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ABSTRACT

Mathematical models involving ordinary differential equations (ODEs) and partial
differential equations (PDEs) are widely used to describe real-life dynamic systems
such as disease transmission, biochemical reactions, population interactions,
nonlinear growth, and reaction–diffusion processes. This thesis develops enhanced
numerical schemes based on the classical Picard Iterative Method (PIM), namely
the Multistage Picard Iterative Method (MPIM), the Picard Iterative Method for
nth-order differential equations (PIMn), and the Multistage Picard Iterative Method
for nth-order differential equations (MPIMn). The proposed methods are applied to
selected nonlinear ODEs, systems of ODEs, higher-order differential equations, and
PDEs. The studywasmotivated by two limitations of the classical PIM. First, although
the classical PIM provides accurate approximations over short time intervals, it may
exhibit increasing errors and reduced numerical stability over extended intervals
when applied to nonlinear models. Second, the standard formulation of the classical
PIM is developed for first-order initial value problems and requires transformation
or reformulation when applied to higher-order differential equations. To address
these limitations, the MPIM introduces a partitioned time-interval strategy, where
Picard corrections are applied within each subinterval before the initial conditions are
updated for the next subinterval, whereas PIMn and MPIMn are formulated to solve
higher-order differential equations directly. All computations were implemented
in Maple. For the system of ODE applications, the numerical performance of the
PIM and MPIM was evaluated through absolute error analysis and comparison with
the Adomian Decomposition Method (ADM), Multistage Adomian Decomposition
Method (MADM), and the fourth-order Runge–Kutta (RK4) method. For the
Monkeypox transmission model, the eighth-order Runge–Kutta (RK8) method was
additionally included as a higher-order numerical reference. The results indicate that
MPIM generally provides closer agreement with the reference numerical solutions
than the classical PIM for the first-order nonlinear models considered, particularly
over extended time intervals where PIM may accumulate larger errors and exhibit
less stable numerical behaviour. The results also indicate that PIMn and MPIMn
can solve higher-order differential equations directly without transforming them into
first-order systems, with MPIMn generally producing more stable approximations
and closer numerical agreement than PIMn. However, the improved numerical
behaviour of MPIM and MPIMn requires additional computational effort because
the multistage formulation divides the time domain into many subintervals, such as
12,000 subintervals in the long-term simulation. Therefore, the contribution of the
proposed methods is not claimed in terms of computational efficiency, but rather in
terms of improved long-term numerical accuracy and stability compared with the
classical PIM and PIMn.
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CHAPTER 1
INTRODUCTION

1.1 Research Background

Monkeypox is a zoonotic disease caused by a virus belonging to the

Orthopoxvirus family, sharing several clinical similarities with smallpox but

generally being less severe (Letafati & Sakhavarz, 2023). The disease can be

transmitted from animals to humans, particularly through direct contact with infected

animals, while human-to-human transmission has also been documented (Di Giulio

& Eckburg, 2004). Its ability to spread across species makes it more complex to

control compared to other diseases, especially in today’s highly interconnected

world (Krishna et al., 2024). Therefore, a deeper scientific understanding of the

infection patterns and transmission dynamics of monkeypox is essential to enable

more effective prevention, control, and public health responses.

In addressing these global health challenges, mathematical models play a

vital role in understanding the dynamics of disease transmission, offering a structured

and quantitative approach to analyze how infections spread within and between

populations. These models are particularly valuable because they provide the ability

to predict the potential course of an outbreak, simulate various intervention strategies,

and evaluate the likely effectiveness of different control measures before they are

implemented in real-world settings (Ngungu et al., 2023). In epidemiology, one of

the most widely adopted approaches is the use of systems of Ordinary Differential

Equations (ODEs), which divide populations into compartments such as susceptible,

exposed, infected, and recovered individuals (Cascante-Vega et al., 2022). By

mathematically describing the rates of transition between these compartments,

ODE-based models can capture the complex interplay between biological, social,

and environmental factors that influence disease dynamics (Onifade et al., 2025).

Furthermore, such models allow the estimation of key epidemiological parameters,

such as the basic reproduction number (R0), transmission rate, and recovery rate,

which are critical in guiding public health decision-making (Liao et al., 2023). In this
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way, mathematical modeling serves as an indispensable tool that bridges theoretical

understanding with practical applications in controlling infectious diseases.

Although ODEs provide a powerful framework for modeling the spread of

infectious diseases, the resulting systems are often nonlinear and highly complex

(Hoang & Ehrhardt, 2025). These nonlinearities may arise from factors such as

multiple modes of transmission, population heterogeneity, or feedback mechanisms

within the host and environment. As a consequence, obtaining exact analytical

solutions to such models is usually extremely difficult, and in many cases,

mathematically impossible (Piovella, 2020). This limitation significantly reduces

the practical applicability of purely theoretical approaches, especially when rapid

and accurate insights are required for public health decision-making. To address this

issue, numerical methods are employed to generate approximate solutions that can

closely capture the dynamics of disease transmission (Adom-Konadu et al., 2023).

Numerical techniques not only provide a practical alternative to analytical solutions

but also allow researchers to simulate scenarios under different parameter values,

explore long-term behavior of epidemics, and assess the effectiveness of intervention

strategies (Lin et al., 2024; Onifade et al., 2025; Qian et al., 2025). Thus, the use of

numerical methods has become indispensable in modern epidemiological modeling,

bridging the gap between theoretical formulations and real-world applications.

The study of infectious disease dynamics is often carried out through

compartmental models, which categorize individuals in a population based on their

disease status. Classical models such as the SIR (Susceptible–Infected–Recovered)

and its extension, the SEIR (Susceptible–Exposed–Infected–Recovered), have been

widely adopted due to their simplicity and adaptability. The SIR model, for example,

assumes individuals move directly from being susceptible to be infected and then

recovered, whereas the SEIR model accounts for an additional exposed stage,

representing the latent period before symptoms emerge (Gao et al., 2023; Tamakloe

et al., 2025). The SEIR model is particularly relevant for the disease with distinct

incubation periods, such as monkeypox. Variants of these models can also incorporate

additional compartments, such as quarantine, hospitalization, or vaccination, to more

accurately reflect real-world interventions (Madubueze et al., 2022; Musafir et al.,

2024). By capturing the dynamic transitions between compartments, these models
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provide a valuable lens through which researchers can study how an outbreak evolves

under different scenarios. However, increasing complexity of such models inevitably

leads to more challenging mathematical formulations, particularly when nonlinear

terms are involved (Hoang & Ehrhardt, 2025). This complexity necessitates the use

of advanced numerical methods to obtain reliable solutions.

Over the years, various numerical methods have been developed to

approximate solutions of nonlinear ODEs arising in epidemiological models.

Among the most widely applied are classical schemes such as the Runge–Kutta

methods, as well as semi-analytical approaches like the Variational Iteration Method

(VIM), the Adomian Decomposition Method (ADM), and the Daftardar–Gejji and

Jafari Method (DJM). While these methods have proven effective in many contexts,

they are not without limitations. Runge–Kutta methods, for instance, often require

small step sizes to maintain stability, leading to increased computational cost.

Likewise, decomposition-based methods such as ADM and DJM may suffer from

slow convergence when applied to highly nonlinear problems or systems of higher

order. Abed and AL-Jawary (2021) stated that when the DJM is applied to the SIR

model, the convergence of the resulting iterative series is contingent upon satisfying

specific conditions related to the model parameters and the selection of terms in

the approximation series. Failure to meet these conditions may result in slow error

reduction or necessitate a large number of iterations to achieve acceptable accuracy.

In practice, these approaches can become computationally intensive and less efficient,

particularly when dealing with the complex, nonlinear dynamics typical of infectious

disease models like monkeypox. These challenges highlight the need for alternative

or modified techniques that can offer both accuracy and efficiency in solving such

systems.

In the present study, the ADM and the Multistage ADM (MADM) are

included as supplementary semi-analytical comparison methods to provide a broader

evaluation of the proposed Picard-based approaches. The ADM and MADM results

are compared with those obtained using the PIM and MPIM for selected nonlinear

systems of ODEs, namely the Monkeypox transmission model, COVID-19 model,

biochemical reaction model, and multispecies Lotka-Volterra equations. In addition,

the fourth-order Runge-Kutta method (RK4) is used as a numerical reference method,
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while the eighth-order Runge-Kutta method (RK8) is additionally employed as a

higher-order numerical benchmark for the Monkeypox transmission model due to

its extended simulation interval and large number of time steps. These comparisons

provide a more comprehensive assessment of the accuracy and long-time numerical

behaviour of the proposed methods.

Among the broad spectrum of numerical approaches, iterative methods hold

particular promise due to their step-by-step refinement process and capacity to handle

nonlinear systems effectively. Unlike direct solution techniques, iterative methods

progressively improve approximations until the desired level of accuracy is achieved.

Although these methods have been widely studied in numerical analysis and applied

across various fields of science and engineering, their application in epidemiological

modeling remains relatively limited. This presents an opportunity to introduce new

perspectives into disease modeling by leveraging iterative schemes. In particular,

the Picard Iterative Method (PIM) provides a systematic procedure for solving Initial

Value Problems (IVPs). However, its accuracy tends to deteriorate over extended time

intervals, making it unreliable for long-term predictions. To overcome this limitation,

this study proposes the Multistage Picard Iterative Method (MPIM), which enhances

the numerical stability and convergence of the classical PIM for long-term simulations.

Furthermore, as the conventional PIM is mainly developed for first-order problems,

this study proposes a generalized framework in the form of an nth order extension

of PIM and MPIM, thereby extending their applicability to higher-order differential

equations. By positioning the Picard-based iterative family within the broader context

of numerical epidemiology, this work sets the foundation for a deeper exploration of

how methodological advancements such as the MPIM, Picard Iterative Method for

nth order (PIMn) and Multistage Picard Iterative Method for nth order (MPIMn) can

contribute to accurate and stable analyses of monkeypox transmission dynamics.

1.2 Motivation for This Work

The re-emergence of monkeypox as a global health threat has emphasized

the need for accurate and reliable mathematical models to describe its transmission

dynamics, as these models, typically expressed as nonlinear ODEs, rarely yield exact

analytical solutions and therefore require robust numerical approximations to provide
4



meaningful predictions (Agbata et al., 2025; Liu et al., 2023b; Sudsutad et al., 2024).

While several numerical techniques such as RK4, VIM, ADM, and the DJM have

been extensively applied, they often suffer from drawbacks including computational

complexity, slow convergence, and reduced accuracy in highly nonlinear systems

(Sweilam et al., 2024).

Similarly, the classical PIM has been widely recognised as an important

analytical and numerical approach for solving nonlinear differential equations,

particularly due to its theoretical significance in establishing existence and uniqueness

of solutions. Previous studies, including the work by Youssef et al. (2024), have

demonstrated that the classical PIM can produce acceptable approximate solutions

under certain problem settings. However, when compared with the numerical results

obtained in the present study (Khairuddin et al., 2025), the classical PIM shows good

performance mainly over short computational intervals, while its accuracy decreases

over longer time domains due to the accumulation of error. This limitation becomes

more critical in complex epidemiological models, where long-term numerical

prediction is required to describe disease transmission behaviour.

The motivation for developing the MPIM is also supported by previous work

on multistage numerical frameworks. For instance, Han et al. (2024) proposed a

multistage-based numerical approach to improve approximation performance by

dividing the computational domain into smaller intervals. Inspired by this idea, the

present study extends the classical PIM by incorporating a multistage time-marching

structure, where the solution interval is partitioned into smaller subintervals and the

approximation is updated iteratively at each stage. This modification is introduced to

reduce error accumulation, enhance convergence behaviour, and improve numerical

accuracy over extended computational intervals.

Therefore, this study proposes the MPIM as an improved PIM numerical

framework for solving nonlinear differential equation models. By applying MPIM

to the monkeypox transmission model and validating its performance against other

well-known nonlinear equations such as Riccati, Duffing, and Newell Whitehead

Segel, this research is driven not only by the need to improve predictive tools for

monkeypox but also by the broader objective of advancing PIM for nonlinear ODEs

and PDEs.
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1.3 Problem Statement

Nonlinear mathematical models such as epidemiological transmission models

have been studied to predict the spread and dynamic behaviour of infectious diseases

such as monkeypox, COVID-19, dengue fever and other communicable diseases.

These models are important because they can describe the interaction between

different population groups, estimate disease transmission patterns, and support

future outbreak prediction. However, due to their nonlinear structure, exact analytical

solutions are often difficult to obtain, especially when the model involves several

interacting compartments or higher order nonlinear differential equations. Therefore,

there is a need to introduce a modified method to reduce the complexity of the

previous method and obtain a stable and accurate approximation result.

