−

−

−

 − + − + + + 
=

+ +

  − + − + + +  
 + +
 





 

and 

( ) ( ) 
( )

,...6,4,2,
1

11211
2

2

=










+

+++−+−
= n

t

tntAt

n
an

           

 

Based on (3.6), another equation of na  when n is an odd number starting with ,...7,5,3=n
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as required. 

 

 

4. Conclusion 

In conclusion, there are three purposes of this paper, which are to to define the new 

generalized class of tilted univalent analytic functions, to find representation theorem for this 

class of functions and to determine the coefficient bound for the ( )* ,S t . We believe that 

we have achieved all the objectives that we highlighted.   

References 

Darus, M. (2002). The Fekete-Szegö theorem for close-to-convex functions of the class 

KSH (α, β)[J]. Acta Mathematics Academiae Paedagogicae Nyíregyháziensis, 18, 13-

18. 

Duren, P. L. (1983). Univalent Functions. In Springer. 

Goodman, A. W. (1983). Univalent functions. Mariner Pub. Co. 

Kaharudin, N. (2011). On a class of a -close-to-convex functions. Master Thesis, Universiti 

Teknologi MARA.  

Yahya, A., Soh, S., & Mohamad, D. (2013a). Coefficient bound of a generalized close-to-

convex function. International Journal of Pure and Applied Mathematics, 83(2), 287-

293.  

 

JOURNAL OF EXPLORATORY MATHEMATICAL UNDERGRADUATE RESEARCH Vol. 002 (2024)

34




