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1. Introduction

Recent years have shown many studies on symmetry which have been discussed in different
branches of science including engineering and structural mechanics. In chemical physics, the
symmetry of a molecule or a crystal is described by the existence of symmetry operations performed
with respect to the symmetry elements. The study on symmetry elements and symmetry operations
by the crystallographers have strengthened the idea in the applications of group theory to crystal
systems such as point group and crystallographic point group.

Many ideas of research that have been done on symmetry study and its relation with group
theory and graph theory. Previously, Kaveh and Fazli employed the concepts in group theory and
graph colouration on symmetric finite elements to factorize an eigenvalue problem to smaller
problems [1]. Later, Ghorbani et al. [2] have presented some results on symmetry group of cubic
polyhedral graphs and found that the order of the symmetry group of such graphs divides 240.

Meanwhile, conjugacy class graph is one of the concepts in graph theory that relate group
theory with the symmetry study. This concept was introduced by Bertram in 1990 [3]. Previously, a
subgraph of conjugacy class graph of finite groups is presented by Kong and Wang in which the
authors discuss the influence of some special vertices on conjugacy class graph [4]. Furthermore,
the conjugacy class graphs of point groups of order at most eight were discussed by Abdul Rahman
in 2018 where a complete graph denoted as K; was obtained for the point group C,,, [5].

This paper is a continuation of [5], therefore, the interest of this research is to obtain the
conjugacy class and conjugacy class graph of crystallographic point groups of order 12 and above.
Since symmetry operations may be derived from each other by an operation in the same class, the
conjugacy class is an essential principle in simplifying the expression of all symmetry operations in
a group. Consequently, certain symmetry operations from one crystallographic point group can be
grouped using the conjugacy class concept.
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2. Literature Review

In this section, some mathematical concepts, preliminary results, and basic definitions that
are used in this research are stated. Firstly, the definition of point group is discussed.
Definition 2.1 [6]: Point Group

A point group is a set of symmetry entities that all move through one point in space, while
symmetry element is a geometrical unit such as a line, a plane, or a point in which one or more
symmetry operation can be performed.

Example of symmetry elements are identity element, plane of symmetry, proper axis,
inversion, and rotation-reflection axis or improper axis which are denoted as E, o, C,, I and §,,.
Meanwhile, symmetry operations are an operation that leaves an object looking the same or there is
no difference in the appearance of a molecule before and after performing the operations. Figure 1
is an example showing how the symmetry operation of C;, a rotation of 120° acts on a molecule of
D5y, namely, Boron Trifluoride (BF3) that result in an indistinguishable structure of molecule after the
operation.

Rotation of 1207

Figure 1. Symmetry operation of C; on BF3

Definition 2.2 [7]: Crystallographic Point Group

Crystallographic point group is a subgroup of point group with some limitations and
restrictions on the rational symmetries are imposed. These limitations will reflect the internal
geometric arrangement of molecule and help in classification of the crystallographic point groups into
crystal system. In general, crystallographic point groups can be presented in a form of repetitions of
the motif in such a way that they completely fill the space. Fundamentally, there are 32
crystallographic point groups in three dimensions with the highest order of 48.

Next, the definition of conjugate of two elements in a group and conjugacy class are stated.

Definition 2.3 [8]: Conjugate
Elements a and b in group G are conjugate if xax™ = b or xbx™! = a for some x in G.
When elements of a group are conjugate to each other, they can be grouped and called as
conjugacy class.

Definition 2.4 [8]: Conjugacy class

Let a be an element of a group G. The conjugacy class of a or written as cl(a) in a group G
is a subset consisting of elements which are all conjugate to each other and can be defined as
{xax~|x in G}.

In this research, the number of conjugacy classes in G is represented by the notation K(G).

Proposition 2.1 [9] Let a be an element of a group G, then a lies in the centre Z(G) of G if and only
if the conjugacy class of a has only one element.

Proposition 2.2 [9] Let G be an abelian group, then xax~! = a for all a and x in G; so cl(a) = {a} for
allaing.
Next, some fundamental concepts and definitions related to graph are presented.

Definition 2.5 [10]: Graph
A graph G is an ordered pair of disjoint sets (V(I'), E(I')) such that E is a subset of the set V
of unordered pairs where V(I') is the set of vertices and E(I) is the set of edges.



Definition 2.6 [10]: Complete Graph
A complete graph is a simple graph where any two vertices are adjacent and any complete
graph of n vertices is denoted as K,,.

Definition 2.6 [11]: Isomorphic Graph

Two graphs G and H are isomorphic if H can be derived from G by relabeling the vertices;
that s, if the vertices of G and H have a one-to-one correspondence, with the number of edges joining
each pair of vertices in G equaling the number of edges joining the corresponding pair of vertices in
H.

