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Abstract

In the present paper, we study the polynomial approximation of entire functions of several
complex variables. The characterizations of order and type of entire functions of several
complex variables have been obtained in terms of approximation and interpolation errors.
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1. Introduction

Let 9:CN" —-C,N>1, be an entire transcendental function. For z=(z,2,,...,2,)€C",
we put S(r,g)=sup{|9(@)|: |z, +|z,? +..+|z, ’=r’} , r>0. Then we define the
order g(z) as

loglog S(r,q)

p(9) =limsup
r—ow |Ogr

and for 0< p <o, the type of g(z)as

o(q) = !imsupw.

Let K be a compact set in C" and let ||.||, denote the sup norm on K. The function

@, (2) =(Ip(2)["" : p-polynomial, degp<n, ||plly <1 n=12,..,2eC"), is called the

Siciak extremal function of the compact set K (Janik, 1984a and Janik, 1984b). Given a function
f defined and bounded on K, we put for n=1,2,...

En(F.K) = f =t I
Ef(f,K)=” f _In”K ;
Ei—l(f’K):” In+l_|n ”K’
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where t, denotes the n"™ Chebyshev polynomial of the best approximation to f on K and I,

denotes the n™ Lagrange interpolation for f with nodes at extremal points of K (Janik, 1984a
and Janik, 1984b). Let u,u,,...,u, € K, where u, =(u,,U,,,...,uy,). Following (Sheinov,
1971), we define

V, = max
K

N
Hv(uil’uiZ""’uin)’
i=1

where V (U, U;,,...,U;,) is Vandermonde determinant for the i-th co-ordinates of these points ,

that is,

2 n-1

u, u; . . . U

2 n-1

1 u, u;, . . . Uy

V(u,)=
2 n-1
1 u, u, . . U,

Also, let g, denote the smallest maximum modulus of n™ Chebyshev polynomial t, on
compact set K. G. M. Goluzin (Goluzin, 1966 pp. 296) obtained the relation between z, and
{V.../V, }. Here we extend this result for several complex variables. Hence here we write

N ﬁV (Zi Uips Ujgy -, Uyy)
H[(Zi _uil)(zi _Uiz)---(zi _uin)] = i:lN
= HV (Uips Uiy -os Uiy

(1.1)

N
Now if the points z,u,,u,,...,u, € K and HV (Ui, Uy, ooy Uy )=V, then the modulus of
i=1

right hand side of (1.1) does not exceed {\/M/Vn } Also for z € K the modulus of left hand
side is not less than z,. So we get

,Ll Svn+ll (12)
n Vn
Also we have

N N

HV (uil’uiz""’ui(n+1)) < H{l uinl v (uiz'ui3""’ui(n+l)) |

i=1 i=1
+ | u|nz ||V (uil’uis""’ui(n+l)) |+ (13)
et LUG Ly TV (U U ) 3

N
HV (Uigs Uigs ooy Uy ui(n+1))

i=1

Now if the points u,,u,,...,u,,u,,, € K and =V, then from

(1.3), we get
N
Vg SV, |:H{| up [ +udy [+t uin(n+l) |}}
i1

ISSN: 2232-1519 Page 80



Journal of Academia Vol 2, pp 79-90, 2012

V. N N N
or an Sl_Iluinl|"‘1_[|uinz|"‘---"‘1_[| uin(n+l)|
n i=1 i=1 i=1
Vn+1
or IV <u(n+1) . (1.4)

n

Finally from (1.2) and (1.4), we get
28 S\% < g (0 +1).

n

From the above inequalities we get

V Un
lim {”—*2} =d,
nowo|\/

n+l

where d is the transfinite diameter of the set K.

2. Main Results

Before proving our main results, we state and prove some lemmas.

Lemma 2.1: Let K = C" be a compact set with non-zero transfinite diameter. Let f be a
continuous function on K. Then the function f can be continuously extended to an entire
function g(z) if and only if

1/n
Iim{Ej(f,K)h} =0 ;s=123.
o Vn+2

Proof: Following (Janik, 1984b and Winiarski, 1973), it follows that the function f can be
continuously extended to an entire function g(z) if and only if

!@O[E:(f,K)]”” —0 ;5=1223.

Vv 1/n
Iim{ﬂ} =d.
n—oo V

n+1

Also we have

Since transfinite diameter of K is finite, therefore, we get

1/n
Iim{Eﬁ(f,K)h} =0.
n—o0 Vn+2

Hence the Lemma 2.1 is proved.