The classical PIM is a semi-analytical method that has been applied to

solve linear and nonlinear differential equations because of its simple iterative

structure and direct formulation. However, its application to nonlinear problems

is limited in two important aspects. First, the classical PIM generally produces

accurate approximations only over short computational intervals, while its accuracy

and numerical stability may deteriorate over longer time domains due to error

accumulation (Khairuddin et al., 2025). This limitation is particularly critical in

epidemiological modelling, such as monkeypox and COVID-19 models, where

reliable long-term predictions are required to estimate peak infection levels, outbreak

duration, and the effectiveness of intervention strategies. Second, the classical PIM

is fundamentally formulated for first-order differential equations (Picard, 1893),

which restricts its direct applicability to higher-order ODEs and partial differential

equations (PDEs). Higher-order problems are therefore commonly transformed into

equivalent first-order systems before applying conventional iterative or numerical

schemes. However, this transformation increases the number of dependent variables,

computational complexity, and the potential for accumulated numerical errors,

making the computational procedure less direct. Therefore, there is a need to improve

and extend the classical PIM to enhance its long-term performance and enable the

direct treatment of higher-order nonlinear differential equations.

To overcome the limitation of the classical PIM over extended computational
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intervals, Mungkasi (2020) introduced a multistage-analytical framework based on

the successive approximation method. The method divides a large time domain into

smaller subintervals and applies the approximation procedure successively from one

stage to the next. To evaluate the effectiveness of the proposed multistage approach,

the method was applied to a SEIR infectious disease model with a vaccination

strategy. The results showed that the multistage analytical method produced more

accurate approximations over a larger time domain than the standard successive

approximation and variational iteration methods. In particular, the incorporation of

the multistage structure improved the approximation accuracy over an extended time

domain, indicating that the successive treatment of smaller subintervals can reduce

cumulative errors and enhance long-term numerical performance. However, the

method was developed for a first-order SEIR system and was not formulated to solve

higher-order nonlinear differential equations directly without order reduction, nor has

it been applied to the monkeypox transmission model. For monkeypox transmission

modelling, Peter et al. (2022a) employed the fourth-order Runge-Kutta (RK4) method

to obtain numerical solutions. Although RK4 provides a numerical benchmark for

the model, it does not modify or extend the classical PIM to address its limitations

in long-time accuracy, error accumulation, and direct applicability to higher-order

differential equations. Likewise, existing classical and fractional-order monkeypox

studies have not considered the application of a MPIM for solving the monkeypox

transmission model. Therefore, there is a need to extend the classical PIM through

the development of PIMn and a multistage formulation, namely MPIMn, to enable

the direct solution of nth-order nonlinear differential equations without reducing them

into first-order systems.

This thesis addresses three interconnected mathematical challenges: the

short-time accuracy limitation of classical PIM in epidemiological models, the

absence of a multistage Picard framework for enhanced long-term stability, and the

lack of a direct nth order Picard formulation. The proposed MPIM improves longterm

predictive reliability for nonlinear epidemic models by controlling cumulative

errors across successive stages, while the PIMn introduces a direct formulation for

higher-order differential equations without order reduction. The MPIMn further

integrates both stability enhancement and higher-order applicability within a
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unified framework. By simultaneously addressing stability and higher-order direct

solvability, this study contributes a comprehensive extension of the classical PIM for

broader mathematical and epidemiological applications.

1.4 Research Questions

In order to address the problem statements and accomplish the goals of this

research, three questions have been identified for this study as follows:

a) How does the implementation of theMPIM enhance the classical PIM in solving

first order ODEs and PDEs?

b) How does the PIM and MPIM be extended and formulated to directly handle

nth order differential equations efficiently?

c) How does the proposed Picard-based framework, consisting of MPIM, PIMn,

and MPIMn, perform with respect to accuracy, convergence behaviour, and

numerical stability in solving selected nonlinear ODE and PDE models?

1.5 Research Objectives

To address the problem statements and accomplish the research goals, three

main objectives have been set for this study as follows:

a) To modify the classical PIM by implementing a MPIM for the first order ODEs

and PDEs.

b) To modify the PIM and MPIM to solve direct nth order problem.

c) To verify the accuracy, convergence behaviour, and numerical stability of

MPIM, PIMn and MPIMn by applying them to selected nonlinear ODE and

PDE models.

1.6 Significance of Study

The significance of this study lies in its contribution to the development of

improved PIM for solving nonlinear differential equations, particularly those arising in
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epidemiological modelling such as the monkeypox transmission model. Although the

classical PIM is well known for its simple formulation and analytical basis, its direct

implementation may become less practical when dealing with higher-order problems

and long-term approximation intervals. Therefore, this study introduces modified

formulations, namely PIMn, MPIMn, and the multistage implementation of PIM, to

support and enhance the existing PIM framework.

The proposedmethods are significant as they provide alternative computational

approaches that can complement the established numerical methods such as RK4.

Instead of replacing existing methods, these formulations aim to improve the

flexibility of PIM by extending its application to higher-order differential equations

and by using a multistage structure to reduce accumulated approximation errors over

longer intervals. Through the application to selected nonlinear models, including the

monkeypox transmission model, this study demonstrates how the modified PIM can

be used as supportive numerical tools for analysing disease dynamics.

Furthermore, this study contributes to numerical research in applied

mathematics by presenting a structured formulation, implementation procedure,

and comparative analysis of the proposed methods. The findings may provide a

useful reference for future studies involving iterative methods, nonlinear differential

equations, and epidemiological models.

1.7 Limitations

This study is limited to the development, implementation, and numerical

validation of the PIM, the MPIM, and their higher-order extensions, namely PIMn

and MPIMn, for selected deterministic nonlinear differential equation models with

prescribed initial conditions. The study focuses on benchmark equations, higher-order

equations, and small- to medium-scale biological and epidemiological systems in

order to systematically evaluate the accuracy, convergence behaviour, and numerical

stability of the proposed methods within a controlled mathematical setting.

The classical PIM and MPIM are applied to first-order nonlinear models,

including the Monkeypox transmission model, the COVID-19 epidemiological

model, the biochemical reaction model, the multispecies Lotka-Volterra system,

the Riccati equation, and the Newell-Whitehead–Segel equation. These models are
9



selected because the classical PIM and MPIM are formulated for first-order IVPs.

For higher-order models, namely the nonlinear Duffing equation and the Pohlhausen

flow equation, the study develops and applies PIMn and MPIMn directly without

transforming the original equations into equivalent systems of first-order equations.

For consistency in the numerical implementation, a fixed step size of h = 0.01 is used

throughout the computational simulations. Therefore, this study does not investigate

the influence of different step sizes or adaptive step-size strategies on the performance

of the proposed methods.

The numerical solutions obtained are evaluated through comparison with

selected semi-analytical and numerical methods, including ADM, MADM, and RK4

for the selected ODE systems. For the Monkeypox transmission model, RK8 is

additionally used as a higher-order numerical benchmark. Exact solutions are also

used where available for the selected benchmark problems. However, CPU execution

time was not included in this study. Therefore, the numerical comparison focuses

on solution accuracy, convergence behaviour, and numerical stability rather than

computational time.

The study does not extend beyond the selected deterministic models

to stochastic differential equations, fractional-order models, delay differential

equations, or large-scale high-dimensional systems. Such problems involve

additional features, including random effects, memory-dependent operators, delayed

states, or substantially greater computational complexity, which may require

further modification or hybridisation of the proposed methods with other numerical

techniques (Han et al., 2024; Sudsutad et al., 2024).

Furthermore, the epidemiological applications in this study are theoretical

and computational in nature, where the analysis is based on numerical results

generated using Maple. The purpose is to evaluate the accuracy, convergence

behaviour, and numerical stability of the proposed PIM when applied to the selected

mathematical models. Hence, the numerical results do not fully represent the

physical behaviour of actual disease transmission, as the models are analysed

using fixed parameter values and initial conditions and do not incorporate several

real-world factors, such as demographic variation, spatial movement, behavioural

changes, intervention strategies, reporting uncertainty, and time-varying transmission
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conditions. Therefore, the findings should be interpreted within the theoretical

formulation and numerical setting considered in this study.

1.8 Scope of Study

This study focuses on the development, formulation, and validation of the

Picard-based numerical frameworks, namely the PIM, the MPIM, and their higher

order extensions PIMn and MPIMn. The scope includes the application of PIM

and MPIM to selected first order nonlinear ODEs and PDES models, specifically

the Monkeypox transmission model, the COVID-19 epidemiological model, the

biochemical reaction (Michaelis–Menten) model, the multispecies Lotka–Volterra

system, the Riccati equation, and the Newell Whitehead Segel equation. For higher

order differential equations, the study extends the framework through PIMn and

MPIMn, which are applied to benchmark problems such as the nonlinear Duffing

equation and the Pohlhausen flow equation. The methodology is implemented

through an iterative computational procedure in Maple, where the Picard-based

approximations are generated symbolically and evaluated numerically over specified

time intervals. For MPIM and MPIMn, the computation is carried out using

a multistage time-marching approach, in which the solution interval is divided

into smaller subintervals and the initial condition is updated at each stage. This

implementation is used to improve the long-time numerical behaviour of the classical

PIM, particularly for nonlinear models. The numerical performance of the proposed

methods is evaluated in terms of accuracy, stability, convergence behaviour, and

absolute error comparison using appropriate numerical and semi-analytical reference

methods. For the COVID-19 model, biochemical reaction model, and multispecies

Lotka–Volterra equations, the PIM and MPIM results are compared with ADM,

MADM, and RK4. For the Monkeypox transmission model, the comparison

additionally includes RK8 as a higher-order numerical benchmark because the model

is simulated over an extended time interval with a large number of time steps. The

ADM and MADM are used as supplementary comparison methods and do not form

part of the proposed Picard-based framework. The number of iterations and step

size are restricted to certain values to ensure computational feasibility, symbolic

manageability, and stable numerical output in Maple. A very large number of
11



iterations may produce lengthy symbolic expressions, increase computational cost,

and lead to memory or simplification difficulties. Similarly, the selected step size

must be sufficiently small to improve accuracy, but not too small to avoid excessive

computational time. Therefore, the iteration number and step size are chosen

based on a balance between accuracy, convergence behaviour, and computational

efficiency. All implementations are carried out using Maple for symbolic and

numerical computation. The study is confined to deterministic nonlinear models

with given initial conditions and does not cover stochastic, fractional-order, delay, or

large-scale high-dimensional systems. The outcomes of the study are also influenced

by the selected step size, number of iterations, time interval, model parameters, and

the capability of Maple to handle symbolic expressions generated by the iterative

schemes.

1.9 Thesis Outline

This thesis is organized into seven chapters. In the first chapter, a general

introduction, motivation for this work, problem statement, research question, research

objective, significance of the study, limitation and thesis scope are given.

In Chapter 2, a structured and comprehensive review of the relevant literature

is presented to establish the theoretical and methodological foundation of this

study. The chapter begins with the background of Monkeypox disease and the

mathematical modelling of infectious diseases, followed by a discussion of the

Monkeypox transmission model proposed by Peter et al. (2022a). It then reviews the

fundamental principles and formulation of the PIM for solving first-order differential

equations, together with its implementation in selected nonlinear differential equation

systems. The evolution of the Modified PIM, including the multistage concept

and related extensions, is also reviewed. Through critical analysis of previous

studies, the strengths and limitations of existing iterative approaches are identified,

thereby highlighting the research gap that motivates the development of the proposed

modified PIM in this thesis.

In chapter 3, the mathematical development of the proposed numerical

methods is presented. This chapter introduces the formulation of the MPIM, PIMn

and MPIMn, beginning with the fundamental principles of the classical PIM. The
12



limitations of the standard PIM are discussed, followed by the derivation of the

MPIM framework is designed to improve accuracy, stability, and global convergence

by applying the Picard iteration across successive subintervals. The chapter also

develops the PIMn and MPIMn, which enables direct solution of higher order

differential equations without reducing them to first order systems. Convergence

analysis, iterative structures, and implementation procedures for MPIM, MPIMn and

MPIMn are thoroughly detailed.

In Chapter 4, the PIMn is first introduced and derived in detail to demonstrate

how the general formulation for higher order IVPs is constructed from the integral

representation of differential equations. The method is then verified using two

initial value problem examples to assess its accuracy, convergence behaviour, and

computational reliability. Next, the PIM and MPIM are applied to the nonlinear first

order Riccati equation to evaluate their performance in solving classical nonlinear

ODEs. The comparison with the exact solution and RK4 benchmark shows that

MPIM provides better accuracy and stability than the standard PIM. Furthermore,

the PIMn and MPIMn are applied to nonlinear higher order problems, namely the

Duffing equation and the Pohlhausen flow equation. The numerical results show that

MPIMn maintains small absolute errors and strong agreement with RK4, while PIMn

is more reliable over short time intervals. Overall, this chapter fulfils the first, second

and third research objective and further validates the applicability of the proposed

Picard-based methods for solving nonlinear ODEs.

In Chapter 5, the applicability of the PIM and MPIM is extended to nonlinear

PDEs. This chapter focuses on the Newell Whitehead Segel equation, a nonlinear

reaction diffusionmodel, to assess whether Picard-basedmethods can accurately solve

nonlinear PDEs. The numerical results are compared with the exact solution and the

RK4 benchmark computed using Maple. The comparison shows that MPIM provides

better accuracy and stability than the standard PIM, particularly over longer time

intervals. Overall, this chapter further validates the applicability of the proposed

Picard-basedmethods for nonlinear PDEs and contributes to fulfilling the first research

objective.

