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EXPONENTIAL MODEL FOR SIMULATION DATA VIA MULTIPLE IMPUTATION 

IN THE PRESENT OF PARTLY INTERVAL-CENSORED DATA 
 

Salman Umer1 and Faiz Elfaki2,* 

1,2Department of Mathematics, Statistics and Physics, College of Arts and Sciences, Qatar University, P. 

O. Box 2713, Doha, Qatar 

 

    (1 su1305814@qu.edu.qa, 2 felfaki@qu.edu.qa) 

 

Survival analysis or time-to-event analysis refers to a set of methods to analyze the time between 

entry to a study and a subsequent event where time to failure of an experimental unit and that could 

be one of the main types of censored such as Partly Interval-Censored (PIC). In this paper, the 

likelihoods are applied to estimate the function of survival and parameters in the exponential model 

when imputation methods such as Multiple Imputation (MI) and Left Imputation (LI) in the present 

of PIC data. The numerical evidence via simulated breast cancer data suggests that the estimates 

from MI are more accurate than the LI in the present of PIC data. In additional to that the patient 

who received chemotherapy and hormone treatment has greater survival rate than a patient who 

did not receive both treatments. 

 

Keywords: Partly interval-censored; Exponential model; multiple imputations. 

1. Introduction 

Survival analysis is one of the important statistical methods used to analyzes time-to-event type of 

data which helps with decision making. Different outcomes can be generated by analyzing the 

data. Then, useful information and accurate inferences can be drawn. Survival analysis is highly 

valued because it places a high emphasis on death and component failures (Singh and Totawattage, 

2013). As a general term, survival time is used, although it applies to the period of time it took for 

a patient to pass from remission to relapse and from diagnosis to death (Clark et al 2003). 

Moreover, survival analysis is utilized in a number of sectors including applied engineering, 

medical research, and education. Many methods have been used in the analysis of survival such as 

Weibull distribution. Weibull distribution is used in survival analysis to model the distribution is 

adequately flexible despite having only two parameters.  

Furthermore, Cox’s proportional hazards regression model is often used in medical articles. 

Additionally, for analyzing and modeling survival data, exponential distributions are one of the 

most convenient and useful distributions. 

Sukhateme 1937 discussed the use of exponential distributions instead of normal distributions, 

eliminating many forms of variation. On another note, to examine failure data, Davis (1952) used 

exponential distributions and compared that analysis to a normal distribution. Staplin et al (2015) 

used a survival model based on piecewise exponential for sensitivity analysis. While, Jung et al 

(2018) used exponential distribution survival model based on cancer clinical trial. 

A subject is left censored when they have failed before the study. While it’s right censored when 

lost to follow before study ended or the event occur (Kleinbaum and Klein, 2005). Additionally, 

within an interval of time if the event of interest is occurs, the subject is interval censored. 

Furthermore, a study is PIC when it consists of interval-censored data and exact data (Kim, 2003); 

Alharpy and Ibrahim (2013); Zyoud et al (2016); Gao et al., (2017) and Saeed and Elfaki (2020). 

Based on the simulated medical PIC data, an exponential distribution model will be used in this 

study via MI and LI methods 
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2.  Methodology 

The most useful and convenient model in survival analysis is exponential model. The exponential 

distribution has been applied to biological, engineering, and actuarial problems by Teissier (1934), 

Weibull (1939) and Steffensen (1930). Moreover, Davis (1952) compared the analysis of failure 

data with the normal distribution using exponential distribution. 

The general likelihood function for exponential model in the presence of censoring is;    

 

                             𝐿(𝜆; 𝑡) = ∏ [(𝑓(𝑡𝑖))𝛿𝑖𝑛
𝑖=1 (𝑆(𝑡𝑖))1−𝛿𝑖]                                         (1) 

 

where 𝑓(𝑡𝑖) = 𝜆exp (−𝜆𝑡𝑖) if 𝛿𝑖 = 1  is the density function, 𝑆(𝑡𝑖) = exp (−𝜆𝑡𝑖) if 𝛿𝑖 = 0 is the 

function of survival, 𝑡 > 0 and 𝜆 (𝜆 > 0) is the hazard rate. Then equation (1) became as; 

 

                             𝐿(𝜆; 𝑡) = ∏ [(𝜆exp (−𝜆𝑡𝑖) )𝛿𝑖𝑛
𝑖=1 (exp (−𝜆𝑡𝑖) )1−𝛿𝑖]                             (2) 

The log-likelihood of the sample in equation (2) will be as follows; 

log[𝐿(𝛽0, 𝛽; 𝑡, 𝑧)] = ∏[(𝛿𝑖(𝑙𝑜𝑔𝜇𝑖
−1 − 𝜇𝑖

−1𝑡𝑖) )

𝑘𝑛

𝑖=1

+ (1 − 𝛿𝑖)(−𝜇𝑖
−1𝑡𝑖)]               (3) 

where 𝜆𝑖
−1 = 𝛽0 + 𝛽′𝑧𝑖 = 𝜇𝑖 as suggested by Marubini and Valsecchi (1995), 0  is the  regression 

coefficient of 0iz . 