Lemma 2.2: Let (p,)
N, € N and a positive number A such that forall n>n,

be a sequence of polynomials of degree not exceeding n. If there exist

neN

n+1

1/n
b, 1l < ()" n™, where d, = B_}
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then D p, is an entire function and the order p(D>_p,) <A provided Y p, is not a

n=0 n=0 n=0
polynomial.

Proof: By assumption of lemma, we have

n
r
Il p, |l {d_} <r"'n™ . nxn, ,r>0.

n

Let us consider the function
() =r"x"".

The maximum of ¢(x) is attained at Xx=exp[Alogr—1] and is equal to

exp {% exp(Alogr —1)}. Hence we get

rl 1
Il p, |l [d_} < exp{zexp(llogr—l)}. (2.1)

n
Let us write K. ={zeC" :®,(z) <r,r >1}, then for every polynomial p of degree <n , we
have (Janik, 1984b)

1P, @] < IIp, llc Pr(@) , zeCh. 22

So the series z P, is convergent in every set K, r >1, whence z p, an entire function. Put
n=0 n=0

M (r) sup{” Pl LH ‘neN,r >o}

On account of (2.1), for every r > 0, there exists a positive integer v(r) such that
v(r)
* r
M) = [l Py Ik | =

dv(r)
and
r

M7(r) > [ p, Il L—

n

} , n>vy(r).
It is evident that v(r) increases with r. First suppose that v(r) —> o as r —oo. Then putting
n=v(r) in (2.1) we get for sufficiently large r

M™(r) < exp{%exp(ﬂlogr—l)] (2.3)
Put

F={zeC":®, (2)=r} , r>1
and

M(r)=sup{| > p,(2):zeFR} , r>L

n=0

Now following (Janik, 1984b) for some positive constant k, we have
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S(r,i pnjs M (kr) < 2M " (2Kr). (2.4)
Combining (2.2), (2.3) and 22.4), we get

S [r, i pn] <2exp {% exp{/ log(2kr) —1}}

loglog S (r, i pnj
n=0

or < loglog 2 N log(1/ 1) ) log(2k) 1l 1 .
logr logr logr logr logr
Now proceeding to limits as r — oo, we get

P3P < 2

In the case when v(r) is bounded then M™(r) is also bounded, whence Z p, reduces to a
n=0
polynomial. Hence the Lemma 2.2 is proved.

Lemma 2.3: Let (),
exist positive numbers A and u such that

(i) for every n=n,
n/a 1n
\%
Il p, Il < (d,)" [ﬁ} , where d = l:n_ﬂ} .
n \

n+1

be a sequence of polynomials of degree not exceeding n. Let there

(i) P> p,) = A
n=0

Then E p, is an entire function and the type O'(E p,) < % provided z p, is not a
n=0 n=0 e n=0
polynomial.

Proof: By assumption of lemma, we have

n n/a
Il Pl Lﬂﬁr”[ﬂ , nzn, ,r>0.

n

Let us consider the function

#(x) = rxmx .
X

The maximum of ¢,(X) is attained at XxX=pexp[Ailogr—1] and is equal to

exp {% exp(Alogr —1)}. Now as in Lemma 2.2, here we have

S (r, i pnj < 2exp{% exp{ log(2kr) —1}}
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p (2kr)*

logS r,w < log2+
or g [ Z;p] g =

© A+2ké
or log S(r,z pnj < log 2+% , Where & > 0 is suitably small,
e

n

=0
log S(r,i p

n=0 nj < Iog 2 /’l

or

[A+2ks = pAreks %
Now proceeding to limitsas r — oo , since 0 >0 is arbitrarily small, we get
N u
o(Q p) <.
nzzf; el

In the case when v(r) is bounded then M(r) is also bounded, whence Z p, reduces to a
n=0
polynomial. Hence the Lemma 2.3 is proved.

Now we prove
Theorem 2.1: Let K < C" be a compact set with non-zero transfinite diameter such that @, is

locally bounded in C". Then the function f, defined and bounded on K, is a restriction to K
of an entire function g of order p(g)(O <p(g)< oo) if and only if

nlogn

V
E>(f,K)—=™L
0]

n+2

1 s=12,3.

p(g)=limsup
—Iog{

Proof: Let g be an entire transcendental function. Write p=p(g) and
. nlogn
6, =limsup g
n—o s Vn+]_
—log-< E, ™+
Vn+2
Here E; stands for ES(9]c,K) , s=12,3. Weclaimthat p=6, , s=1,2,3. Itis known

(Winiarski, 1973) that
E. < E? < (n.+2)E; , n>0 (2.5)

15=123.

and
E> < 2(n.+2)E}, , n>1, (2.6)

n

n+ N
where n, = [ ] Using Stirling formula for the approximate value of
n

n! ~ e—nnn+l/2 /272_’
N

n
we get n. zm for all large values of n. Hence for all large values of n, we have

ISSN: 2232-1519 Page 84



Journal of Academia Vol 2, pp 79-90, 2012

E. < E? <

n

n" L
m [1+o()]E,
and

n

N
E3$2%ﬂ+wﬂﬁ.