Definition 2.7 [3]: Conjugacy Class Graph

A conjugacy class graph is a graph whose vertices V = {v,, ..., .} are the non-central
conjugacy classes of a group G, and two vertices are connected if their cardinalities are not coprime
and their greatest common divisor (gcd) of the cardinalities is greater than one.

In the following section, methods to obtain conjugacy class and conjugacy class graph are
presented.

3. Methodology

Previously, it has been proven that crystallographic point groups D54, D3, Ce,, and Dy are
isomorphic to non-abelian dihedral group of order 12, D, [12]. Besides, the crystallographic point
groups T, and O are isomorphic to symmetric group of order 24. Consequently, by using the
Definition 2.6, the conjugacy class graphs of all the isomorphic groups are found to be similar in
structure but different in labelling.

Next, the conjugacy classes and conjugacy class graphs of crystallographic point groups of
order 12 and above are determined.

First, consider T = {E, C,(2), C, (), C,(x),C4,CE,c§, cP,c24,C2B, C2¢, C2PY. The elements of
group T are determined from the symmetry operations that act on the symmetry elements of group
T and described in Schoenflies notation. For example, C,(z) is a proper rotation of 180° about the z-
axis. The conjugacy classes of element C,(z) in T are found by using the Definition 2.4 and
Proposition 2.2 as follows:

Letx = E, xax™! = (E)C,(2)(E) = C,(2),

letx = C,(2), xax™! = (C,(2))C,(2)(C,(2)) = C,(2),
letx = C,(y), xax™! = (CZ(Y))CZ(Z)(CZ(Y)) = (,(2),
letx = C,(x), xax™* = (C,(x))C,(2)(C,(x)) = C,(2),
letx = C3', xax™" = (C5)C,(2)(C3*) = C,(x),

letx = €5 xax™ = (C§)C,(2)(C3P) = C,(x),

letx = C5, xax™" = (C5)C,(2)(C5°) = C,(x),

letx = CP, xax™! = (CP)C,(2)(C2P) = C,(x),

letx = €34, xax™ = (C3)C,(2)(C) = G (),

letx = €32, xax™' = (C7)C,(2)(C3) = C,(¥),

letx = C3¢, xax™" = (C5°)C,(2)(C5) = C,(y),

letx = C2P, xax™ = (C2P)C,(2)(CE) = C,(y).

Thus, cI(C2 (z)) = {C,(2), C;(y), C,(x)}. The same method is used to determine the conjugacy
classes for the other elements of T. The conjugacy classes of T are listed as follows:
i. cl(E) = {E},
i. cl(C(2) = {C(2), (), ()},
i. — cl(cd) = {c4,cB, ¢k, chy,
iv.  cl(C3) = {C24,C25,c2¢, 2Py,

It is found that K(T) = 4 and |Z(T)| = 1. In order to generate the conjugacy class graph of
crystallographic point group T, the result on conjugacy classes of group T is applied to the Definition
2.7, in which two distinct vertices are connected given that the greatest common divisor of the size

of the conjugacy classes is greater than one. In this case, the gcd(|cl(C,(2))], Icl(C$)]) = ged(3,4) =
3



1, ged(|cl(C(2)], Iel(€2h]) = ged(3,4) = 1 and ged(|cl(CM], |cl(C24)]) = ged(4,4) = 4. Therefore,
only vertices of cl(C4) and cl(C24) are connected and the conjugacy class graph of T is presented

in Figure 1.

d(cs)e

Figure 2. Conjugacy class graph of crystallographic point group T

®cl(c:34)

In the following section, the conjugacy classes and conjugacy class graphs for all the groups

are discussed.

4. Results and Discussion

In this section, the conjugacy classes of all the crystallographic point groups of order 12 and
above are found by using the definition of conjugacy classes and as discussed in the previous
section. Table 1 summarizes the conjugacy classes, K(G) and humber of central conjugacy classes,
|Z(G)| for all the crystallographic point groups of order 12 and above.

Table 1. The conjugacy classes and the number of Z(G) for the crystallographic point groups

of order 12 and above.

Groups Symmetry Elements Conjugacy Classes K(G) N;('G())f
T E,Cz(Z), CZ(y)! Cz(X),C?{l CI(E) = {E}, CI(CZ(Z)) = 4 1
,C3B,C§,C3D,C§A’C§B,C§C’ {CZ(Z)' CZ(Y): CZ('X)}! CI(Céq) =
czb {cf,c3,c5,C93, (3 =
{c34, ¢35, ¢3¢, 3Py,

D34 E,C5,C2,c4,C5,C5.1,Sg, | cl(E) ={E}, cl(C5) = {C5,C53, cl(CS) = 6 2

56510-5"{4!0.510-5 {Cﬁ‘l’ CSZBl CZC}vACI(I) =/;{I}lBC1(€6) =
{Se, S5} cl(og) ={04, 04,04}