In Chapter 6, the PIM and MPIM are applied to various nonlinear systems

of ODEs, including the Monkeypox transmission model, the COVID-19 model, the

13



biochemical reaction (Michaelis-Menten) system, and the multispecies Lotka-Volterra

equations. To provide a broader comparative assessment, the ADM and MADM

are also included as supplementary semi-analytical methods for all four applications.

The numerical approximations obtained using PIM, MPIM, ADM, and MADM are

compared with RK4 results generated using Maple. For the Monkeypox transmission

model, RK8 is additionally included as a higher-order numerical benchmark because

the simulation involves a long computational interval and a large number of time steps.

The comparative results demonstrate the improved long-time numerical performance

of MPIM relative to the classical PIM and contribute to fulfilling the first and third

research objectives of the study.

In the final chapter, the main findings of the thesis are summarised,

highlighting the contributions and significance of the proposed methods. This

chapter also outlines several potential directions for future research, offering

recommendations for further extensions and applications of the developed numerical

techniques.
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CHAPTER 2
LITERATURE REVIEW

2.1 Introduction

Mathematical modelling plays a significant role in understanding the

transmission dynamics and control strategies of infectious diseases such as

Monkeypox. Epidemiological models are typically formulated as nonlinear

systems of differential equations, where exact analytical solutions are often difficult

to obtain. Consequently, numerical approximation methods are required to analyse

the behaviour of these systems over time. This chapter begins by reviewing the

background of Monkeypox disease, the mathematical modelling of infectious

diseases, and the Monkeypox transmission model proposed by Peter et al. (2022a),

which serves as the foundational model in this study.

The chapter then focuses on the development of the Picard Iterative Method

(PIM), including its historical background, formulation for first order differential

equations, and applications in existing literature. Modifications and extensions of

PIM, particularly the multistage concept, are also reviewed to provide the theoretical

basis for the development of the Modified PIM proposed in this thesis. The chapter

concludes by identifying the existing research gaps that motivate the proposed

method.

2.2 Background of Monkeypox Disease

Monkeypox is an emerging zoonotic viral infection caused by the monkeypox

virus, belonging to the Orthopoxvirus genus within the Poxviridae family (Tajudeen

et al., 2023). It’s closely related to the variola virus that causes smallpox and has

become a major global health concern due to its potential to cause human outbreaks

(Chen et al., 2025). Although first identified in laboratory monkeys in 1958, human

cases were officially recorded in the Democratic Republic of Congo in 1970, marking

the beginning of the disease’s documented epidemiological history (Di Giulio &

Eckburg, 2004).
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Traditionally, monkeypox has been endemic to remote regions of Central and

West Africa, where transmission is facilitated by close contact with infected wildlife

reservoirs such as rodents and other small mammals (Reynolds et al., 2019). The virus

spreads to humans primarily through zoonotic exposure via bites, scratches, or contact

with infected bodily fluids or lesions but human to human transmission can also occur

(Harris, 2022). Human transmission typically happens through respiratory droplets

during prolonged face to face interactions, direct contact with skin lesions, or contact

with contaminated materials such as bedding or clothing. The clinical progression

commonly begins with fever, chills, headache, muscle pain, and lymphadenopathy,

followed by the development of a characteristic vesiculo-pustular rash that spreads

across the body (Yadav et al., 2025).

The global landscape of monkeypox changed significantly in 2022, when

multiple non-endemic countries reported widespread community transmission,

including regions in Europe, North America, and Asia (Wu et al., 2025). These

outbreaks highlighted the importance of understanding monkeypox dynamics beyond

endemic settings, especially given the increased human mobility, urbanization, and

potential changes in reservoir–host interactions. The disease’s capacity to spread

both zoonotically and through human networks makes it essential to develop robust

models that account for complex interactions and multiple transmission pathways

(Yadav et al., 2025).

Mathematical modelling has therefore become a critical tool for assessing

monkeypox transmission potential, predicting outbreak size, and designing effective

control strategies such as vaccination, isolation, surveillance, and targeted public

health interventions (Agbata et al., 2025). Because monkeypox involves multiple

epidemiological stages including exposure, latent infection, symptomatic infection,

and recovery compartmental models using ODEs are widely employed by researchers.

These models help describe the temporal evolution of the disease within human and

animal populations while accounting for parameters such as infection rates, contact

patterns, recovery rates, and mortality.

Given the recurrent outbreaks and the increasing complexity of transmission

channels, the need for accurate, efficient, and reliable numerical methods to

solve monkeypox models has become more important than ever. Improvements in
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numerical approximation techniques, particularly for nonlinear andmulti-compartment

ODE systems, play a significant role in enhancing the predictive power and reliability

of these mathematical models.

2.3 Mathematical Modeling of Infectious Diseases

Mathematical modeling is one of the most widely used approaches for

understanding infectious disease dynamics, as it allows researchers to quantify

how diseases spread within populations and to assess the likely effectiveness of

interventions. The earliest and most influential models are the compartmental

frameworks, such as the SIR and SEIR models, which classify individuals according

to their disease status. These simple systems of nonlinear differential equations have

provided valuable insight into epidemic trajectories and control thresholds, such as

the basic reproduction number, yet they also rely on assumptions of homogeneous

mixing and exponentially distributed transition times that may oversimplify real-world

conditions (Hunter & Kelleher, 2022; Tolles & Luong, 2020).

In recent years, advances in mathematical epidemiology have expanded these

models to incorporate additional biological and social mechanisms. Researchers

have developed extensions that account for vaccination, waning immunity, contact

heterogeneity, and spatial effects, as well as fractional-order and fractal-fractional

operators that capture memory and nonlocal transmission dynamics (Alaje &

Olayiwola, 2023; Alalhareth et al., 2024). These modifications aim to address the

limitations of classical models by producing outcomes that align more closely with

observed epidemic data. However, such complexity often results in highly nonlinear

systems that cannot be solved analytically, creating a strong demand for accurate and

efficient numerical methods to approximate solutions.

The re-emergence of monkeypox since 2022 has spurred renewed interest in

epidemiological modeling. Several studies have formulated nonlinear differential

equation models to represent human-to-human and zoonotic transmission routes,

while others have introduced fractional-order frameworks to capture time-dependent

memory effects and evaluate vaccination strategies (Gunasekar et al., 2025; Peter

et al., 2022a). These models provide important qualitative insights through stability

and sensitivity analyses but, in practice, exact closed-form solutions are rarely
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attainable. Numerical simulation therefore becomes essential to generate predictions

that can guide public health decision-making. This challenge underscores the

importance of developing novel numerical methods capable of handling nonlinear

epidemiological models such as monkeypox, thereby forming the foundation and

motivation for the present study.

2.4 Monkeypox Transmission Model Proposed by Peter et al. (2022a)

Several mathematical models have been developed to understand the

transmission dynamics of the Monkeypox virus. Among these, the deterministic

compartmental model proposed by Peter et al. (2022a) provides a comprehensive

framework that captures both human-to-human and rodent-to-human transmission

pathways. The model incorporates isolation measures and performs detailed

analytical investigations, including equilibrium analysis and bifurcation behaviour.

Due to its well-structured formulation and rigorous mathematical analysis, this model

serves as a suitable foundation for further numerical investigation.

2.4.1 Model Formulation

Peter et al. (2022a) proposed a deterministic compartmental model to describe

the transmission dynamics of the Monkeypox virus involving interactions between

human and rodent populations. The model consists of two interacting populations,

namely humans and rodents, and is formulated as a system of nonlinear ordinary

differential equations.

The human population is subdivided into five mutually exclusive

compartments: susceptible humans Sh(t), exposed humans Eh(t), infected humans

Ih(t), isolated humans Qh(t), and recovered humans Rh(t). The rodent population is

subdivided into three compartments: susceptible rodents Sr(t), exposed rodents Er(t),

and infected rodents Ir(t). The inclusion of the isolated compartment Qh(t) allows

the model to capture intervention strategies such as isolation of infected individuals.

The transmission dynamics are governed by nonlinear incidence terms

representing:

• Rodent-to-human transmission,
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• Human-to-human transmission,

• Rodent-to-rodent transmission.

The full model is described by a system of eight nonlinear ordinary

differential equations, incorporating recruitment, progression, recovery, natural

death, and disease-induced mortality rates.

Peter et al. (2022a) further conducted a rigorous mathematical analysis of the

model. The biological feasibility region was established and shown to be positively

invariant. The monkeypox-free equilibrium and endemic equilibrium were derived

explicitly. The basic reproduction number R0 was computed using the next-generation

matrix approach. Local and global stability analyses of the disease-free equilibrium

were performed, and conditions for the existence of backward bifurcation were

established using centre manifold theory. Additionally, sensitivity analysis and

numerical simulations were carried out to illustrate the impact of key epidemiological

parameters on disease transmission dynamics.

Their findings highlighted the significant role of human-to-human

transmission and demonstrated that isolation of infected individuals reduces

disease spread.

2.4.2 Method Used in Previous Studies

In the original study by Peter et al. (2022a), the monkeypox transmission

model was formulated as a deterministic system of nonlinear ordinary differential

equations involving human and rodent populations. The authors established the

positivity and boundedness of solutions and derived both the monkeypox-free

equilibrium and endemic equilibrium states. The basic reproduction number R0

was computed using the next-generation matrix method. Local and global stability

analyses were performed using linearization techniques and Lyapunov-based

approaches, while the occurrence of backward bifurcation was investigated via centre

manifold theory. Numerical simulations were carried out using classical numerical

integration schemes to illustrate the theoretical findings. Their results highlighted the

significant role of human-to-human transmission and demonstrated that isolation of

infected individuals reduces disease spread.
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Following this work, several researchers extended the monkeypox

transmission framework using alternative mathematical techniques. For instance,

Peter et al. (2022b) further developed a fractional order version of the model in their

study on fractional mathematical modeling of monkeypox transmission dynamics,

where Caputo fractional derivatives were introduced to capture memory effects in

disease spread. In particular, Alharbi et al. (2022) developed a fractional-order version

of the monkeypox model using Caputo fractional derivatives to incorporate memory

effects and investigated stability properties under non-integer dynamics. Similarly,

Liu et al. (2023a) and Khan et al. (2024) employed fractional epidemiological

modeling approaches to investigate vaccination impacts and real-data fitting under

fractional derivatives. Okyere and Ackora-Prah (2023) analyzed the monkeypox

model using Atangana Baleanu fractional derivatives and examined stability

properties and numerical behavior under fractional operators. Majee et al.

(2023) incorporated treatment and vaccination controls within a fractional order

framework and analyzed transcritical bifurcation phenomena. In addition to

fractional approaches, Akkilic et al. (2024) utilized a radial basis deep neural

network with Bayesian regularization optimization to approximate solutions of the

monkeypox transmission model. Furthermore, Yapışkan et al. (2023) proposed

optimal preventive strategies using Pontryagin’s Maximum Principle combined

with Runge Kutta numerical schemes. These studies demonstrate the adaptability

of the original monkeypox transmission model and reveal a growing interest in

employing advanced analytical, fractional, and computational techniques to explore

its dynamical behavior.

Following that, Movaheedi and Rahmani (2026) conducted a comparative

numerical study of the monkeypox transmission model using the fourth-order

Runge-Kutta (RK4) and Backward Euler methods, concluding that RK4 provides

higher short-term accuracy while the Backward Euler method demonstrates superior

stability for stiff epidemiological systems and long-term simulations. Manivel et al.

(2025) developed a fractional-order co-infection model for monkeypox and HIV

using the Atangana–Baleanu fractional operator, where stability was examined via

fixed-point theory and Picard’s successive approximations, and numerical simulations

were implemented using a Newton polynomial-based method to analyze the impact
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of fractional parameters on co-infection dynamics. Sweilam et al. (2025) proposed

a crossover fractional mathematical model of monkeypox transmission based on

the Ψ-Caputo derivative and employed Ψ-nonstandard finite difference schemes

alongside a modified Euler Maruyama method to numerically investigate fractional,

variable-order, and stochastic dynamics, validating the approach through comparative

analysis and real data simulations.Yeshwanth and Kumbinarasaiah (2025) analyzed

the monkeypox transmission model using a Modified Hermite Wavelet Collocation

Method, where fractional differential equations were transformed into an algebraic

system via an operational matrix of integration and solved using the Newton–Raphson

method, with numerical results compared against RK4 and NDSolver to demonstrate

the accuracy and efficiency of the wavelet-based approach. Suantai et al. (2023)

investigated the fractional-order monkeypox transmission model using Caputo

derivatives and employed an artificial intelligence–based scaled conjugate gradient

neural network to obtain numerical solutions, validating the stochastic approximations

against reference Adams method results through regression, error analysis, and

state-transition performance measures. Bansal et al. (2025) investigated the

monkeypox transmission dynamics under vaccination effects using an Atangana

Baleanu Caputo fractional derivative framework, where existence and uniqueness

were established via Banach’s fixed point theorem, the basic reproduction number

was derived using the next-generation matrix approach, and numerical simulations

were performed using the fractional Adams Bashforth method to analyze the impact

of model parameters on disease dynamics.

