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ABSTRACT 

Various fuzzy time series (FTS) forecasting methods have been proposed to cater for data in 

linguistic values. In this paper, an improved FTS forecasting method based on second order 

fuzzy logical relationship is proposed and it is used to forecast the enrollment of students in 

the University of Alabama. The performance of the forecasted results is compared to the 

actual data by using seven different similarity measures. The hybrid similarity measure based 

on geometric distance, centre of gravity, area, perimeter and height gives the best 

performance. 

Keywords: Fuzzy Time Series; Similarity Measure; Second Order; Trapezoidal Fuzzy 

Number. 

 

1. INTRODUCTION 

Fuzzy time series (FTS) is very powerful in forecasting historical data with linguistic values 

since it was first introduced by [1] and [2]. The forecasting methods have been changed and 

analysed by [3-5]. In their studies, the fuzzy set was used to define the linguistic values and 

the methods used in the first order forecasting method. [6] used high-order fuzzy time series 

to forecast the student enrollments in the University of Alabama. However, [1-6] used the 

fuzzy set in defining the linguistic values which are unable to produce the forecasted range 

under different degrees of confidence. [7] first used trapezoidal fuzzy number (TrFN) to 

forecast the student enrollments in the University of Alabama, then the methods of forecasting 

were changed and developed by [8-11]. To analyse the performance of the forecasting results, 
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the TrFNs were defuzzified into crisp values to calculate the mean absolute percent error 

(MAPE), mean square error (MSE) and root mean square error (RMSE). During the 

defuzzification process, some information on the data was lost. 

An alternative to evaluate the performance of the forecasting model is by using similarity 

measure concept, but it is only applied in a limited number of studies. In this paper, we 

propose an improved FTS forecasting method using second order FTS and TrFNs, and the 

performance is evaluated using multiple types of similarity measures. This paper is organised 

as follows; section 2 consists of some definitions of fuzzy time series and trapezoidal fuzzy 

number, section 3 presents the proposed forecasting model, section 4 illustrates the proposed 

method using a numerical example, section 5 consists of the discussion of the results, and 

section 6 concludes this paper. 

 

2. PRELIMINARIES 

In this section, some basic definitions are listed to support the proposed forecasting model. 

Definition 1 [1]: Let  ( ) ...,0,1,2,...X t t  be a subset of ℝ  and ( )X t is the universe of 

discourse defined by fuzzy set  ( ) ...,0,1,2,...iU t t , then ( )F t  is called fuzzy time series on 

 ( ) ...,0,1,2,...X t t . 

Definition 2 [1]: If there exists a fuzzy relationship  1,R t t  such that 

( ) ( 1) * ( 1, )  F t F t R t t  where * represents the fuzzy operator, then ( )F t  is said to be 

caused by ( 1)F t . The relationship can be noted as ( 1) ( ) F t F t . 

Definition 3 [7]: A trapezoidal fuzzy number Nɶ , denoted by  1 2 3 4, , ,N n n n nɶ  is defined as: 
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3. SECOND ORDER FTS FORECASTING MODEL 

In this section, we propose the FTS forecasting model. After the historical data is collected, 

the following steps is done. 

Step 1. Define the universe of discourse P  as  min 1 max 2,T T T T   where minT  and maxT  are the 
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minimum historical data and the maximum historical data respectively, while 1T  and 2T  are 

two proper positive numbers. 

Step 2. Partition universe of discourse P  into seven intervals of equal length. These intervals 

are labelled as iP  where 1,2,3,...,7i . 

Step 3. Establish the trapezoidal fuzzy numbers to represent the linguistic values of the 

intervals of P .  Suppose  1 1 2,P n n ,  2 2 3,P n n , …,  6 6 7,P n n  and  7 7 8,P n n , 

according to [7], the trapezoidal fuzzy numbers are defined as: 

 
 

 
 

1 0 1 2 3

2 1 2 3 4

6 5 6 7 8

7 6 7 8 9

, , ,

, , ,

               

, , ,

, , ,









ɶ

ɶ

⋮ ⋮

ɶ

ɶ

N n n n n

N n n n n

N n n n n

N n n n n

 

Step 4. Fuzzify the historical data. According to [7], if the value of the historical data is 

located in the range of iP  where 1,2,3,...,7i , then it belongs to the fuzzy number iNɶ  where 

1,2,3,...,7i . 