D3y, E,C3,C3,c4,C8,C5,S5,53, | ClE) = {E}, cl(C3) = {C5, C3}, cl(C5) = 6 2

on.0l 08,05 {4, C7,C5} cl(on) = {op},cl(S3) =
{531535}' Cl(o-‘l;l) = {0-1;11 O-VB' O-‘lg:}

Cov | E, Cy,C5,C3, Co,CE 08,08 | CI(E) ={E}, cl(C5) = {C5, €33, cl(Ce) = 6 2

e 0'{14,0'5,0'5 {Cs,CE}, CI(Cy) = (G}, cl(af) =
{of,0d,04}, (o) = {0}, 0}, 0}

Dg E,C,,C3,C2,Cs,CE,C4,CE | Cl(E) ={E}, cl(C5) = {C5, €3}, cl(Cy) = 6 2

CE, c cB cs {Cs,C3}, cl(C) = {C,}, cl(C) =
{5, C7, €3} el(C) = {¢3", C7", C7'}:

Dan E,C,C4,C3,C3.C3, C5", | cl(E) ={E}, cl(0f) = {0, 04}, cl(]) = 10 4
CP'1,5,.53 04,0808 A, | {1}, clon) = {ay}, ¢I(C,) = {Co €53,
oF cl(CF) = {C£,CF), cl(S,) = {51,533,

cl(C,) = {Co}, cl(C5") = {C5", €7,
cl(oy) = {03!, 07'}.

Den | E, C,,C5,C2,Ce,C2,C4,CE | cl(E) = {E}, cl(D) = {1}, cl(Cy) = {Co}, 12 4
CS,C4V B cS 1,856,858, Cl(ah)5= {on}, cl(C3) = gcg, Cf};lcl(cé) =
$3,55,0n,08,08 08 af, | (CoCel cl(Ss) = 155,553, ellC5) =
oB o€ {c4,c8, ¢ cl(cs) ={cs, cF,cs ),

ard cl(Se) = {56, 583, cl(o) = {af, 0%, 05},
cl(ap) = {0y, 07, 07 }.
T E,C5(2),C,(¥),Co(x),C4, | cl(E) ={E}, cl(]) = {1}, cl(C§") = 8 2

cE.cs.ch c24.c28,c2¢,
C3°,5¢,5¢,56.58 58",
$5%.85¢,567 1,00 (xy),
0y (x2), 0y (yz)

{c8,¢5,C5,C9},cl(Sg) =
{s¢,S&,86,5}, cl(sg™) =

{884, 85°,55¢, 5673, cl(C3*) =
{c34,¢3%, ¢3¢, 3, 0l(C,(2) =




{C2(2), C,(), C, ()}, (o (xy)) =
{0, (xy), o, (x2), 05, (y2)}.

T ECy(2), C(y), Co(x),C4 | cl(E) = {E}, cl(C5) = 5 1
CB CcE cP c2A c2B c2c, | {Cf, ACaB.CaC. 53[’. gszA.CCszi., 632;, ngclj},
C3P.0d.08 0. o' o', | C\%) = o 70 o T4 o o )
O'g’,Sf, Sf,Sf,S3A, cl(S3) = {S4,5x,54,5:°,55°,5:°},
§3B g3c cl(C,(2)) = {C,(2), C,(), C,(x)}.
0 E.C,(2), C,(y), Co(x),C4 | cl(E) = {E}, cl(C{) = 5 1
,CB.cE.ch c24 c2B c2¢, | {C5,C5,C5,C9,C3, (3P, (3¢, C3P),
Cg?D,Céq,CZB,CZC,Céq,,Cfl, Cl(CZA) = {CZA, CZB, CZC, CZA', CZB’, CZCI},
CZC’,C4(Z),C4(y),C4 (x), Cl(Cz (Z)) ={C:(2), C;(¥), C;(x)},
@) Gy | AC@) = s
{C4(2), C4(¥), C4(x), C4(2)°, Co(y)°, C4(x)
Op E.Cy(2), C(y), Co(x),C4 | cl(E) = (E}, (D) = {1}, cl(C,(2)) = 10 2
CE.cE.cP.c34,c28,c3¢, | {G(2), (), C(x0)}, cl(Cs) =

c2P cAcB el e ek, |G, fff.Cgc, gé), g32A:C C32i:’C32; Cs?c’f},
CELCACE CLC Cul | ) Z (G cE o o ot
CI(Sf) = {Sf,Sf,Sf,S3A,S3B,S§’C},
cd(of) = {0f,0f,04,08" 08", 05"},

3¢, 1, on(xy),0n (x2),
0, (y2),5¢8.5¢ 5§58 ,S8,

5B ¢5C ¢5D A B .C
Se ¢ 156 1:00.04.0¢: | cl(0y(xy)) = (o (xy), on(x2), 0, 2)},
04,04 104 54+ 54,54, | cl(SA) =
524, 83", 85¢. {s4,88,5E,8, 554, 557, 55¢, 58P}

Next, by using the definition of conjugacy class graph, the conjugacy class graphs of all 12
groups are presented. For crystallographic point group Cgj, the conjugacy class graph cannot be
generated as it is an abelian group. By using the Proposition 2.1, the number of non-central
conjugacy class of Cg, is zero.

