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ABSTRACT

In this paper, the authors introduce and study a new class of analytic p-valent functions and its
connections with some famous subclasses of analytic and univalent functions associated with shell-
like curve and modified sigmoid function in the open unit disk E= {z : z |<l}. In particular, the
coefficient condition for function f(z) belonging to the class Bp (A, p) is investigated using a succinct
mathematical approach. In addition, as a special case, convex functions of order 1/4 are shown to
be in the aforementioned class Bp(4, p) in E. With the aid of subordination pri nciple, the authors
obtain the first three Taylor-Maclaurin coefficients |ap+1 |, |ap+2 | and |ap+3 | as well as the
Fekete-Szegd functional |ap+2 -nal2p+1| for functions f{z) belonging to the class Bp(1, B, o:p)
involving modified sigmoid function and associated with shell-like curve.
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1. Introduction

Let the function f(z) be analytic in the open unitdisk £ = {z: z |<1}. Also let 4 denote the class

of all analytic function f(z) having the form

f@)=z+) a, ' (1)
k=2

in E. Suppose that S denote the class of all functions in A4 which are univalent in E. Then the
function f(z) €A is said to be starlike, convex and bounded turning function of order f

respectively, if the following geometric conditions are satisfied:
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Re {ij(g)} B, (zeE).  (0<f<)) @)
{ f”( }>ﬁ', (z € E), 0<p<) (3)

and
Re {/'(2)} > B, (z € E), 0<p<1 )

Here, we denote the classes of starlike, convex and bounded turning functions of order Sby S~ ()

C(p)and R(p) respectively, where
CPHcS(PcS (5)

For brevity, let Ap denote the class of all analytic p-valent function of the form
f(z)=z"+ Zak z*, peN(set of all natural numbers ). (6)
k=p+1

A function f'(z)is said to be analytic p-valent in the open unit disk £, if it is analytic and assumes
no value more than p-times for|Z| <1.

2. Methodology

In this article, an analytic p-valent function is used to model two classes of analytic functions
namely: B » (A, B) and B » 4, B, o; ]N?) of shell-like curve. Differentiation, binomial expansion

and subordination principle through the modified sigmoid function are used in order to obtain the

sharp bounds on the first three Taylor-Maclaurin coefficients |a,,, [, [a,,, |, [a,.;|, and the

Fekete-Szegd functional |a ., — 7761127+1 |. Also, we employ logarithmic differentiation and certain

p+2
Lemma due to Jack (1971) to established the sufficient condition for functions f(z) of the form

(6) to be in the class Bp 4, B).

Now for function f and gin E, there exists a function £ with the condition that

#(0)=0, |u@)|<land f(z)=g(u(z))z€E.

Then we say that f is subordinate to g and it is denoted mathematically by

f=<g, zekE.
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In particular, when g is univalent in E, then

f<g=f(0)=g(0) and f(E) c g(E).
For recent studies on subordination, refer to (Hamzat & El-Ashwah, 2020). As usual, let P denote

the class of all Caratheodory functions having the form

q(z):1+chzk, zek (7)
k=1

which are analytic such that Re{g(z)} >0, see (Duren, 1983). It is necessary to note that the
correspondence between the class of Caratheodory functions P and the class of Schwarz functions
(functions with unit bound) W, exists and well known. That is,

_ L+ w(z)

9(2) =1~ )

q(z) e P (8)

In the recent time, the classes S L(ﬁ) and K § L(f)), of starlike shell-like and convex shell-like

functions, which are characterized by

zf'(z) ~, . l+o’Z _1—\/§

o PO e TT ©)
and

2f"(z)  ~, . l+o’2 1-45

1+ f'(2) <p(Z)_1—0'z—0'222’ 7" 2 (10)

have been studied by different authors, see among others (Dzioket al., 2011a & 2011b; Orhan et
al., 2020; Raina & Sokol, 2016; Sokol, 1999). However, the function p(z) is non-univalent in £