Despite the extensive analytical and computational developments surrounding

the monkeypox transmission model, the majority of existing studies have focused on

classical stability analysis, fractional-order extensions, data-driven parameter

estimation, artificial intelligence-based approximations, or optimal control

frameworks. While these approaches provide valuable insights into the qualitative and

numerical behavior of the system, the application of iterative analytical–numerical

schemes such as the PIM and its multistage extension (MPIM) has not been reported

for the monkeypox transmission model.

In particular, no existing study has investigated the convergence characteristics,

long-term stability performance, or computational efficiency of PIM when applied
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directly to the nonlinear monkeypox transmission system. This methodological gap

motivates the present study, which aims to examine the applicability and robustness of

the PIM and the MPIM in solving the monkeypox transmission model. By evaluating

their accuracy and stability performance against classical numerical benchmarks,

this study seeks to provide an alternative and reliable numerical framework for

epidemiological modeling of monkeypox dynamics.

2.5 Picard Iterative Method (PIM)

This section provides a detailed overview of the Picard Iterative Method

(PIM), including its historical development, mathematical formulation for first order

ordinary differential equations (ODEs), and its applications in existing literature.

The discussion establishes the theoretical foundation required for the subsequent

development of the proposed modifications in this study.

2.5.1 Historical Development of PIM

The PIM originated in the late 19th century through the foundational work of

Émile Picard. His pioneering contributions, particularly in the context of differential

equations, laid the groundwork for iterative approaches to solving nonlinear problems.

Picard’s initial formulation was centered around the iteration of fixed points, which

became formalized through the analysis of integral equations (Chen et al., 2022).

This methodology was a significant advancement as it allowed for the systematic

approximation of solutions and relates to the Banach Fixed Point Theorem. This

theorem asserts the existence and uniqueness of fixed points for contraction mappings

in complete metric spaces, encapsulating the essence of PIM (Ahmad et al., 2021).

The application of this theory to the Picard method illustrates its robustness, ensuring

convergence under specific conditions related to contraction.

As the field of numerical analysis has evolved, the application of PIM has

expanded significantly, particularly from 2020 to 2023, marking a period rife with

innovative methodologies and applications pertinent to nonlinear ODEs. Researchers

have harnessed PIM not only for traditional applications in physics and engineering

but also for complex systems within biology and epidemiology. For instance,
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contemporary studies demonstrate PIM’s utility in simulating chemical kinetics,

where the method assists in resolving the challenges posed by stiff ODEs encountered

in reactive-flow simulations (Ji et al., 2021). In this context, sophisticated numerical

solvers have emerged that leverage PIM principles alongside new computational

techniques like Physics-Informed Neural Networks (PINNs) to enhance efficiency

and accuracy in solving ODEs (Huang & Seinfeld, 2022; Wu et al., 2023). This

synthesis of traditional iterative methods with modern computational techniques

underscores the method’s continued relevance and adaptability in tackling complex

differential equations in various scientific domains.

Despite its successes, classical PIM is not without limitations. In scenarios

involving stiff or higher order ODEs, the classical approach can struggle, often leading

to slow convergence rates. Therefore, researchers have explored modifications to

the original Picard framework. Innovations such as multistage PIM and various

acceleration techniques have been proposed to enhance the convergence speed and

stability of the method (Azevedo et al., 2020). For example, techniques such as the

accelerated spectral deferred correction method have shown promise by integrating

sophisticated linear algebra strategies to improve convergence in iterative processes

solving fractional differential equations (Chen et al., 2022). These advancements

address fundamental constraints of the conventional PIM, allowing it to manage

diverse applications ranging from chemical kinetics to dynamical systems modeling,

where conventional approaches may fall short.

In summary, the historical development of the Picard Iterative Method has

transitioned from its inception in Picard’s seminal work to a highly relevant technique

in modern numerical analysis. The convergence guarantees provided by the Banach

Fixed Point Theorem have been instrumental in establishing the method’s credibility.

Recent innovations reflecting the need for more efficient variants have emerged to

address classical limitations, particularly in the context of stiff and higher order ODEs.

Collectively, these facets underscore the method’s evolution and highlight ongoing

efforts to optimize its application across various scientific disciplines, affirming

Picard’s legacy in the landscape of functional analysis and numerical methods.
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2.5.2 PIM for First order ODEs

The integral form of a first order initial value problem (IVP) is foundational

to the analysis and solution of such problems in mathematical analysis and numerical

methods. The general integral representation can be defined as

y(t) = y0 +
∫ t

t0
f (s,y(s))ds, (2.1)

where y0 represents the initial condition and f (s,y(s)) is a function dependent on both

the independent variable s and the unknown function y(s). This formulation serves

as the basis for the (PIM), which is a powerful tool for solving IVPs. It establishes

a framework where the solution can be approximated through a series of iterative

refinements starting from the initial condition y0 (Tafakkori-Bafghi et al., 2020). The

iterative nature of this method allows for the successive approximations of the solution

to converge under suitable conditions, particularly the Lipschitz condition, which

ensures that the function f responds linearly to changes in y, hence guaranteeing the

uniqueness of the solutions produced through the method (Lyons et al., 2017).

The classical Picard iterationmethod constructs successive approximations via

the fixed-point iteration scheme. This approach begins with an initial guess, typically

taken as the initial condition, and iteratively substitutes the current approximation into

the integral form to yield a new approximation. This process can be mathematically

defined as

yn+1(t) = y0 +
∫ t

t0
f (s,yn(s))ds, (2.2)

where yn denotes the nth approximation (Pollock et al., 2019). Notably, each

iteration seeks to improve the accuracy of the previous estimate by using it in the

integral formulation, thereby refining the approximation until a satisfactory degree

of accuracy is achieved. A critical aspect of the convergence of the Picard iterations

is captured by the Banach fixed-point theorem, which asserts that, under appropriate

circumstances (namely, Lipschitz continuity), the sequence of approximations

produced will converge to a unique fixed point, which corresponds to the solution of

the IVP (Lyons et al., 2017; Zeng & Zhang, 2020).

In ensuring the convergence of the Picard iteration method, mathematical
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properties such as Lipschitz continuity and contraction mapping play crucial roles.

A function f (s,y) satisfies the Lipschitz condition if there exists a constant L such

that | f (s,y1)− f (s,y2)| ≤ L|y1 − y2| for all y1 and y2. This property guarantees

that the iterations draw sufficiently close together promoting convergence: as the

iterations progress, deviations between subsequent approximations reduce, ensuring

convergence to the unique solution (Liu et al., 2025). Moreover, computational

challenges, such as the potential increase in complexity of the fixed-point problem

as the dimensionality increases, lead to modifications of the standard Picard iteration

method, including the development of accelerated variants. These include approaches

such as Anderson acceleration and Jacobi-Picard methods, which aim to enhance

convergence rates and improve computational efficiency for practical applications in

various fields (Almeida et al., 2018; Pollock et al., 2019).

The standard Picard iteration method has found modern applications across

diverse domains, reflecting its continued relevance and adaptability to contemporary

challenges in solving nonlinear ODEs. Recent studies highlight its utilization

in engineering, biological modeling, and epidemiology, where Picard iterations

contribute to the accurate modeling of dynamic systems and the spreading of diseases

(Filobello-Nino et al., 2024; Youssef et al., 2024). For instance, the application of

a modified Picard iteration method has provided reliable solutions in the context

of nonlinear dynamics in biological systems, demonstrating not only accuracy

but also the ability to navigate the inherent complexities of modeling real-world

phenomena (Tafakkori-Bafghi et al., 2020). However, the method is not without

limitations, including potential convergence issues and computational burdens,

particularly for high-dimensional ODEs. To address these challenges, researchers

have proposed several advanced strategies that leverage the foundation laid by the

Picard approach while optimizing computational performance, thereby ensuring

the continued applicability of this classical method in addressing contemporary

mathematical modeling challenges (Nwaigwe & Mishra, 2024).

2.5.3 Application PIM in Literature

The PIM, an iterative technique for solving differential equations, has

garnered considerable attention for its versatility in addressing various forms of
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ODEs. It has been effectively applied to linear initial value problems (IVPs), where

its capacity to generate solutions aligns well with the linear dynamics’ simplicity.

Recent advancements include the work of Hamid et al. (2022), who introduced a

hybrid Picard-Chelyshkov polynomial method directed at nonlinear ODE models,

demonstrating its utility in addressing complex nonlinear dynamics. In chemical

kinetics, the method has been utilized to model reaction rates accurately; for

instance, it has effectively solved nonlinear equations arising from reaction-diffusion

phenomena (Abdel-Gawad et al., 2017). Moreover, in ecological models such

as predator-prey systems, the Picard method has enhanced the understanding of

dynamic interspecies interactions, with applications noted in modeling population

dynamics (Hamid et al., 2022). Thus, the method’s applicability spans various fields,

showcasing its value in both linear cases and intricate nonlinear scenarios.

The simplicity and conceptual clarity of the Picard method are among its

greatest strengths. Notably, the method relies on the Banach fixed-point theorem,

which underpins its mathematical foundation established through contraction

mappings (Nguyen et al., 2018). This characteristic provides a systematic approach

to generating analytic-type iterative approximations, enhancing its appeal for solving

ODEs. In practical applications, this method often yields remarkably precise results,

largely due to its iterative nature that approximates solutions to a high degree of

accuracy. Furthermore, the ability of the Picard method to tackle integral equations

through fixed-point iterations showcases its versatility beyond traditional linear

contexts (Azevedo et al., 2020). Recent advancements also highlight the application

of Picard iterations in modern computational techniques (Nguyen et al., 2018).

However, key limitations of the standard Picard method present challenges.

The method exhibits slow convergence when applied to stiff or strongly nonlinear

systems, significantly hampering its efficiency in dynamic scenarios characterized

by rapid changes (Yao et al., 2021). Moreover, its sensitivity to step size or interval

length implies that small perturbations can disproportionately affect accuracy,

restricting its practical utility in sensitive applications. The classical Picard approach

is predominantly tailored for first order ODEs; thus, higher order equations require

transformation into systems of first order equations, complicating its usage (Abbass

et al., 2025). In addition, the accuracy of solutions is intricately tied to the complexity
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of the integral form being evaluated, often resulting in challenges when higher

precision is required in numerical contexts (Yao et al., 2021).

To address the limitations of the standard Picard method, recent literature

has seen an emergence of innovative approaches (2020-2025). Various modified

Picard iterative methods have been proposed, such as accelerated PIM, and hybrid

decomposition-Picard methods, aimed at enhancing convergence rates and broader

applicability (Nwaigwe & Mishra, 2024). These adaptations seek to mitigate

slow convergence through relaxation techniques and optimized iterations while

retaining the foundational benefits of the original Picard approach (Yao et al., 2021).

For instance, the application of the Anderson acceleration method in conjunction

with modified Picard iterations has shown effectiveness in enhancing numerical

performance, particularly in scenarios demanding rapid convergence (Zhao et al.,

2025). Such advancements signify a crucial evolution of the Picard framework,

leading to increased flexibility and efficiency in addressing modern computational

challenges across various fields, from chemical kinetics to ecological modeling.

2.6 Modified Picard Iterative Method

This section presents the development of theModified PIM as an enhancement

of the classical PIM. It first reviews the evolution of modified iterative methods

in the literature, followed by an introduction to the multistage concept designed

to improve numerical stability and convergence over extended time intervals. The

section concludes with a discussion on the key modifications and extensions of the

Picard Iterative Method that underpin the proposed methodology in this study.

2.6.1 Evolution of Modified Iterative Method

The evolution of modified iterative methods for solving nonlinear ODEs

has seen significant advancements, particularly in methodologies such as the

Variational Iteration Method (VIM), Homotopy Perturbation Method (HPM), and the

Adomian Decomposition Method (ADM). These techniques have been enhanced to

improve their applicability in complex and stiff systems. Recent studies highlight

the effectiveness of VIM and its modified variants in addressing stiff ODEs,
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demonstrating simpler implementations compared to classical methods, thereby

allowing for more efficient tackling of various linear and nonlinear stiff ODEs (Atay

& Kilic, 2013). Furthermore, the HPM has evolved to mitigate slow convergence

issues traditionally associated with classical methods by integrating perturbation

techniques that enable faster and more stable solutions, especially for higher order

ODEs (Azhari et al., 2025). The ADM has also been further developed to provide

analytic solutions in the form of convergence series, leading to improved accuracy

and efficiency relative to traditional approaches (Hunaiber et al., 2023; Ziada, 2022).

The necessity for these modifications arises primarily from the inherent

challenges posed by classical iterative methods, including slow convergence rates,

stability issues, and limitations in handling stiff systems. Classical methods

often encounter difficulties with nonlinear terms due to their complexity,

leading to oscillations and divergence from accurate solutions. Stiffness in

systems—particularly inmulti-compartmentmodels and higher order ODEs—presents

significant computational challenges, often requiring adaptive strategies or hybrid

methods to ensure convergence and stability (Priyadarsini et al., 2025; Sahani & Sah,

2024). Recent explorations reveal the inadequacies of classic methods, justifying

the evolution of these iterative techniques to accommodate the complexities often

encountered in fields like pharmacokinetics and biological modeling (Hasegawa &

Duffull, 2018).