Thus 8, < 6, = 6, and it suffices to prove that 6, < p < 6,. Firstwe provethat 6, < p.
Using the definition of order, for ¢ >0 and r > r,(g) , we have

S(r,g)Sexp(rE) :

where ,5 = p+¢, provided r is sufficiently large. Without loss of generality, we may suppose
that
KcB={zeC": |z [ +|z, [ +.+|z, <1

V V
Then E:—L < El(g,B)—t .
"y . (9 )V

n+2 n+2

Now following Janik[1984b, p.324], we get
Eﬁ(g,B)\# <r"s(r,g) ,r>=2 ,n>0

n+2

or E,ﬁ\# < r‘”exp(r’g).

n+2

—\Up
Putting r = (n/p) g in the above inequality, we get

Eﬁ\# < (n/p)_n/; exp(n//_y)

n+2

or —log| E; Vo | 5 Dlogn ), logp 1

V.., Yo, logn logn
or limsup nlogil/ < p

_|og{Ei nﬂ}

Vn+2
or 6 < ,_o
Since € > 0 is arbitrarily small therefore finally we get
6 < p. (2.7)

Now we will prove that p < 6,. If &, =00, then there is nothing to prove. So let us assume
that O < &, < oo. Therefore for a given € >0 there exists n, €N such that for all n>n, , we

have
0< ”mgc <0, +e=0,
—log< E® ~t
Vn+2
or E? Vot ¢ oo,

n+2
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Now from the property of maximum modulus, we have

o0

sy <SE Ve < S edpn, 3 g,
n=0 V V

n+2 n=0 n+2 n=ny+1
Now for r >1, we have

o0

S(rog)<Ar*+ > r n"e (2.8)

n=ny+1
where A is a positive real constant. We take
N(r) =[(N+Dr]*. (2.9)
Now if r is sufficiently large, then from (2.8) and (2.9) we have
S(r,g) <Ar +r®@ " n A N s

Ny +1<n<N(r) n>N(r)
or S(r,g) < Ar® +rOY n ™A N s, (2.10)
n=1 n>N(r)

Now we have

Iimsup(n’”@)ﬂn =0.

n—oo

Hence the first series in (2.10) converges to a positive real number A,. So from (2.10) we get

S(r,g) <A +Ar@+ > r" [(N+Dr] "

n>N(r)
or S(r,g) <Ar"™ +ArN® 4 ( j
(r,g)<A A, n%(:r) N 11
or S(r,g)<Ar*® +ArN® 4+ ( ] 2.11
(rg)<Ar®+A Z I (2.11)

Now we have

1/n
: 1Y 1
limsup (—j = <1
n—o N+1 N+1

Hence the series in (2.11) converges to a positive real constant A,.Therefore from (2.11), we get

S(r,g) <Ar* +Ar"® 4 A

or S(r, g) < Airno +A2r[(N+l)r]% N A3

or S(r,g)<r™ "™ | where &, >0 is suitably small,

or loglog S(r, g)<[§+(N +1)o,]logr +loglogr

or Ioglcl)gS(r g)<[0 F(N+D3]+ loglogr .
ogr

Now proceeding to limits as r — o , since &, > 0 is arbitrarily small, we get p < 0_3
Finally, since € > 0 is arbitrarily small, we get

p=0,. (2.12)
Now let f be a function defined and bounded on K and such that for s=1,2,3
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6, =limsup nlogn

B log {Ej V"”}
Vn+2

So for every A, > 6, and for sufficiently large n, we have
nlogn

<A
V
- ES tn+l

n+2

1/n
or E Vou <nYA,
V

Proceeding to limits as n — oo, we get

1/n
Iim{Eﬁ \#} <0.

n+2

n+2

Also it is obvious that

1/n
Iim{Ej h} > 0.
Vv

n—oo
n+2

Hence finally we get

V 1/n
et o
\Y/

n—o0
n+2

So by Lemma 2.1 we can say that function f can be continuously extended to an entire function
g. Letus put

g= I0 +z(|n _In—l) J
n=1

where{l }is the sequence of Lagrange interpolation polynomials of f as defined earlier. Now
we claim that g is the required continuation of f and p(g)=46..
For every A, > 6, and for sufficiently large n, we have

E3 Vn+1 < n—n/ﬂl

n
n+2

or 1, =1 11 <(d,)" n ™%,
So using Lemma 2.2, we get
p(9) < 4.
Since 4, > 6, is arbitrary, so finally we get
p(9) <6,
Now using (2.5), (2.6) and the proof of first part given above, we have p(g) =46, , as claimed.
This completes the proof of Theorem 2.1.