First, the conjugacy class graph of D5, of order 12 is shown in Figure 2. The number of non-
central conjugacy class of D5 is four.

c(C:) @ ® cl(Ss)

o(c:) @ ® cl(cf)
Figure 2. Conjugacy class graph of crystallographic point group D5,

Since the crystallographic point group D, is isomorphic to Dy, D, and C,, the conjugacy
class graph of all the groups is similar in structure but different in vertices labelling. The vertices of
D3y, Ceypy @nd Dy corresponding to the vertices of D;,; are listed in Table 2.

Table 2. The vertices of D, Cq,,, and Dy corresponding to the vertices of Dy,

Vertices of D3y Vertices of Dy, Vertices of Dg Vertices of Cg,
cl(Cs3) cl(Cs) cl(Cs) cl(Cs3)
cl(Se) cl(S3) cl(Ce) cl(Cy)
cl(cs) Cl(cs) cl(cs) cl(eg)
cl(af Cl(e) cl(C cl(a)

Next, the conjugacy class graph of crystallographic point group D,;, of order 16 is presented
in Figure 3. The number of non-central conjugacy class of D, is six.



cl{Cy) c|(;:5‘1]

cl(S4) c(cs’)

cl(af) cl(az')
Figure 3. Conjugacy class graph of crystallographic point group D,

Crystallographic point group D,; produces a complete conjugacy class graph, denoted as
K. Next, the conjugacy class graph of crystallographic point group Dy, of order 24 is presented in
Figure 4. The number of non-central conjugacy class of Dy, is eight.

cl{Cs) CI(C{“]

cl(Ss) cl(Cs) cl(o) cl(af)

cl(Sg) c(cst)
Figure 4. Conjugacy class graph of crystallographic point group D,

Next, the conjugacy class graph of crystallographic point group T;, of order 24 is presented
in Figure 5. The number of non-central conjugacy class of T;, is six.

c(C54) cI(Clg.{z]}
c(cs) d(sg)
cl(5%) cl(a’h?xy)}

Figure 5. Conjugacy class graph of crystallographic point group T;,

Next, the conjugacy class graph of crystallographic point group T, of order 24 is presented
in Figure 6. The number of non-central conjugacy class of T is four.



acs) d(6:(2))

cl(s)

cl(q}q}
Figure 6. Conjugacy class graph of crystallographic point group T,

Since the crystallographic point group T, is isomorphic to 0, the conjugacy class graph for
both groups is similar in structure but different in vertices labelling. The vertices of O corresponding
to the vertices of T, are listed in Table 3.

Table 3. The vertices of O corresponding to the vertices of T,

Vertices of T, Vertices of O
cl(csh cl(cs)
cl(ag) cl(cs)
cl(sh Cl(Cy(2))
cl(C,(2)) CI(C,(2))

Lastly, the conjugacy class graph of crystallographic point group 0,, of order 48 is presented
in Figure 7. The number of non-central conjugacy class of 0, is eight.

cl(crd{xy}} cI(Ca_‘-q)

NN

cI(qu} cl(C2(2))

Figure 7. Conjugacy class graph of crystallographic point group 0,,

The result shows that only crystallographic point groups T and D,, generate a complete
graph denoted as K, and K, respectively, in which all the vertices are connected. The application of
the conjugacy classes in crystallographic point groups is essential in simplifying the expression of all
the symmetry operations in a group since the operations in the same conjugacy class are equivalent
and can be generated from each other by the same operation. By way of explanation, Table 1 shows
the symmetry operations of the same conjugacy classes which are equivalent and can be derived
from each other by the same generating set. Besides, the conjugacy class graphs obtained in this



research represent a model of the pairwise relation between the conjugacy classes of the
crystallographic point group.

5. Conclusion

In this research, the conjugacy classes for crystallographic point groups of order 12 and
above are determined. Next, the conjugacy class graphs are presented. It is proven that the
crystallographic point group Cg, consists of singleton sets with zero non-central conjugacy classes,
hence the conjugacy class graph of C;, cannot be generated. For isomorphic groups, the conjugacy
class graphs are found to be similar in number of vertices and connectivity but different in labelling.
Furthermore, it is found that only crystallographic point group T and D,; produce complete graphs
and denoted as K, and K, respectively. This research can be extended to determine the chromatic
number, cligue number, and the denominating number of the conjugacy class graph of
crystallographic point groups.
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