Recent advancements (2020–2025) in iterative methods have aimed at

enhancing convergence, stability, and accuracy while effectively managing highly

nonlinear or biological models. Researchers have introduced various hybrid and

multistage versions of existing methods to address the shortcomings of classical

approaches. For instance, a novel hybrid framework combining neural networks with

higher order ODE solvers has demonstrated substantial improvements in accuracy

and computational speed when applied to stiff and nonlinear differential equations

(Murugesh et al., 2025). Additionally, new algorithms like the Spectral Deferred

Correction method have shown potential for accelerating convergence through

mechanisms such as the Generalized Minimal Residual method, enhancing the

reliability of numerical solutions for fractional differential equations (Chen et al.,

2022). These developments represent a significant shift towards more adaptive
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computational techniques tailored to the behaviors of complex and nonlinear systems.

This ongoing evolution is closely linked with the motivation to develop

the modified PIM. As the limitations of classical Picard methods such as slow

convergence and sensitivity to initial conditions become increasingly apparent,

similar issues that drive enhancements in VIM, HPM, and ADM provide a

compelling basis for the development of MPIM. Modifying the Picard method to

incorporate rapid convergence techniques and refined stability assessments aligns

with contemporary trends in numerical analysis that prioritize efficiency and accuracy

in simulating nonlinear dynamic systems. By addressing the iterative refinement

needs that have sparked innovations in existing methodologies, the MPIM aspires to

establish its relevance and utility in effectively solving modern complex differential

equations.

2.6.2 Introduction to Multistage Concept

The multistage concept has become increasingly significant for enhancing the

robustness and accuracy of numerical methods for ODEs, particularly in the context

of multistage Runge-Kutta methods, multistage Variational Iteration Methods (VIM),

and multistage Adomian Decomposition Methods (ADM). Recent contributions

to the field illustrate improved convergence and stability properties derived from

multistage formulations. For instance, Prabowo and Mungkasi (2021) introduced

a multistage successive approximation method for solving Riccati differential

equations, addressing stability and error propagation through strategic refinements at

each iteration subinterval. These advancements collectively underscore the efficacy

of multistage approaches compared to traditional single-interval methods, resulting

in improved local accuracy and reduced error accumulation issues.

The mathematical principles underpinning multistage strategies primarily aim

to enhance local accuracy and mitigate global error propagation in ODE problems. By

subdividing the computational domain into multiple smaller intervals, these methods

effectively manage the issues associated with stiff equations. For example, in the

context of the multistage ADM framework, subinterval iterations effectively control

rounding and truncation errors, thereby preserving stability throughout the numerical

process. Kaur et al. (2024) illustrated that adopting multistage principles leads to
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improved accuracy in fine-grained computations, allowing for a deeper understanding

of complex nonlinear behaviors. This dimensionality reduction stabilizes numerical

methods over expansive domains and reinforces the theoretical foundations required

for tackling highly nonlinear or stiff systems in computational applications.

Connecting multistage frameworks to iterative improvements in solving

nonlinear ODEs reveals significant advantages in managing truncation errors and

achieving coherent approximations. The higher order numerical stability provided by

multistage methods is critical when approximating integral or derivative terms across

different discretization points. The work of Pollock et al. (2019) emphasizes how

Anderson acceleration enhances the Newton iteration process for nonlinear solvers,

significantly improving convergence rates. By implementing error correction stages

systematically, these frameworks yield stronger stability and superior approximation

capabilities compared to traditional single-interval strategies. Such insights enrich

the algebraic structure of solutions derived from multistage iterative approaches,

leading to more resilient numerical techniques.

In contemplating the construction of a Multistage Picard Iterative Method

(MPIM), the core motivation arises from consolidating the advantages of multistage

frameworks with the established principles of the Picard iterative method. This

integration of multistage techniques is anticipated to enhance convergence properties

while alleviating sensitivities related to interval constraints, thus addressing critical

limitations exhibited by classical Picard methods. By embracing this multifaceted

approach, MPIM is positioned to offer substantial improvements in solving intricate

nonlinear systems, particularly those relevant in fields such as epidemiology and

control theory. As research evolves towards sophisticated iterative frameworks, the

anticipated benefits of greater numerical stability and efficiency position MPIM as a

cornerstone for advancing computational methodologies in mathematical sciences.

2.6.3 Modifications and Extensions of Picard Iterative Method

Over the years, researchers have recognized the limitations of the classical

PIM when applied to highly nonlinear or large-scale problems. As a result, several

modifications and extensions have been developed to improve its accuracy,

convergence rate, and applicability. One of the notable approaches is the
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Chebyshev–Picard iteration, which combines Picard’s successive approximation

with Chebyshev polynomials to achieve faster convergence for delay differential

equations and complex dynamical systems (Ma & Liu, 2024). More recently,

deep learning frameworks have integrated Picard iterations into neural network

architectures, enabling the method to handle high-dimensional nonlinear PDEs

(Boussange et al., 2023). These innovations highlight how Picard’s classical

framework has inspired modern numerical techniques that can adapt to increasingly

complex mathematical models.

Another direction of modification is the introduction of multistage and

partitioned iterative methods, which divide the solution interval into subintervals

and apply PIM step by step. This strategy improves stability and accuracy by

reducing error accumulation across long time spans, making it particularly suitable

for nonlinear ODEs that describe real-world phenomena. In applied mathematics,

such approaches have been shown to outperform the classical PIM, especially in

problems where traditional techniques converge too slowly or fail to capture nonlinear

dynamics effectively (Ansari & Akrami, 2024). These developments illustrate the

potential of multistage Picard-based schemes to serve as efficient alternatives to

conventional numerical methods such as Runge–Kutta or ADM.

Despite these advances, there remain relatively few studies that systematically

apply modified PIM to epidemiological models. The majority of existing applications

have focused on physics or engineering problems, while the use of iterative schemes

in mathematical epidemiology has largely been limited to qualitative analysis rather

than numerical approximation. This gap provides the motivation for the present study

to develop aMPIM specifically tailored to nonlinear disease transmission models such

as monkeypox, and to validate its performance on benchmark nonlinear equations

including the COVID-19 model, the biochemical reaction model, the multispecies

Lotka-Volterra equation, Riccati, and Newell–Whitehead–Segel. By bridging the

theoretical structure of PIM with the practical demands of epidemiological modeling,

MPIM is expected to extend the scope of iterative numerical techniques in both

mathematics and applied health sciences.
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2.7 Applications in Epidemiological Models

Mathematical models in epidemiology have been widely supported by

numerical methods, particularly when exact analytical solutions cannot be obtained

for nonlinear systems. Classical compartmental models such as SIR and SEIR

often lead to sets of nonlinear differential equations, which become increasingly

complex when additional factors such as vaccination, waning immunity, or zoonotic

transmission are incorporated (Ghosh & Ghosh, 2023). In such cases, numerical

schemes provide approximate solutions that enable researchers to simulate disease

dynamics, predict outbreak sizes, and evaluate intervention strategies. Over time,

numerical techniques including Runge–Kutta, ADM, VIM), and DJM have been

applied to a variety of epidemiological models, each with distinct advantages and

drawbacks (Abed & AL-Jawary, 2021; Biazar, 2006; Rafei et al., 2007).

Recent studies have focused on applying advanced numerical methods to

emerging diseases such as monkeypox, which re-emerged as a significant global

health issue in 2022. Several researchers have formulated fractional-order and

fractal-fractional models of monkeypox to capture memory effects and nonlocal

interactions, demonstrating that fractional operators can provide a closer fit to

real-world transmission dynamics compared to classical integer-order models

(Agbata et al., 2025; Gunasekar et al., 2025). These models rely heavily on numerical

simulations for validation, as closed-form solutions are generally unattainable. Such

reliance on numerical approximation highlights both the importance and the challenge

of selecting methods that balance accuracy, efficiency, and stability.

Despite this progress, the application of iterative schemes such as the

PIM remains underexplored in epidemiological contexts. While Picard-based

methods have been studied in physics, engineering, and high-dimensional PDEs

(Han et al., 2018, 2024; Zhou et al., 2024), their potential in modeling infectious

disease dynamics has not been fully realized. This gap suggests that modified PIM,

particularly multistage variants, could serve as effective tools for solving nonlinear

epidemiological systems. Applying a MPIM to the monkeypox transmission

model offers an opportunity to enhance predictive reliability and extend the use of

iterative methods within applied epidemiology, contributing to both methodological
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innovation and practical disease modeling.

2.8 Adomian Decomposition Method and Multistage ADM

This section reviews the application of the Adomian Decomposition Method

(ADM) and its multistage extension in solving nonlinear differential equations. The

discussion focuses on previous applications, reported strengths and limitations, and

the role of ADM and MADM as comparative semi-analytical methods in the present

study.

2.8.1 Applications of ADM in Nonlinear Systems

The ADM is a semi-analytical technique that has been widely used to

obtain approximate solutions for nonlinear differential equations. The method

represents the solution as a series of components and treats nonlinear terms through

Adomian polynomials. This allows nonlinear problems to be handled without directly

linearising the governing equations (Adomian, 1994; Li & Pang, 2020).

Previous studies have shown that ADM can be applied to a wide range of

nonlinear problems, including ordinary differential equations, partial differential

equations, fractional differential equations, and systems of coupled nonlinear

equations. For example, Li and Pang (2020) investigated the iterative scheme

and convergence behaviour of ADM for nonlinear systems and demonstrated its

application to nonlinear algebraic and fractional differential equations. Other

studies have also applied ADM and its modified variants to biological, engineering,

and dynamical systems due to their ability to produce analytical-type series

approximations (Hunaiber et al., 2023; Ziada, 2022).

Despite these advantages, the performance of ADMmay be affected when it is

applied to strongly nonlinear systems or over large computational intervals. As more

decomposition terms are required, the associated Adomian polynomials can become

increasingly complicated, which may increase computational effort. In addition,

the truncated series solution may gradually lose accuracy as the simulation interval

becomes longer. These limitations have motivated the development of modified and

multistage ADM approaches to improve the numerical behaviour of the classical
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method.

In the present study, ADM is included as a comparative semi-analytical method

for the selected system of ODE applications. Its inclusion enables the performance

of PIM and MPIM to be assessed against another iterative decomposition-based

approach, particularly with respect to approximation accuracy and numerical

behaviour over the selected computational interval.

2.8.2 Multistage ADM in Previous Studies

The MADM was developed to address the limited global validity that may

arise when the classical ADM series is applied over a long time interval. Instead

of constructing a single ADM approximation over the entire domain, the multistage

strategy divides the computational interval into several smaller subintervals. The

approximate solution obtained at the end of one subinterval is then used as the initial

condition for the next subinterval.

This procedure helps to control the accumulation of approximation errors and

reduces the need to use a large number of decomposition terms over an extended

interval. Ann and Samarji (2009) applied MADM to the autonomous Van der Pol

system and compared its results with classical ADM and a Runge-Kutta method.

Their findings indicated that the multistage formulation provided closer agreement

with the Runge-Kutta solution than the classical ADM when the same number of

decomposition terms was used. More recently, Dong and Xie (2025) examined

the application of the conventional MADM to fractional ordinary differential

equations. Using a fractional FitzHugh-Nagumo neuron model, they found that the

traditional MADM produced physically inconsistent results because it neglected

the nonlocal memory effect. They then proposed a revised MADM incorporating

a numerical memory term, which produced stable, convergent, and more accurate

approximations. Jalili (2025) developed a hybrid framework that combines the

Double Sumudu Transform with a parameter-optimized multistage ADM for solving

nonlinear time-fractional PDEs with mixed boundary conditions. The method

was tested on several benchmark problems, including the time-fractional heat

equation, fractional Klein-Gordon equation, and nonlinear reaction-diffusion models.

The results showed improved convergence, lower root-mean-square errors, and
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competitive computational cost compared with classical ADM, transform-based

methods, and numerical techniques.

Duan (2023) discussed the application of ADM for simulating bulk power

system electromechanical dynamics. Since the semi-analytical ADM solution is

effective only over a limited time window, a multistage ADM was introduced to

extend its applicability over longer simulation intervals. The proposed multistage

approach was considered for both deterministic and stochastic power system models,

including uncertainties in distributed energy resources and loads. Agom et al. (2017)

applied the MADM to solve nonlinear fourth-order multipoint boundary value

problems. The method produced a series-form approximate solution using a finite

number of Adomian polynomial terms. Comparison with the continuous closed-form

solution showed very small absolute errors, indicating the potential of the method

for nonlinear differential equations. Razali et al. (2013) applied the MADM to

solve the chaotic Lü system. The standard ADM was reformulated into a hybrid

numerical-analytical multistage ADM to improve its performance for the nonlinear

system. Numerical comparisons with the classical ADM and RK4 method showed

that MADM provided more accurate approximations. Chowdhury et al. (2015)

presented the multistage Adomian decomposition method for solving both linear

and nonlinear stiff systems of ordinary differential equations. The study used the

multistage strategy to overcome the limited applicability of the classical ADM over

extended solution intervals. The results demonstrated that MADM can provide an

effective semi-analytical approach for stiff ODE systems.