3-4/5

2

but univalent in the disk | z |= ~ 0.38. The image of the circle | z |=1 under p(z) is a

curve represented by the equation:

(l0x-5)y* = (45 = 2x)(W5x ~1f

which translated and revolved trisectrix of Maclaurin. Raina &Sokol, (2016) showed that

p(2)=1+> (u,  +u,,)o"z" (11)
k=2

l-0) -0o _
(1-0) # k=1,2,3, ...

where U, = T and o=
5
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Obviously, the result in (11) above has established the relationship between the function p(z)and

the sequence of Fibonacci numbersu, , such that
u, =0, u, =1, u, ,=u, +u,,,, k=0,1,2,..

Therefore, we can write that

p)=1+) p, 2"
=1

=1+ (uy +u,) o z+(u, +uy)o2z* + Zw: (4, s +u, ,+u,_ +u,)o 2" (12)
k=3
=l+0z+30°2" +40’ 2 +70' 2  +116°2° +... .

The theory of special function (logistic sigmoid function) has found its application in many physical
problems such as in aerodynamics, thermodynamics and electrostatic potential to mention just a
few. Logistic activation function is an information system that is inspired by the way nervous
systems like the brain processes information. the most widely used sigmoid function is the logistic
function which has the following series denotation

1 I 1 | B | B
e A R TR T
and with the following properties Fadipe-Joseph et al. (2013) and Oladipo & Gbolagade (2014):

p(z)=

(i) it outputs real numbers between 0 and 1

(i1) it maps a very large input domain to small range of outputs

(iii) it never losses information because it is a one-to-one function
(iv) it increases monotonically.

Recently, the modified sigmoid function ¢(z) was defined such that

2

$()=2p=.

was shown to belongs to the family of Caratheodory function P. Interestingly, it has the series
representation

1 1 1
2)=l+—z——2+—2" —... 13
#(2) 2 24 240 (13)
see also Hamzat (2017) and Hamzat &Olayiwola (2017).In the present work, the following

definitions shall be necessary.
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Definition 2.1: The function f(z) € 4, is said to belong to the class B,(4, B, 0; D),

1-+/5
2

peN,0<AL],0<p8<],0= , of analytic p-valent functions, if the following

geometric condition is satisfied:
s
[zf’(z)][ R
rz" )\ f(2) ~ l+o 2’ (14)
< p(2)

)=——75—, (z€E
1-p l-cz+0°z’ ( )

Definition 2.2: The function f(z) € 4, is said to belong to the new class B,(4, f) ,

peN,0< A<, 0< f <1, of analytic p-valent functions, if it satisfies the condition that

(Zgézp)j(;é)j “1|<1-8, (z e E) (15)

For various choices of the parameters P, Aand f, the family B,(4, ), yield known classes of

analytic functions as listed below:

(a) If we set 4 =1in (15), the following class of analytic functions is obtained
B,(,5)=5,8).

(b) Let p =1in (15), then the following class of analytic functions is obtained

B\(4, p)=B(4, p).
This class, B,(4, f)= B(A, f) defined in (b), is due to (Frasin & Jahangiri, 2009).

(c) If we set A = 0in (15), the following class of analytic functions is obtained
Bp(OJ ﬂ):Rp(ﬂ)

(d) Ifwe set A =0and p =1in (15), then we obtain the following

B0, 5) =R (B).
See Frasin & Darus (2001) and Nunokawa (1995) for more details on the class of analytic function

defined in (d).
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3. Main Results
In this section, sufficient conditions for functions f'(z) of the form (6) to be in the class B, (4, /)
are established using a succinct. In addition, as a special case, convex functions of order Zare

shown to be in the aforementioned family B » (4, B) in E. Also, coefficient bounds for functions

belonging to the class B,(4, f, 0 D) ., associated with shell-like curves are considered.