Next we prove
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Theorem 2.2: Let K < C" be a compact set with non-zero transfinite diameter such that ®, is
locally bounded in C". Then the function f, defined and bounded on K, is restriction to K of
an entire function g of type o(g)(0<o(g) <o) if and only if

pln
o(g)= Iimsupl{Ej(f , K)h} 1s=123,
n—oo ep Vn+2

where 0 < p < .
Proof: Let g be an entire transcendental function. Write o =o(g) and

n—oo

V pln
N, = Iimsupn{Ej V"—”} 15=123.

n+2
Here E; stands for E; (9 |,K) , s=12,3. We claim that 7, =cep , s=1,2,3. Now as
in previous theorem, here we prove that 77, < oe p < 1,. First we prove that 77, < o€ p.
Using the definition of the type, for e >0 and r > r,(g) , we have

S(r,g)gexp(g rp) ,

where o =c+¢ , provided r is sufficiently large. Again from [3, p.324], we have

Ei\# < r"S(r,g) < r‘"exp(Erp).

n+2

1Up
. n . . . -
Putting r = {—_} in the above inequality, we get for all sufficiently large values of n
PO

-nlp
Eﬁvf”l < {l_} exp(ﬂj
Vn+2 PO P

pln
or Iimsupn{Ei\#} < oep.

n—oo

n+2
Since € >0 is arbitrarily small we finally get
n <oep . (2.13)
Now we will prove that ocep < 1, If 77, =00, then there is nothing to prove. So let us
assume that 0 <77, < oo. For a given £€>0, there exists positive integern, such that for all
n>n, , we have

/n
Vo | —
OSn{EfV”—”} <n,+e=1,

n+2

—n/p
or ESh < |5
"V n

Now from the property of maximum modulus, we have

S(r,9) SZEEhr”
n=0

n+2

n+2
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V " —n/p

n+ n n 773

or S(r, g)g El—p" 4 S

n=0 Vn+2 n;(ﬁl n

Now for r >1, we have

" n/p
S(r,g)<Br®+ > r" {ﬁ} : (2.14)
n=ny+1 n

where B, is a positive real constant. We take

N(r) =7,(N +1)"r”. (2.15)
Now if r is sufficiently large, then from (2.14) and (2.15) we have

—_ nl/p —nlp
S(r,g)<Br*+ > {ﬂ} + > {@} : (2.16)

Ny +1<n<N(r) n n>N(r) n

Now we choose I such that 773 r’ =en. Then we have

_rp nl/p L _rp
> L <n,(N+1)”r” exp UMY
Ny +1<n<N(r) n ep

Therefore we have
— nl/p
75
+ " —=—

S(r,g) <Br™ +7,(N +1)"r” exp{

or S(r,g) <Br™ +7,(N +1)’erexp{ }+ ( j
n>N(r) N+1
or S(r,g)<Br™ +77(N +1)”r” exp ﬂ +i(ijn (2.17)
e : ep | S\N+1

Now as in the proof of previous theorem, we can say that series in (2.17) converges to a positive
real number B,. Hence

_ oy
S(r,g) <Br® +n,(N+1)"r” exp{£}+ B,
ep

or S(r,9) SEXD{(773 %) } , where &, >0 is suitably small,
ep

logS(r,g) _ (7,+6,)
- ep
Now proceeding to limits as r — oo, since 0,>0 is arbitrary, we get

or

75
ep
Since € >0 is arbitrarily small we get
oep <1, (2.18)
Now let f be a function defined and bounded on K and such that for s =1,2,3

o <
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/n
. v |’
=limsupn< E® L )
. p{nv}

n—oo
n+2

Now as in Theorem 2.1 we can easily prove that function f can be continuously extended to an
entire function ¢. Let us put

g= I0 +Z(In _In—l) |
n=1

where {I.} is the sequence of Lagrange interpolation polynomials of f as defined earlier. Now

we claim that g is required continuation of f and p e o(g)=r,.For every  >n, and for
sufficiently large n, we have

n/
E3 Vn+1 < & g
n+2 n

n

nl/p
or 1,1, <) H |

So using Lemma 2.3, we get
pea(g)<u.
Since 14 > 1, is arbitrary, so finally we get
p e o(9)<n,.
Now using (2.5), (2.6) and the proof of first part given above, we have p e o(g)=r,, as
claimed. This completes the proof of Theorem 2.2.
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