In this thesis, MADM is not introduced as a new proposed method. Instead, it

is employed as a comparative extension of ADM for the system of ODE applications.

The comparison among PIM, MPIM, ADM, and MADM provides a broader

evaluation of whether the multistage strategy improves the numerical performance of

iterative semi-analytical methods over the selected simulation intervals.

2.9 Runge-Kutta Methods as Numerical Benchmarks

Runge-Kuttamethods are widely used numerical techniques for approximating

the solutions of ordinary differential equations. Among these methods, the

fourth-order Runge-Kutta method (RK4) is commonly applied because it offers a
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practical balance between computational efficiency and numerical accuracy for many

non-stiff initial value problems (Atkinson, 2008; Forsythe et al., 1977; Hairer et al.,

1993). Consequently, RK4 has frequently been used as a numerical reference in

studies involving nonlinear differential equations, including epidemiological and

biological models.

However, the suitability of explicit Runge-Kutta methods depends on the

characteristics of the problem being considered. In particular, explicit methods

may require sufficiently small time steps when applied to systems that exhibit

stiff behaviour, whereas implicit methods are generally more suitable for strongly

stiff problems due to their wider stability properties (Butcher, 2016; Wanner &

Hairer, 1996). For example, Movaheedi and Rahmani (2026) compared RK4 and

the Backward Euler method for a monkeypox transmission model and reported that

Backward Euler showed better numerical stability for the stiff simulation considered

in their study.

2.9.1 Justification of RK4 and RK8 Benchmarks

Stiffness is an important consideration in the numerical solution of epidemic

models because explicit numerical methods may require sufficiently small time

steps to maintain numerical stability. In general, explicit Runge-Kutta methods are

commonly applied to non-stiff initial value problems, whereas implicit methods

are generally preferred for stiff systems because of their more favourable stability

properties (Butcher, 2016; Hairer et al., 1993; Wanner & Hairer, 1996). In particular,

Movaheedi and Rahmani (2026) reported that the Backward Euler method provided

better numerical stability than RK4 for the stiff monkeypox simulation considered in

their study.

Nevertheless, the numerical behaviour of a compartmental epidemic model

depends on the selected parameter values, initial conditions, simulation interval, and

numerical step size. Therefore, the result reported by Movaheedi and Rahmani (2026)

does not necessarily imply that the monkeypox model considered in the present study

exhibits the same degree of stiffness. In this study, RK4 is implemented using a

small time step of ∆t = 0.01 over the interval 0 ≤ t ≤ 120. Its role is to provide a

well-established numerical reference for evaluating the approximations obtained by
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PIM, MPIM, ADM, and MADM under the selected numerical configuration.

To provide an additional level of verification for the monkeypox model, the

eighth-order Runge-Kutta method (RK8) is also employed as a higher-order numerical

benchmark. The monkeypox model is selected for this additional comparison because

it consists of eight coupled nonlinear compartments and is simulated over a relatively

long time interval. The RK8 solution is therefore used to assess the consistency of the

RK4 results and to provide a more rigorous reference for the long-term comparison

of the semi-analytical methods. The close agreement between the RK4 and RK8

solutions for the selected parameter setting supports the use of RK4 with ∆t = 0.01 as

a practical benchmark in this application.

RK8 is not applied to all examples in this study. For the remaining ODE

and PDE applications, RK4 is retained as the numerical benchmark because these

examples are primarily used to examine the formulation, convergence behaviour,

and comparative accuracy of the proposed methods under their respective selected

settings. Moreover, where an exact solution is available, the exact solution remains

the primary reference for assessing numerical accuracy. Hence, the use of RK8

is restricted to the monkeypox model, which represents the most computationally

demanding epidemiological application considered in this study.

2.10 Summary of Literature Gaps

A summary of the literature gaps identified in this chapter is presented in

Table 2.1. This table highlights the current state of research, the missing components

in existing studies, and the specific contributions proposed in this thesis.
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Table 2.1
Summary of Literature Gaps and Contributions of This Thesis

Topic What Literature Has
Done

Gap Contribution of This
Thesis

Monkeypox ODE
Model

Used fractional Adams
Bashforth schemes (Peter
et al., 2022b), Atangana
Baleanu Caputo fractional
derivatives (Manivel et al.,
2025), and other fractional
order numerical techniques
for solving nonlinear multi
compartment monkeypox
transmission models
(Sweilam et al., 2025).

No Picard-based method
has been applied to the
monkeypox transmission
model.

First application of PIM
and MPIM to simulate the
monkeypox model.

Picard Method Classical Picard method
mostly used for first order
IVPs with slow
convergence for nonlinear
systems (Pollock et al.,
2019; Yao et al., 2021).

Cannot solve higher order
ODEs directly; requires
conversion to first order
systems.

Proposed PIM and MPIM
capable of solving
nth-order ODEs directly.

Modified
Methods

Multistage improvements
exist in RK methods, VIM,
HAM, and ADM (Prabowo
& Mungkasi, 2021).

No multistage Picard
Iterative Method reported
in the literature.

Development of a MPIM
to enhance accuracy.

The literature review demonstrates that although numerous numerical

techniques have been successfully applied to nonlinear epidemiological models, there

remains a clear methodological gap in the use of Picard-based iterative schemes,

particularly for the monkeypox transmission model. The absence of multistage

frameworks within the Picard family and the inability of classical Picard iteration

to handle higher order differential equations directly further highlight the need for

methodological advancements. This thesis addresses these gaps by introducing two

key innovations: (i) a MPIM that enhances local accuracy and improves convergence

behaviour for nonlinear ODE systems, and (ii) a direct PIM and MPIM capable of

solving nth order differential equations without converting them into systems of

first order equations. These contributions represent novel extensions to the Picard

framework and provide a more efficient numerical approach for analysing complex

infectious disease models such as monkeypox.
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CHAPTER 3
RESEARCHMETHODOLOGY

3.1 Introduction

This chapter presents the methodological framework for the development and

implementation of Picard-based methods in solving nonlinear differential equations.

Four approaches are considered, namely the classical Picard Iterative Method (PIM),

the Multistage Picard Iterative Method (MPIM), the Picard Iterative Method for

nth-order differential equations (PIMn), and the Multistage Picard Iterative Method

for nth-order differential equations (MPIMn). The PIM and MPIM are developed

for the solution of first-order differential equations, systems of ordinary differential

equations, and partial differential equations, whereas PIMn and MPIMn extend the

approaches for the direct solution of nth-order ordinary differential equations. This

chapter explains the theoretical formulation, algorithmic structure, and computational

procedures of these four Picard-based approaches.

The chapter is organized as follows. Section 3.2 introduces the mathematical

preliminaries and fundamental equations considered in this research. Section 3.3

discusses the theoretical formulation and basic principles of the PIM, while Section 3.4

presents the formulation and algorithmic implementation of PIMn. Section 3.5

describes the formulation and algorithmic implementation of the MPIM, followed by

the formulation of MPIMn in Section 3.6. Section 3.7 demonstrates the application

of PIMn and MPIMn to ordinary differential equations. Section 3.8 presents the

application of PIM and MPIM to systems of ordinary differential equations, while

Section 3.9 presents their application to partial differential equations. Finally,

Section 3.10 introduces the absolute error formula used to evaluate the numerical

results in this study.

3.2 Mathematical Preliminaries

To establish a clear foundation for the proposed methods discussed in this

chapter, this section reviews several mathematical preliminaries relevant to the study
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of differential equations. The problems addressed in this research are expressed

in terms of differential equations, which describe rates of change with respect

to an independent variable such as time or space. These equations are broadly

categorized into ODEs and PDEs. The forms and notations introduced here serve as

the groundwork for the development of the PIM and the MPIM in the subsequent

sections.

A general first order ordinary differential equation can be written as

dy
dt

= f (t,y), y(t0) = y0, (3.1)

where y(t) denotes the unknown function, f (t,y) represents a continuous function

describing the rate of change, and y0 is the initial value of y at t = t0. Equation (3.1)

expresses how the dependent variable y evolves with respect to the independent

variable t. In many real-world applications, direct closed-form solutions of Equation

(3.1) are not attainable due to the nonlinearity of f (t,y) (Basor & Morrison, 2024;

Branga, 2022). Therefore, approximate or iterative methods are often employed to

determine its behavior.

Equation (3.1) represents a first-order initial value problem; however, many

real-world phenomena are more appropriately described by higher-order differential

equations. Such systems involve derivatives of order greater than one and require

multiple initial conditions to ensure a unique solution. In general, an nth-order

ordinary differential equation can be expressed in the following form:

dny
dtn = f

(
t,y,y′, . . . ,y(n−1)

)
, y(k)(t0) = yk, k = 0, . . . ,n−1 (3.2)

The formulation can be extended to a system of first-order ODEs when several

dependent variables interact, as represented by

dY
dt

= F(t,Y), Y(t0) = Y0. (3.3)

Here, Y = [y1,y2, . . . ,yn]
> is a vector of unknown functions, while F(t,y) =

[ f1, . . . , fn]
> denotes a vector-valued function describing the corresponding rates of
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change. Equation (3.3) commonly arise in chemical kinetics, biological population

dynamics, and engineering systems, where multiple quantities evolve simultaneously

and may be nonlinearly coupled.

For problems that depend on both time and spatial variables, the mathematical

description is expressed as a partial differential equation. A general evolution-type

PDE considered in this study can be written as

∂u
∂ t

= F
(
x, t,u,ux,uxx

)
, (3.4)

in this expression, u(x, t) is the dependent variable varying with respect to space x and

time t, while ux and uxx denote the first and second spatial derivatives, respectively.

The function F encodes the governing dynamics of the system. Equations (3.4)

arise frequently in heat conduction, diffusion, reaction–diffusion processes, and

fluid-related phenomena (Higham, 2008; Wong et al., 2023; Yasui, 2022).

Equations (3.1)-(3.4) summarize the fundamental mathematical forms

that define the problems investigated in this research. Due to the presence of

nonlinear terms, these equations often cannot be solved via direct analytical means.

Consequently, semi-analytical approaches notably iterative constructs developed

later in this chapter are introduced to obtain accurate and efficient approximations.

The detailed formulations and algorithms of the PIM and its multistage enhancement

(MPIM) will be presented in Sections 3.3 and 3.5, respectively.

3.3 Picard Iterative Method (PIM)

The PIM, first introduced by the French mathematician Picard (1893),

represents one of the earliest semi-analytical frameworks for obtaining approximate

solutions to differential equations in the late nineteenth century (circa 1890). The

method was subsequently formalized and extended by Lindelöf (1894), resulting

in the well-known Picard–Lindelöf (Cauchy–Lipschitz) theorem, which rigorously

establishes the existence and uniqueness of solutions for first order ODEs under

suitable continuity and Lipschitz conditions. In essence, the PIM reformulates a given

differential equation into its corresponding integral form and constructs a sequence

of successive approximations that converges toward the exact analytical solution.
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Owing to its conceptual simplicity and strong theoretical underpinnings, the method

remains foundational in modern semi-analytical and numerical studies of nonlinear

ODEs (Butcher, 2016; Hermann & Saravi, 2016).

To motivate the construction, consider the general first order ODE introduced

in Equation (3.1). By integrating both sides of Equation (3.1) from t0 to an arbitrary

time t, the problem can be rewritten in an equivalent integral form,

y(t) = y0 +
∫ t

t0
f
(
s,y(s)

)
ds. (3.5)

Since the exact function y(s) inside the integral is unknown, an iterative construction

is employed by replacing the unknown solution with its current approximation.

The PIM is then defined by

yn+1(t) = y0 +
∫ t

t0
f
(
s,yn(s)

)
ds, (3.6)

where yn(t) denotes the nth approximation and yn+1(t) the (n+ 1)th. The iteration

is initiated with an admissible initial guess y0(t), typically taken as the constant

function y0(t) = y0 consistent with the initial condition. Successive approximations

are computed by substituting yn into the right-hand side of (3.6).

In practice, the iterative process is terminated once the difference between

two consecutive approximations becomes sufficiently small according to a prescribed

tolerance, ε . ∣∣yn+1(t)− yn(t)
∣∣< ε. (3.7)

Theoretical convergence of the sequence {yn}n≥0 towards the unique solution of (3.1)

is guaranteed when the right-hand side f satisfies a Lipschitz condition with respect

to y, ∣∣ f (t,y1)− f (t,y2)
∣∣≤ L

∣∣y1− y2
∣∣, for all y1,y2 in the domain, (3.8)

where L> 0 is a Lipschitz constant. Under such a condition, (3.6) defines a contraction

mapping on a suitable function space, and the fixed point coincides with the unique

solution of (3.1).