However, before proceeding to the main results, the following Lemmas shall be necessary, the
foremost is due to (Jack, 1971). See also Darus et al. (2015) and Murugusundaramoorthy & Magesh
(2011) among others.

Lemma 2.1 (Jack, 1971): Let @(z)be analytic in E such thatw (0) = 0. Suppose that |a)(z)|

attains it maximum value on the circle |Z| =r<latapointz, € E, then z @' (z,) = ka(z,) for

k>1.

Lemma 2.2: Let g(z)be analytic in E with g(0) = 1and suppose that

. zq'(2) | _4Bp+8B—p-1
Re{H 4(2) }> wppry oGP (1)
Then sRe{q(z)}>ﬁfor%S,B<1and O0<p<l.
Proof: Assume
o) = H1=4P)0() (m(z) ;tlJ. -
1-pox(z) P

Then @(z) is analytic in E and @ (0) = 0. Using Logarithmic differentiation, we obtain

g(z) _ (-4 o'z  po'(2)

¢) 1H1-4p) ) 1-po() (9
Let there exists a point z, € £ such that
max|e(@)|=[oz|=1, [w(zo) . ;J (19)
Then, it follows from Lemma 2.1 that
2,0 (z,) = ko (z,),  (k>1). (20)
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Suppose that @(z,) = e’ (¢ # 0), then

ol 2 dE)| __ pk  (=4B)k[1-4p+cosg]
q(z,) p+cosp 2(1—4ﬂ)cos¢+1+(1—4,3)2
<1- pk _(1—4,B)k
p+1 45
ABpt8f-p-1
4B(p+1)

This contradicts the hypothesis of Lemma 2.2. Hence, we have |a)(z)| <lin E and therefore

%e{q(z)} > ffor Z € E and this ends the proof.

Theorem 2.3: Suppose that /(z) € 4, . If

zf"(2) zf @) @Bp-1p+1)+48
me{” /@ J”{p @ J}> oy 0 oY @

thenfEBp(/i,,B),where lZO,peN,%S,B<1 and 0< p<1.

Proof: Let
RELOY R
o-(Z2) 2 o
Then, g(z)is analytic in E with g(0) =1. It follows from (22) that
q'() _ 4( _Zf’(Z)] (Zf”(Z)_ 1],
o e ) e T (23)
and
11 4@ 1( _zf’(z)J (Zf”(z)_ q 9y
Yo TN ) e T (&9

Using Lemma 2.2 in (24), we can conclude that

Zf'(2) | z¥ ’
R , zekE).
e{( pr J(f(z)] }> ﬁ ( € ) (25)

Therefore, we say that f* € B, (4, f3) and this completes the proof of Theorem 2.3. At this juncture,

it is noteworthy to state some of the consequences of the above result.
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Corollary 2.4: Suppose that f(z) € 4, . If
%e{[l+wj+(l,_ Zf'(Z)J} S (p-D(p+1)+1 ’
/'@ f(2) (p+1)

me{zf'(z)}ﬂ (z € E)-

then

rf(@) 4

Therefore f e Bp(l,i].

Corollary 2.5: Suppose that f(z) € 4, . If
e {(H zf"(z)H b Zf’(Z)j} 2=l
f'(2) /() 2

‘Re{ﬁ}>l (zekE).
rf(2)) 4

then

Therefore, fe Bp(l’éllj'

Corollary 2.6: Suppose that f(z) e 4, = 4. If
me{[l . zf"(z)H1 . Zf’(Z)j} 1
1'(@) /(2 2’

me{%}>i (zeE).

then

1
Therefore, f e Bl[l , 1]. That is, f(z)is starlike of orderZ.
4

Corollary 2.7: Suppose that f(z) € 4, . If

ine{[uﬁ}{p_zf'(z)}> (2p—1)+(p+1)+2’
[ f(2) 2p+1)

then

‘Re{&}>l (zekE).
rf(2) 2
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Therefore f ¢ Bp[l,%)
Corollary 2.8: Suppose that f(z) € 4, . If
zf"(2) _zf'(2)
iﬂe{lnL e }—[p o ]} > p,

me{m}>l (zeE)-
rf(@)) 2

then

Therefore, 1 ¢ B”(l’;j'