Step 5. Develop the second order fuzzy logical relationship. [6] denoted “if the data value of 

time 1t  and t are iNɶ  and jNɶ  respectively, then that of time 1t   is kNɶ ” as ,i j kN N Nɶ ɶ ɶ . 

However, the repeated relationships are not accounted [2]. Next, generate the second order 

fuzzy logical relationship group as follows: 

Table 1. Fuzzy Logical Relationship Group 

Group Fuzzy logical relationship 

Group 1 , , , , ... ɶ ɶ ɶ ɶ ɶ ɶ
a b c a b dN N N N N N  

Group 2 , , , , ... ɶ ɶ ɶ ɶ ɶ ɶ
b c d b c eN N N N N N  

⋮  ⋮  

Group m  , , , , ... ɶ ɶ ɶ ɶ ɶ ɶ
e f c e f dN N N N N N  

 

Step 6. Calculate the forecasted value, ɶtF  of time t  by using the rules proposed by [6] as 

follows: 

(i) If the fuzzy logical relationship group of ,i jN Nɶ ɶ  is empty, that is ,i jN N ɶ ɶ , then 

2

i j

t

N N
F



ɶ ɶ

ɶ . 

(ii) If the fuzzy logical relationship group of ,i jN Nɶ ɶ  is one-to-one, that is ,i j kN N Nɶ ɶ ɶ , 

then t kF Nɶ ɶ . 
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(iii) If the fuzzy logical relationship group of ,i jN Nɶ ɶ  is one-to-many, that is 

1 2, , , ,..., ,i j k i j k i j kpN N N N N N N N N  ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ , then 
1 2 ...k k kp

t

N N N
F

p

  

ɶ ɶ ɶ

ɶ . 

4. FORECASTING ENROLLMENT   

The proposed second order FTS forecasting approach is illustrated using the data of students’ 

enrollment in the University of Alabama, which is adopted from [2] and shown in Figure 1.  

 

 

Fig.1. Enrollments in the University of Alabama 

 

Step 1. From Figure 1, min 13055T   and max 19337T  . 1 55T   and 2 663T   are chosen such 

that [13000,20000]P  . 

Step 2. Divide P  into seven partitions, namely  1 13000,14000 ,P   2 14000,15000 ,P   

 3 15000,16000 ,P   4 16000,17000 ,P    5 17000,18000 ,P    6 18000,19000P   and 

 7 19000,20000P  . 

Step 3. Establish the trapezoidal fuzzy numbers as follows: 

 

Table 2. Trapezoidal Fuzzy Numbers for the Enrollment in the University of Alabama 

Intervals Trapezoidal Fuzzy Numbers 

 1 13000,14000P   1 12000,13000,14000,15000ɶN  

 2 14000,15000P   2 13000,14000,15000,16000ɶN  

 3 15000,16000P   3 14000,15000,16000,17000ɶN  

 4 16000,17000P   4 15000,16000,17000,18000ɶN  

 5 17000,18000P   5 16000,17000,18000,19000ɶN  
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 6 18000,19000P   6 17000,18000,19000,20000ɶN  

 7 19000,20000P   7 18000,19000,20000,21000ɶN  

 

Step 4. Fuzzify data of historical enrollments at the University of Alabama. The fuzzified data 

is shown in Table 3 below. 