From a computational standpoint, the PIM proceeds through the following

steps:
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a) Initialization: Specify the ODE y′(t) = f (t,y) and the initial value y(t0) = y0.

b) Initial approximation: Choose y0(t) ≡ y0 (or another admissible simple

function consistent with the initial data).

c) Picard update: For n = 0,1,2, . . ., compute yn+1 via (3.6).

d) Convergence check: Stop the iteration once the criterion (3.7) holds for all t in

the interval of interest (or in a discrete mesh thereof).

Although the PIM offers a conceptually simple and analytically transparent

framework, its direct application to strongly nonlinear problems or over extended

time intervals may lead to slow convergence and the accumulation of truncation

errors. These limitations motivate the enhanced multistage strategy presented later

in Section 3.5, in which the solution interval is partitioned and Picard updates are

performed locally to improve stability and convergence.

3.3.1 Complete Convergence Analysis

The following convergence result is adapted from the Banach fixed point

framework for Picard iteration (Teschl, 2012).

Theorem 3.1 (Banach Fixed Point Theorem for PIM ).

Let f : [t0,T ]×R→ R satisfy:

a) f is continuous on [t0,T ]×R.

b) f satisfies the Lipschitz condition in y:

| f (t,y1)− f (t,y2)| ≤ L|y1− y2|, ∀t ∈ [t0,T ], y1,y2 ∈ R. (3.9)

Then, for any T satisfying L(T − t0) < 1, the Picard operator P is a contraction on

C([t0,T ]) equipped with the supremum norm ‖ · ‖∞, and the sequence {yn} defined by

(3.6) converges uniformly to the unique solution of (3.1).
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Proof. Define X =C([t0,T ]) with norm ‖y‖∞ = maxt∈[t0,T ] |y(t)|. For any ϕ ,ψ ∈ X :

‖Pϕ −Pψ‖∞ = max
t∈[t0,T ]

∣∣∣∣∫ t

t0
[ f (s,ϕ(s))− f (s,ψ(s))]ds

∣∣∣∣ (3.10)

≤ max
t∈[t0,T ]

∫ t

t0
| f (s,ϕ(s))− f (s,ψ(s))|ds (3.11)

≤ max
t∈[t0,T ]

∫ t

t0
L|ϕ(s)−ψ(s)|ds (3.12)

≤ L(T − t0)‖ϕ −ψ‖∞ (3.13)

Since L(T − t0) < 1, P is a contraction. By Banach Fixed Point Theorem, P has a

unique fixed point y∗ ∈ X , and for any initial y0 ∈ X , yn = Pny0→ y∗.

Theorem 3.2 (Error Estimate for PIM).

Under the conditions of Theorem 3.1, the error after n iterations satisfies:

‖yn− y∗‖∞ ≤
[L(T − t0)]n

1−L(T − t0)
‖y1− y0‖∞ (3.14)

Proof. From contraction property:

‖yn+1− yn‖∞ ≤ [L(T − t0)]n‖y1− y0‖∞ (3.15)

‖y∗− yn‖∞ ≤
∞

∑
k=n
‖yk+1− yk‖∞ (3.16)

≤
∞

∑
k=n

[L(T − t0)]k‖y1− y0‖∞ (3.17)

=
[L(T − t0)]n

1−L(T − t0)
‖y1− y0‖∞ (3.18)

3.3.2 Complete PIM Algorithm

Based on the iterative formulation in Equation (3.6), the stopping criterion in

Equation (3.7) and the complete computational procedure of the classical PIM are

summarised in Algorithm 1.
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Algorithm 1 Classical Picard Iterative Method (PIM)
Require: f (t,y), y0, [t0,T ], ε , Nmax
Ensure: Approximate solution y(t) on [t0,T ]
1: Initialize: y0(t)← y0 (constant function)
2: n← 0, converged← false
3: while n < Nmax and not converged do
4: Compute yn+1(t) = y0 +

∫ t
t0 f (s,yn(s))ds

5: Compute error: ∆n = ‖yn+1− yn‖∞
6: if ∆n < ε then
7: converged← true
8: else
9: n← n+1
10: end if
11: end while
12: if not converged then
13: Warning: Maximum iterations reached without convergence
14: end if
15: return yn+1(t)

3.4 Picard Iterative Method for nth order (PIMn)

In this section, the general formulation of the PIMn for an nth-order IVPs is

presented. Consider the following differential equation of order n:

dny
dtn = f

(
t, y(t), y′(t), y′′(t), . . . , y(n−1)(t)

)
, t ∈ [t0, T ], (3.19)

subject to the initial conditions

y(k)(t0) = yk, k = 0,1,2, . . . ,n−1. (3.20)

The integral form of Equation (3.19) can be expressed as

y(t) =
n−1

∑
r=0

yr

r!
(t− t0)r +

∫ t

t0

(t− s)n−1

(n−1)!
f
(
s, y(s), y′(s), . . . , y(n−1)(s)

)
ds. (3.21)
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According to the Picard iterative scheme, successive approximations {yn(t)} are

generated recursively as follows:

yk+1(t) =
n−1

∑
r=0

yr

r!
(t− t0)r +

∫ t

t0

(t− s)n−1

(n−1)!
f
(
s, yk(s), y′k(s), . . . , y(n−1)

k (s)
)

ds,

k = 0,1,2, . . . (3.22)

Equation (3.22) defines the general iterative formulation of the PIMn for any

nth-order nonlinear differential equation. The detailed derivation and theoretical

justification of the PIMn are provided in Subsection 4.2.

3.4.1 Convergence Analysis for PIMn

Theorem 3.3 (Convergence of PIMn).

Let f : [t0,T ]×Rn→ R satisfies:

a) f is continuous

b) f satisfies the generalized Lipschitz condition:

| f (t,z1)− f (t,z2)| ≤ L‖z1− z2‖, z1,z2 ∈ Rn (3.23)

where ‖z‖= ∑n
i=1 |zi|

Then, for T satisfying L(T−t0)n

n! < 1, the sequence {ym} converges uniformly to the

unique solution of (3.2).

Proof. Let X =Cn([t0,T ]) with norm ‖y‖Cn = ∑n
k=0 ‖y(k)‖∞. For ϕ ,ψ ∈ X :

|(Pnϕ)(t)− (Pnψ)(t)| ≤ 1
(n−1)!

∫ t

t0
(t− s)n−1| f (s,ϕ , . . . ,ϕ (n−1))

− f (s,ψ, . . . ,ψ(n−1))|ds (3.24)

≤ L
(n−1)!

∫ t

t0
(t− s)n−1

n−1

∑
k=0
|ϕ (k)(s)−ψ(k)(s)|ds (3.25)

≤ L(T − t0)n

n!
‖ϕ −ψ‖Cn (3.26)

Thus, Pn is a contraction when L(T−t0)n

n! < 1.
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3.5 Multistage Picard Iterative Method (MPIM)

The MPIM is developed in this study as a modification of the classical Picard

Iterative Method (PIM) for solving nonlinear initial value problems. Unlike the

classical PIM, which is applied over the entire solution interval, the MPIM divides

the interval [t0,T ] into several smaller subintervals. The Picard iteration is then

performed locally within each subinterval. The final approximate solution obtained

at the end of a stage is used as the initial value for the subsequent stage. Through

this staged time-marching procedure, a piecewise-continuous approximation is

constructed over the whole computational domain.

For a first order initial value problem

y′(t) = f (t,y(t)), y(t0) = y0, (3.27)

the equivalent integral equation is given by

y(t) = y0 +
∫ t

t0
f (s,y(s))ds. (3.28)

By substituting the previous approximation yn(s) into the nonlinear function f (s,y(s))

in (3.28), the classical PIM is expressed as

yn+1(t) = y0 +
∫ t

t0
f (s,yn(s))ds. (3.29)

The MPIM is then obtained by rewriting the integral formulation locally on

each subinterval. For the kth stage, the initial point t0 is replaced by the left endpoint

of the current subinterval, namely tk−1, while the initial value y0 is replaced by the

updated value y(tk−1). This produces the local integral equation

y(t) = y(tk−1)+
∫ t

tk−1

f (s,y(s))ds, t ∈ [tk−1, tk]. (3.30)

Applying Picard iteration to (3.30) gives the local MPIM iterative formula

yn+1,k(t) = y(tk−1)+
∫ t

tk−1

f
(
s,yn,k(s)

)
ds, t ∈ [tk−1, tk]. (3.31)
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Hence, let the computational domain be partitioned into M subintervals as

[t0,T ] = [t0, t1]∪ [t1, t2]∪·· ·∪ [tM−1, tM], (3.32)

where t0 < t1 < · · ·< tM = T . Based on the local formulation in (3.31), yn,k(t) denotes

the nth approximation within the kth stage, and y(tk−1) acts as the updated initial

condition for that stage. Once the solution for stage k is obtained, the final value

y(tk) becomes the starting point for the next stage k+1, such that

y(tk) = lim
n→N

yn,k(tk), (3.33)

This recursive update continues sequentially until the final time T is reached, yielding

the global approximation y(t) over the entire domain.

Themultistage formulation can thus be viewed as a hybrid semi-analytical-numerical

strategy, where each subinterval acts as a correction zone that reduces local error

propagation. By restricting the integration in (3.31) to a smaller region, the

approximation accuracy improves without requiring the classical PIM to approximate

the solution over the whole interval at once. Consequently, the MPIM preserves the

analytical structure of PIM while improving its computational behaviour, especially

for nonlinear systems where the standard PIM series may lose accuracy over extended

intervals.

Convergence analysis of the MPIM follows similar reasoning to that of the

standard PIM. If f (t,y) satisfies the Lipschitz condition described in (3.9), then each

local iteration within a stage converges to the unique solution of that subproblem.

Since the approximation is updated at the end of every stage through (3.33), the

propagation of error is reduced across the entire time domain. Therefore, the proposed

MPIM provides a more stable stage-by-stage approximation framework compared

with applying the standard PIM directly over a long interval.

In summary, the MPIM provides an efficient mechanism for extending the

applicability of the PIM framework to wider intervals and nonlinear systems. The next

section will detail the algorithmic steps used to implement theMPIM in computational

form.
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3.5.1 Global Convergence of MPIM

Although the local Picard iteration converges within each subinterval, the

endpoint approximation obtained from one stage is used as the initial value for the

subsequent stage. Hence, the global convergence of the MPIM must also account for

the inherited error propagated across successive stages.

For the purpose of the following analysis, let Yk denote the approximate

endpoint value obtained at the end of the kth stage, where

Y0 = y0, Yk = yNk,k(tk), k = 1,2, . . . ,M. (3.34)

Let hk = tk−tk−1 denote the length of the kth subinterval, and define the endpoint error

by

Ek = ‖Yk− y(tk)‖ . (3.35)

Also, define the local iteration difference at the kth stage as

δk =
∥∥yNk,k− yNk−1,k

∥∥
∞,[tk−1,tk]

. (3.36)

Theorem 3.4 (Global convergence and inherited error bound of MPIM).

Let f : [t0,T ]×Rd → Rd be continuous and satisfy the Lipschitz condition

‖ f (t,u)− f (t,v)‖ ≤ L‖u− v‖ , ∀t ∈ [t0,T ], (3.37)

where L > 0. Suppose that the interval [t0,T ] is partitioned into M subintervals such

that

qk = Lhk < 1, k = 1,2, . . . ,M. (3.38)

Then, the endpoint error of the MPIM approximation satisfies

Ek ≤ eLhkEk−1 +
qk

1−qk
δk, k = 1,2, . . . ,M. (3.39)

Since E0 = 0, the accumulated error after the mth stage is bounded by

Em ≤
m

∑
j=1

eL(tm−t j)
q j

1−q j
δ j, m = 1,2, . . . ,M. (3.40)
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Consequently, if the local stopping criterion satisfies

δk ≤ εlocal,k, k = 1,2, . . . ,M, (3.41)

then the global MPIM error on [t0,T ] is bounded by

‖ỹ− y‖∞,[t0,T ] ≤
M

∑
j=1

eL(T−t j)
q j

1−q j
εlocal, j. (3.42)

Therefore, for a fixed partition satisfying qk < 1, the MPIM approximation converges

uniformly to the exact solution as the local stopping tolerances tend to zero.

Proof. For the kth stage, consider the local Picard operator

Pk[v](t) = Yk−1 +
∫ t

tk−1

f (s,v(s))ds. (3.43)

For any two functions u,v ∈C([tk−1, tk],Rd),

‖Pk[u]−Pk[v]‖∞,[tk−1,tk] ≤ Lhk ‖u− v‖∞,[tk−1,tk]

= qk ‖u− v‖∞,[tk−1,tk] . (3.44)

Since qk < 1, the local Picard operator is contractive. Let zk(t) denote its fixed point

on [tk−1, tk]. Then, by the a posteriori estimate for a contraction mapping,

∥∥yNk,k− zk
∥∥

∞,[tk−1,tk]
≤ qk

1−qk
δk. (3.45)

Next, the difference between the local exact solution zk(t) and the global exact

solution y(t) satisfies

‖zk(t)− y(t)‖ ≤ Ek−1 +L
∫ t

tk−1

‖zk(s)− y(s)‖ ds. (3.46)

By Grönwall’s inequality Gronwall (1919),

‖zk(t)− y(t)‖ ≤ eL(t−tk−1)Ek−1. (3.47)
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At t = tk, the triangle inequality together with (3.45) and (3.47) gives

Ek ≤ eLhkEk−1 +
qk

1−qk
δk, (3.48)

which proves (3.39). Repeated application of this recurrence yields (3.40), while

(3.42) follows from the local tolerance condition.