Corollary 2.9: Suppose that f(z) e 4, = A4 .1If
ﬂ%e{(l+ Zf"(z)}(l—ﬂj} >1
f(2) f(2) ’

iﬁe{ﬁ}>l (zeE).
f@)] 2

then

1
Therefore, f e Bl(l,%j. That is, f(z)is starlike of orderE.

Corollary 2.10: Suppose that f(z) € 4, . If

ﬂie{1+2f"(z) }> (p—l)(p+1)+1’

f(2) (p+1)
then
iﬁe{ﬁ}>l (zeE)-
pzF 4
Therefore
1
f c Bp O,Z .

Corollary 2.11: Suppose that f(z) € 4, . If
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me{1+zf"<2>}> 201,
ZEN

then

%e{w}>l (zeE).
pz 4

Therefore, if f(z)is convex of order %, then f e B p(O,i).

Corollary 2.12: Suppose that f(z) € 4, = A.If
Re {1 + L”(Z) } > l s
/(2) 2

then

Re{f'(z)}> % (zeE).

1
Therefore, if f(z)is convex of order %, then f € Bl(l , ZJ =R,.

4

Corollary 2.13: Suppose that f(z) € 4, . If

me{HZf”(Z) }> @p-D(p+D+2
1) 2(p+1)

then

iﬂe{%}>% (zeE)-

Therefore f € Bp((),%).

Corollary 2.14: Suppose that f(z) € 4, . If

then

‘Re{%}>% (ze€eE)-
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1
Therefore f € BP[O ’Ej That is convex functions of order p.

Corollary 2.15: Suppose that f(z) € 4, . If

iRe{1+Zf”(Z) }>1,
Sf'(2)

then

%e{f’(z)}>% (zekE).

1
Therefore, if f(z)is convex of order |, then f € BI(O,Ejz R, . The next set of results include

2

the bounds on the Fekete-Szego functional ‘awz —7761;+1

and the first three Taylor-Maclaurin

coefficients for functions belonging to the class B, (4, f, 0 P) related to shell-like curves. For

recent work on Fekete-Szego problems, refer to Hamzat & Sangoniyi, (2021); Orhan et al. (2020)
and Sokol (1999) among others.

Theorem 2.16: Let the function f(z) be of the form (6). If f(z) belongs to the class

1-+/5
2

Bp(l,O';ﬁ),peN,OS/ISI,OS,B<1,0': , then

ol1-p).
40,

‘ p+l

Gl(l—ﬂ){lal(l—ﬁ){@f +/1(1—ﬂ)[pH—MH+‘Df}

p 2
oyl 160 @, ’
’ _lol-p{3loF [4-Bl+C+D |
el 19207 ®,d, ’
+1 A+l
Ial(l—ﬂ){lal(l—ﬂ){mf+/1(1—ﬂ)(pp—2}—77%}@5}
2
a,,—na,,|<
oy =15 16D D,
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for complex number 77 , where

A=,
2

402D, + A(1- f) [’”2 pl (z+1)][3cpf+A(1—ﬂ)[p—”—ﬂm.
PP p

B:;t(l_ﬂ)z@l[/ﬂlj(pﬂ_/1+2J’
2 p 3

C=3|c|®’

6D, +A(1— ﬁ)(p” p—+1—(/1+1)ﬂ
p P

D=40’D, and q),.:[p—“— j i=1.2.3,... .
p

Proof: Suppose that f(z) € B, (4, 0 ; D) , then from Definition 1.1, we have that
P 26
= 1-f/§Z) =) (z€E). 20

Since @(z) is of the form (13) and belongs to class P of Caratheodory functions such that