 

Table 3. The Fuzzified Data of Enrollments at the University of Alabama 

Year TrFNs Year TrFNs 

1971 (12000,13000,14000,15000) 1982 (14000,15000,16000,17000)
 

1972 (12000,13000,14000,15000) 1983 (14000,15000,16000,17000)
 

1973 (12000,13000,14000,15000) 1984 (14000,15000,16000,17000)
 

1974 (13000,14000,15000,16000) 1985 (14000,15000,16000,17000)
 

1975 (14000,15000,16000,17000)
 

1986 (14000,15000,16000,17000)
 

1976 (14000,15000,16000,17000)
 

1987 (15000,16000,17000,18000)
 

1977 (14000,15000,16000,17000)
 

1988 (17000,18000,19000,20000)
 

1978 (14000,15000,16000,17000)
 

1989 (15000,16000,17000,18000)
 

1979 (15000,16000,17000,18000)
 

1990 (18000,19000,20000,21000)
 

1980 (15000,16000,17000,18000)
 

1991 (18000,19000,20000,21000)
 

1981 (15000,16000,17000,18000)
 

1992 (17000,18000,19000,20000)
 

 

Step 5. From Table 3, develop the second order fuzzy logical relationships and classify them 

into some groups to obtain the following result: 

 

Table 4. Fuzzy Logical Relationship Groups of Enrollment at the University of Alabama 

Group Fuzzy logical relationships Group Fuzzy logical relationships 

Group 1 
1 1 1,N N Nɶ ɶ ɶ

 
, 1 1 2,N N Nɶ ɶ ɶ  Group 7 

4 3 3,N N Nɶ ɶ ɶ  

Group 2 
1 2 3,N N Nɶ ɶ ɶ  Group 8 

4 6 6,N N Nɶ ɶ ɶ  

Group 3 
2 3 3,N N Nɶ ɶ ɶ  Group 9 

6 6 7,N N Nɶ ɶ ɶ  

Group 4 
3 3 3,N N Nɶ ɶ ɶ  , 3 3 4,N N Nɶ ɶ ɶ  Group 10 

6 7 7,N N Nɶ ɶ ɶ  

Group 5 
3 4 4,N N Nɶ ɶ ɶ  , 3 4 6,N N Nɶ ɶ ɶ  Group 11 

7 7 6,N N Nɶ ɶ ɶ  

Group 6 
4 4 4,N N Nɶ ɶ ɶ  , 4 4 3,N N Nɶ ɶ ɶ  Group 12 

7 6, #N N ɶ ɶ  

 

Step 6. Calculate the forecasted enrollments and the results are listed in Table 5. 

 

 

Table 5. The Forecasted Enrollments for Years 1978 – 1993 
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Year Actual Enrollment Trapezoidal Fuzzy Numbers Forecasted Enrollments 

1978 15861 (14000,15000,16000,17000) (14500,15500,16500,17500) 

1979 16807 (15000,16000,17000,18000) (14500,15500,16500,17500) 

1980 16919 (15000,16000,17000,18000) (16000,17000,18000,19000) 

1981 16388 (15000,16000,17000,18000) (14500,15500,16500,17500) 

1982 15433 (14000,15000,16000,17000) (14500,15500,16500,17500) 

1983 15497 (14000,15000,16000,17000) (14000,15000,16000,17000) 

1984 15145 (14000,15000,16000,17000) (14500,15500,16500,17500) 

1985 15163 (14000,15000,16000,17000) (14500,15500,16500,17500) 

1986 15984 (14000,15000,16000,17000) (14500,15500,16500,17500) 

1987 16859 (15000,16000,17000,18000) (14500,15500,16500,17500) 

1988 18150 (17000,18000,19000,20000) (16000,17000,18000,19000) 

1989 18970 (17000,18000,19000,20000) (17000,18000,19000,20000) 

1990 19328 (18000,19000,20000,21000) (18000,19000,20000,21000) 

1991 19337 (18000,19000,20000,21000) (18000,19000,20000,21000) 

1992 18876 (17000,18000,19000,20000) (17000,18000,19000,20000) 

1993   (17500,18500,19500,20500) 

 

5. DISCUSSION   

Based on the forecasted results obtained in the previous section, we calculate the similarity 

measure to see how close they are as compared to the actual fuzzy numbers. Several similarity 

measures [12-18] are used and the results are compared and analysed to acquire the best 

performance. 

