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1 Introduction 
 

We are interested in solving the following initial value problem of third order 

ordinary differential equation (ODE) directly 

 
. ,)(  ,)( ,)( ),,,,(  000 bxayayyayyayyyyxfy 
 
                  

(1) 

 
Several methods for solving higher ODEs directly have been proposed by 

researchers such as Awoyemi and Kayode [1], Gear [2-4], Hall and Suleiman 

[5], Kayode and Obarhua [6], Odekunle et. al. [7] and Suleiman [8-9]. These 

methods are capable of solving higher order initial value problems of ODEs 

without going through the process of reduction. Reducing higher order ODE 

to its equivalent system of firstorder equations is not only enlarging the 

system of equations, it may also jeopardize the performance of the methods 

particularly in term of computational time. 

In this paper, two explicit block methods for solving (1) are derived using 

two different approaches namely direct integration and collocation. The 

details derivations of both methods are described in the following sections 

 

 

2 Derivation of Four-Point Explicit Block Method Using 

Direct Integration 
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Replacing ),,( yyxf   with a polynomial n
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1,...,2,1,0  ki  gives the following results 
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where 
h
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s n
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Changing the limit integration and substituting hdsdx   in (3) yields  
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tG j   be the generating functions defined as 
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The constant step size formulations of implicit k-step method corresponding 

to (5) are  
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respectively.  The coefficients 1,...1,0 ,),(

,  kmpj

mk and 3,2,1p  are well 

known and defined by Shampine and Gordon (1975) as follows 
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The values of 
)(

,

p

mj  are then substituted in (9) and subsequently in (8) 

respectively to get a four-point explicit block method. The most crucial part in 

deriving this method using direct integration approach is, therefore, to 

determine the values of 
)(

,

p

mj  which we are going to discuss as follows. 
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From Equation (11) it is observed that the integration coefficients depend very 

much on
m
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, . Therefore, we will focus on determining the values of  
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Repeat the same procedure for j=2,3,4, we have 
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Substituting the values of integration coefficients obtained in (13) and (14) 

into (9), followed by (9) into (8) produces a four-point explicit block method. 

 

 

3 Derivation of Four-Point Explicit Block Method Using 

Collocation Approach 
 

Let power series of the form 
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be an approximate solution to (1) where the number of points k = 4.  

Differentiating (15) thrice we have 
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Equation (15) is interpolated at  3,2,0,   jxx jn
 and equation (16) is 

collocated at 3)1(0,   jxx jn
.  As a result, we have 
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In order to find the values of a’s in (17), Gaussian elimination method is 

employed. These values are then substituted into equation (15) and using 

transformation ,3

h

xx
t n
  a continuous explicit scheme of the following 

form is obtained      
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The first derivative of (19) yields 



 

171 

 

1201236

11

290

31

15

1
)(

4024

5

240

37

8

3
)(

40643020

1
)(

1202418360

11

120

1
)(

3

2

3

4
)(

2

3
)(

36

1
)(

5432

3

543

2

543

1

543

0

3

2

0

tttt
tt

ttt
tt

tttt
t

tttt
t

tt

tt

t
t





























                      

(20) 

 

 
and the second derivative of (19) produces 
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Evaluating (19) at non-interpolating points i.e. at t = -2, 1 and evaluating (20) 

and (21) at all the grid points. i.e. t =-3, -2, -1, 0, and 1 produces the discrete 

schemes and its derivatives which are combined in a matrix form as follows  
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Therefore, multiplying both y and f function by the inverse of the coefficients 

of .4)1(0,  iy in
 This gives the explicit block method below  
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The corresponding first derivatives of (22) are 
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while the corresponding second derivatives of (22)  are 
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4 Discussion and Conclusion 

 
Two numerical methods for the solution of general second order initial value 

problems using direct integration and collocation approaches have been 

proposed in this paper. Both methods have their strengths and weaknesses. In 

terms of simplicity, the derivation of block method using collocation method 

seems simpler than its counterpart. But this approach fails to generalize the 

formulation of unknowns a’s to any point since the order of differential 

equation that determines the number of interpolation points. In addition, the 

order of the approximated power series is also determined by the number of 

interpolation and collocation points.  Although the derivation using direct 

integration method is more complicated, this approach is able to generalize the 

formulation of the integration coefficients for any back values used at any 

point.   
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