Next, we will take the first and second derivation with respect to 𝛽0 and 𝛽 and then numerical 

method will be used for estimating our parameters. In additional to that the Likelihood Ratio Test 

will be used to perform hypotheses test for the difference between patients who received the 

treatment and those who did via our estimations. 

 

3. Simulation data 

Using simulation, one can model random events, in a way in which the results are analogous to 

their real-world counterparts. By analyzing the simulated outcomes, researchers gain a deeper 

understanding and knowledge of the real world. For the purpose of evaluating alternative methods 

and comparing them, the simulation technique is an extremely valuable tool.  

In order to examine the influence of our model, as well as compare the exploratory variable in the 

breast cancer data set, a simulation study is conducted. The simulation data is generated using a 

normal distribution, since the normal is deemed more reasonable based on the data for real breast 

cancer (real data is not addressed here in this paper, reader may refer to Umer, (2021)) when 

compared to log-logistic or Weibull distributions. Furthermore, a sample of 20000 simulation 

samples were used for each treatment; chemotherapy and hormone. The percentages of exact 

observation was generate for each treatment with 0% and 25% for PIC data (Kim 2003; Zyoud et 

al. (2016); and Saeed and Elfaki (2020)). Moreover, two failure types that is with treatment and 

without treatment were obtained from each simulation study. Next section we present the results 

for the simulation data. 

 

4. Simulation Results 

Table 1 shows the results computed by our model via MI with 0 % and 25% of exact observation 

of the PIC data for hormone and chemotherapy treatment. The results indicate that both treatments 

are significant with respect to their Standard Error (SE), and p-value.  
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Based on the multiple imputation technique, Figures 1 and 2 show the estimation of the survival 

function computed with the exponential model based on hormone treatment. This result indicate 

that the curves for survival function estimated from exact 0% and 25% observations, are very 

similar. 

Similarly, the two failure types that is with chemo treatment and without chemo treatment based 

on exact observation of 0% and 25% through multiple imputation are shown in Figures 3 and 4 

respectively. The result based on 25% of exact observation showed that both types of failure are 

similar which indicate that multiple imputation showed better result for high exact observation 

compared to lower observation as in 0%.  

Figure 5 and 6 show that the estimated survival function based on chemo and hormone respectively 

via left point. This result showed there is different in the survival curve obtained by left point 

compare with exact observation.  

Additionally, the results discuss that the patient who received chemotherapy and hormone 

treatment has greater survival rate than a patient who did not receive both treatments based on the 

above-mentioned results and with respect to the standard error and p-value for the estimations.   

Furthermore, the null hypothesis is rejected for no difference between patients who received the 

treatment and those who did not based on LRT which is -151719 and -152199 for hormone and 

chemo respectively. 

 
Table 1: Results from Hormone and Chemotherapy based on the simulation data, obtained by exponential 

model using MI. 

Type of Parameter % Exact 

observation 

Estimate CI of 95% SE  P-value 

Hormone 

Coefficient  0% -0.28934 (-0.3175, -0.2612) 0.0143600 2e-16 

Rate   0.001264 (0.00123, 0.00129) 0.0000128 2e-16 

Coefficient  25% -0.28952 (-0.3177, -0.2614) 0.0143600 2e-16 

Rate   0.001264 (0.00124, 0.00129) 0.0000128 2e-16 

Chemotherapy 

Coefficient  0% -0.11309 (-0.14121, -0.0849) 0.0143500 3.29e-15 

Rate   0.001139 (0.00112,  0.00116) 0.0000115 3.29e-15 

Coefficient  25% -0.11319 (-0.14131, -0.0851) 0.0143500 3.1e-15 

Rate   0.001139 (0.00112,  0.00116) 0.0000115 3.1e-15 
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Figure 1: Survival function S(t) for exact data of 0% based on Hormone treatment. 

 

 

 

Figure 2: Survival function S(t) for exact data of 25% based on Hormone treatment. 

. 
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Figure 3: Survival function S(t) for exact data of 0% based on Chemotherapy treatment. 

 

 

Figure 4: Survival function S(t) for exact data of 25% based on Chemotherapy treatment. 
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Figure 5: Survival function S(t) for exact data of 0% based on Chemotherapy treatment. 

 

 

Figure 6: Survival function S(t) for exact data of 0% based on Hormone treatment. 

 

5. Conclusion 

Survival model via MI technique which assists in the process of PIC data being simplified are used 

based on exponential distribution. A two- month interval period is used to format the data as Partly 

Interval-Censored and the exact value is generated using MI technique based on simulation data. 

Furthermore, the models fit well with the simulated data for different percentages with exact 

observations of 0% and 25%. 
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R software was used for computation in the study. The simulation study assists in evaluating the 

exponential model’s influence. Additionally, simulation helps to compare the covariates in the 

breast cancer data set. We conclude that via MI, the results from simulation are suitable for partly 

interval censored.   

The present study focuses on the treatments in the dataset, upcoming research in this field can be 

stretched to include studying the properties of other parameters and different factors in the model.  
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