#(z) < p(2) , then there exists an analytic function ¢(z) with ¢ (0) =1and | #(z) |< 1such that

¢(z) = ﬁ(¢ (Z)) . In view of this we define the function % (z) such that

1+¢(Z)=1+lz—iz3+Lzs—Lz6+-.- - (27)
I—g(z) 2 24 240 ¢4

It follows from (27) that

h(z)=

h@-t_ 11, 1 1

= —z ——z"+
#(2)= K+l 4 160 48 192°

And

~ 1 3 1), 1, 3 15
=l+—0oz+ -—— |zi+o| —0"——0o—-——|z"+....
7(¢(2)) 402 0(160- 16) 0'(160 320 48jz (28)

Also,
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R O e e S e
pz" \f(2) P ’ p A\l 2)7

I +3 +1 +2
[p__ Jap+3_(pp Pp _(//Ldl—l)Jlap-f—l a,.

AN 7 , (29)
[AG+D p+l AA+D(A+2)) s
i 2 p 6 Pl
+ ...
Therefore, in view of (26), (28) and (29), we obtain
+1 o(l-
(pp_lj“” =(4ﬂ)’ (30)
[p;z_ ] /1(19;1 42+1Japﬂ 0601—20@ G
P43 ), (el 2 ) [AOED Pl 2GAEDGED)
p P p p p+1 %p 5 » P .,
3 2
_ (60” —90 9;20')(1—ﬂ) 52
and
o(1-Bno(1-B) (p+1 )+/’l(1 ﬁ)(p“ A“) n(l’+1 /1) +(p+1 A)Z
Api2 —Napyq = { [ P ] » } (33)

() (52)

From (30), (31), (32) and (33), we obtain the desired results as contained in Theorem 2.16 and this

ends the proof.

Corollary 2.17: Let the function f(z) be of the form (6). If f(z) belongs to the class
B,(0,0,0; p), then

< plo| | plol3lo]+1} | . Ploliblof+9|o|+2}
PN (p+1) p| S 16(p+2) 77 96(p +3)
and
plol{lo|B(p+1)’ - pn(p+2)]+(p+1)’ }
‘p+2 77%+1

16(p+1)°(p+2)
Corollary 2.18: Let the function f(z) be of the form (6). If f(z) belongs to the class

B,(0,0,0; p), then
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3o+l o|{6|o['+9|o|+2
_|0\’ |a3|g\0'|{|0| }, ‘am | [{6] o’ +9 |0 | +2}
48 96(4)
and
‘ B JalBlal[4- 77]+4}
ap+2 p+l

48(4)

Corollary 2.19: Let the function f(z) be of the form (6). If f(z) belongs to the class
[0 0, i J,then
2

4 < 0.0773,  |a;| <0.0367, |a,|<0.0159 and |a,—na3|< 0.0367+0.00607.

Corollary 2.20: Let the function f(z) be of the form (6). If f(z) belongs to the class

B/(1,0,0; p), then

|o| |o|{40 +1} \0\{57]6\24-45]0']4-8}
|"2|S_’ |as| < , |“4| <
4 32 192(6)
and
ol2lc|(2-n)+1
‘a3—77a22‘s| [2]o|@=n)+1}

32
Corollary 2.21: Let the function f(z) be of the form (6). If f(z) belongs to the class

(1 Oi J , then

|a,| < 0.1545,

la,| <0.0309 and |a, 7y a;|< 0.0671+0.023877.

4. Conclusion

Ultimately, it is noteworthy to state that one of the prime significance of the sharp bounds obtained

and ‘a

for the initial coefficients ‘a pis A pi2 43| for function f(2) inthe class B » A, B,o; p)

is the information about their geometric properties. For instance, the bounds can be used in the
discussion of Hankel determinants. In a general sense, these bounds help in putting information
into a special code in order to prevent the third party from looking into the information without

permission (i.e., data encryption) among others.
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