 

Table 6. Similarity Measures for the Enrollments in the University of Alabama 

Year [12] [13] [14] [15] [16] [17] [18] 

1973 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 

1974 0.980100 0.990000 0.990528 0.990000 0.980199 0.999911 0.969798 

1975 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 

1976 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 

1977 0.990025 0.995000 0.995264 0.995000 0.990050 0.999978 0.985001 

1978 0.990025 0.995000 0.995264 0.995000 0.990050 0.999978 0.985001 

1979 0.990025 0.995000 0.995264 0.995000 0.990050 0.999978 0.985057 

1980 0.980100 0.990000 0.990528 0.990000 0.980199 0.999911 0.970470 

1981 0.990025 0.995000 0.995264 0.995000 0.990050 0.999978 0.985057 

1982 0.990025 0.995000 0.995264 0.995000 0.990050 0.999978 0.985001 

1983 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 
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1984 0.990025 0.995000 0.995264 0.995000 0.990050 0.999978 0.985001 

1985 0.990025 0.995000 0.995264 0.995000 0.990050 0.999978 0.985001 

1986 0.990025 0.995000 0.995264 0.995000 0.990050 0.999978 0.985001 

1987 0.990025 0.995000 0.995264 0.995000 0.990050 0.999978 0.985057 

1988 0.980100 0.990000 0.990528 0.990000 0.980199 0.999911 0.970681 

1989 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 

1990 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 

1991 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 

1992 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 

Average 0.992526 0.996250 0.996448 0.996250 0.992552 0.999977 0.988806 

 

The similarity measure for years 1973, 1975, 1976, 1983, and 1989 until 1992 is 1.00, which 

shows that the calculated forecasted data is exactly the same as the historical. Among all the 

similarity measures, [17] shows the highest similarity measure for each year making its 

average outperforms among all. The performance of the similarity measures can be ranked as 

in Table 7. 

Table 7. Ranking of Performance of Similarity Measures 

Ranking Similarity Measures 
Performance (%) 

Enrollments in the University of Alabama 

1 [17] 99.9977 

99.6448 

99.6250 

2 [14] 

3 [15] 

 

Among all similarity measures used, the similarity measure proposed by [17] has the highest 

performance based on their average. This means that the similarity measure based on 

geometric distance, centre of gravity (COG), area, perimeter and height is the best to be used 

to compare the forecasted and actual trapezoidal fuzzy numbers in further studies. Next, the 

performance of the second order fuzzy logical relationship obtained from Table 7 is compared 

to the performance of the first order fuzzy logical relationship from [19] as shown in Table 8.  

Table 8. Comparison of Performance of Similarity Measures between First Order and Second 

Order Fuzzy Logical Relationship 

Similarity Measures 

[17] [14] [15] 

First Order 

[19] 

Second 

Order 

First Oder 

[19] 

Second 

Order 

First Order 

[19] 

Second 

Order 

Performance (%) 99.7868 99.9977 99.7643 99.6448 99.5858 99.6250 
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The similarity measure from [17] and [15] produce higher similarity values for the second 

order fuzzy logical relationship compared to the first order.  While, the second order fuzzy 

logical relationship similarity from [14] is slightly lower than that of the first order. 

Furthermore, [17] outperforms others for both first and second order fuzzy logical 

relationship. 

 

6. CONCLUSION 

This paper has presented the forecasting method based on the second order FTS. The 

performance of the forecasting results were then evaluated using the similarity measures 

proposed by [12-18]. Among all these similarity measures, [17] shows the best performance. 

When the performance is compared to the first order fuzzy logical relationship of the same 

data from [19], [17] still shows the best performance. However, the second order does not 

necessarily produce higher similarity measure compared to the first order fuzzy logical 

relationship. The similarity measure used can be directly obtained from the fuzzy forecasted 

value without going through the defuzzification process. 
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