Remark 3.1.

Theorem 3.4 shows that the global MPIM error consists of two components. The first

component,

eLhkEk−1, (3.49)

represents the inherited error from the preceding stage, whereas the second

component,
qk

1−qk
δk, (3.50)

represents the remaining local Picard iteration error. Hence, the MPIM does

not eliminate error propagation completely; instead, it provides a controlled

stage-by-stage error bound when the subinterval lengths and local stopping tolerances

are suitably selected.

3.5.2 Algorithmic Steps of MPIM

The implementation of the MPIM can be summarized in the following

algorithmic steps. This procedure illustrates the staged computation process, where

each subinterval contributes to the construction of the overall global solution.

a) Define the problem.

Specify the differential equation in the form y′(t) = f (t,y) together with its

initial condition y(t0) = y0. Select the total simulation interval [t0,T ].

b) Partition the domain.

Divide the interval [t0,T ] into M uniform or nonuniform subintervals [tk−1, tk],

where tk = t0 + k h and h = (T − t0)/M is the step length.

c) Initialize the first stage.

Set k = 1 and use y(t0) = y0 as the starting value for the first subinterval.
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d) Perform local Picard iterations.

Within each subinterval [tk−1, tk], compute successive approximations using

yn+1,k(t) = y(tk−1)+
∫ t

tk−1

f
(
s,yn,k(s)

)
ds, (3.51)

for n = 0,1,2, . . . ,N, until the convergence condition

∣∣yn+1,k(t)− yn,k(t)
∣∣< ε (3.52)

is satisfied.

e) Update stage condition.

Once convergence is achieved, set y(tk) = yN,k(tk) as the initial value for the

next subinterval.

f) Proceed to the next stage.

Increment k← k+1 and repeat Steps 4–5 until k = M.

g) Construct the global solution.

Combine all stagewise approximations {y(1),y(2), . . . ,y(M)} to obtain a

continuous global representation of y(t) over [t0,T ].

3.5.3 Complete MPIM Algorithm

To facilitate numerical implementation, Algorithm 2 summarizes the above

steps in pseudocode form.
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Algorithm 2Multistage Picard Iterative Method (MPIM)

Require: f (t,y), y0, [t0,T ], M, εlocal, εglobal, Nlocal
max

Ensure: Global solution y(t) on [t0,T ]
1: Partition [t0,T ] into M subintervals: tk = t0 + k · T−t0

M
2: Initialize: yglobal(t0)← y0
3: for k = 1 to M do
4: Stage k: Interval [tk−1, tk]
5: y0

stage(t)← yglobal(tk−1) (constant initial guess)
6: n← 0, convergedlocal← false
7: while n < Nlocal

max and not convergedlocal do
8: Compute for t ∈ [tk−1, tk]:
9: y(n+1),stage(t) = yglobal(tk−1)+

∫ t
tk−1

f (s,y(n),stage(s))ds
10: ∆local = maxt∈[tk−1,tk] |y(n+1),stage(t)− y(n),stage(t)|
11: if ∆local < εlocal then
12: convergedlocal← true
13: else
14: n← n+1
15: end if
16: end while
17: if not convergedlocal then
18: Warning: Stage k did not converge within Nlocal

max iterations
19: Consider decreasing stage length h or increasing Nlocal

max
20: end if
21: Set yglobal(tk)← y(n+1),stage(tk)
22: Store stage solution: y(k)(t) = y(n+1),stage(t) for t ∈ [tk−1, tk]
23: end for
24: Assemble global solution: y(t) = y(k)(t) for t ∈ [tk−1, tk], k = 1, . . . ,M
25: return y(t)

This algorithm highlights the sequential nature of the MPIM, where each stage

operates as a self-contained iterative process before propagating its final output to the

next interval. Such a structure ensures both computational efficiency and numerical

stability, particularly when applied to nonlinear or stiff ODE systems.

In conclusion, the algorithmic design of the MPIM allows the method to

maintain analytical accuracy while systematically managing local errors within

each subinterval. This staged correction mechanism results in faster convergence

compared with the classical PIM, thereby extending the applicability of the iterative

approach to a wider range of nonlinear problems.
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3.6 Multistage Picard Iterative Method for nth-Order (MPIMn)

In this section, the multistage formulation of the PIMn for an nth-order IVPs

is presented. Consider the following nth-order nonlinear differential equation:

dny
dtn = f

(
t,y(t),y′(t),y′′(t), . . . ,y(n−1)(t)

)
, t ∈ [t0,T ], (3.53)

subject to the initial conditions

y(k)(t0) = yk, k = 0,1,2, . . . ,n−1. (3.54)

To improve the reliability of long-term prediction, the interval [t0,T ] is

partitioned into M subintervals:

t0 < t1 < · · ·< tM = T, tm+1 = tm +h, (3.55)

where h denotes the step size and m = 0,1, . . . ,M − 1. On each subinterval

[tm, tm+1], the Picard iteration is applied locally and the initial information is updated

stage-by-stage.

For the mth stage, the integral representation on [tm, tm+1] is

ym(t) =
n−1

∑
r=0

y(m)
r

r!
(t− tm)r +

∫ t

tm

(t− s)n−1

(n−1)!
f
(
s,ym(s),y′m(s), . . . ,y

(n−1)
m (s)

)
ds,

t ∈ [tm, tm+1], (3.56)

where y(m)
r denotes the stage initial derivatives:

y(m)
r ≈ y(r)(tm), r = 0,1, . . . ,n−1. (3.57)

According to themultistage Picard iterative scheme, successive approximations

{ym,k(t)} on the mth stage are generated recursively as follows:
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ym,k+1(t) =
n−1

∑
r=0

y(m)
r

r!
(t− tm)r +

∫ t

tm

(t− s)n−1

(n−1)!
f
(
s,ym,k(s),y′m,k(s), . . . ,y

(n−1)
m,k (s)

)
ds,

(3.58)

for k = 0,1,2, . . ., with an initial guess typically chosen as the stage Taylor polynomial

ym,0(t) =
n−1

∑
r=0

y(m)
r

r!
(t− tm)r, t ∈ [tm, tm+1]. (3.59)

After performing K iterations on the mth subinterval, the stage-end values are

used to update the initial derivatives for the next stage. Specifically, the propagation

(stage update) is defined by

y(m+1)
r = y(r)m,K(tm+1), r = 0,1, . . . ,n−1, (3.60)

so that the next stage starts from tm+1 using refreshed initial information. This

multistage mechanism limits the accumulation of numerical errors over long time

horizons because the Picard iteration is restarted on a shorter interval at each stage,

thus improving stability for long-term prediction.

Equation (3.58) defines the general multistage iterative formulation for any

nth-order nonlinear differential equation.

3.6.1 Complete MPIMn Algorithm

Based on the multistage formulation developed above, the computational

procedure for the MPIMn is summarised in Algorithm 3. The algorithm divides the

solution domain into smaller stages, constructs a local Picard approximation for the

nth-order problem within each stage, and updates the required endpoint derivatives

before proceeding to the subsequent stage.
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Algorithm 3MPIM for nth-Order Equations (MPIMn)

Require: f (t,y,y′, . . . ,y(n−1)), initial conditions {yk}n−1
k=0, [t0,T ], M, ε , Nmax

Ensure: Global solution y(t)
1: Partition [t0,T ] into M stages: tk = t0 + k · T−t0

M
2: Initialize derivatives at t0: y( j)(t0) = y j, j = 0, . . . ,n−1
3: for k = 1 to M do
4: Stage k: Interval [tk−1, tk]

5: Initial approximation: y(k)0 (t) = ∑n−1
j=0

y( j)(tk−1)
j! (t− tk−1)

j

6: m← 0, converged← false
7: while not converged and m < Nmax do
8: Compute derivatives numerically: (y(k)m )( j)(t) for j = 1, . . . ,n−1
9: Compute next iteration: y(k)m+1(t) using (3.58)
10: Compute error: ∆m = maxn−1

j=0 maxt∈[tk−1,tk] |(y
(k)
m+1)

( j)(t)− (y(k)m )( j)(t)|
11: if ∆m < ε then
12: converged← true
13: else
14: m← m+1
15: end if
16: end while
17: Update endpoint values: y( j)(tk) = (y(k)m )( j)(tk) for j = 0, . . . ,n−1
18: Store stage solution: y(k)(t) = y(k)m (t) for t ∈ [tk−1, tk]
19: end for
20: Assemble global solution: y(t) = y(k)(t) for t ∈ [tk−1, tk], k = 1, . . . ,M
21: return y(t)

3.7 Application of PIM and MPIM to ODEs

The applicability of the PIM and its multistage extension (MPIM) can be

demonstrated through their implementation on ODEs. Such equations frequently

arise in modelling dynamic processes across physical, chemical, and biological

systems, where exact analytical solutions are often unattainable due to nonlinear

terms. In these contexts, semi–analytical iterative methods such as PIM and MPIM

provide practical and accurate means of approximating the true solution (Butcher,

2016).

Consider the general nonlinear first–order ODEs previously defined in (3.1).

For many nonlinear functions f (t,y), a closed–form analytical solution cannot be

expressed in finite terms, and iterative techniques are therefore employed to obtain

successive approximations to the exact solution.
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The Picard iteration for (3.1) is defined by (3.6), which can be restated as

yn+1(t) = y0 +
∫ t

t0
f (s,yn(s))ds, (3.61)

where yn(t) represents the nth approximation and y0 is the initial condition. The

sequence {yn(t)} converges to the unique solution y(t) under the Lipschitz condition

stated in (3.9). Each iteration updates the approximation by integrating the nonlinear

term f (t,y) with respect to time over the specified interval.

Although the expression in (3.61) yields reliable results for small intervals,

the method’s accuracy diminishes for extended domains due to truncation error and

slow convergence. To overcome this limitation, the MPIM described in Section 3.5

is employed. In this enhanced formulation, the overall interval [t0,T ] is partitioned

into M subintervals, and the local Picard iteration is executed within each subinterval

according to (3.31).

For a specific subinterval [tk−1, tk], the local iterative process is given by

yn+1,(k)(t) = y(tk−1)+
∫ t

tk−1

f
(
s,yn,(k)(s)

)
ds, t ∈ [tk−1, tk], (3.62)

where yn,(k)(t) denotes the nth local approximation for the kth stage. Once convergence

is achieved in each stage, the terminal value y(tk) becomes the initial value for the next

stage. Repeating this procedure sequentially for k = 1,2, . . . ,M produces a continuous

global approximation y(t) across the entire domain.

The primary advantage of this multistage configuration lies in its control

of local truncation errors. Because the integration in each subinterval of (3.62) is

confined to a smaller range, convergence is accelerated and numerical stability is

improved without increasing computational complexity. The MPIM thus preserves

the analytical framework of the PIM approach while extending its capability to handle

larger time intervals and strongly nonlinear systems.

The general implementation of PIM and MPIM for ODE problems can be

summarised as follows:

a) Model formulation:

Represent the mathematical model as an ODE of the form (3.1) with initial
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condition y(t0) = y0.

b) Application of PIM:

Generate successive approximations yn+1(t) using (3.61) until the convergence

criterion in (3.7) is satisfied.

c) Application of MPIM:

Divide the solution interval [t0,T ] into M subintervals and apply the local

iterative procedure (3.62) within each subinterval, updating the initial condition

at the end of each stage.

d) Result synthesis: Combine the stagewise solutions {y(1),y(2), . . . ,y(M)} to form

a continuous global approximation y(t) over [t0,T ].

Finally, the results obtained from the PIM and MPIM can be compared

with those from standard numerical methods, such as the classical RK4 method,

to evaluate the accuracy, convergence rate, and computational efficiency of the

proposed multistage framework.

3.8 Application of PIM and MPIM to System of ODEs

Many real–world phenomena are governed by coupled nonlinear differential

equations, which can be represented as systems of ODEs. Examples include chemical

kinetics, population dynamics, biochemical reaction networks, and compartmental

epidemiological models. Analytical solutions to such systems are rarely attainable,

particularly when nonlinear coupling terms are present. Consequently, iterative

semi–analytical approaches such as the PIM and the MPIM serve as effective tools

for obtaining approximate analytical solutions.

A general system of m coupled first–order ODEs can be expressed in vector

form in (3.3). Applying the Picard integral formulation to each component of (3.3)

yields the vector iteration form

Yn+1(t) = Y0 +
∫ t

t0
F
(
s,Yn(s)

)
ds, (3.63)
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as given in (3.63). Here, Yn(t) denotes the nth approximation of the vector solution,

and Yn+1(t) is its subsequent refinement. Each iteration requires the evaluation of

the nonlinear functions fi(t,Yn) for i = 1,2, . . . ,m, followed by component-wise

integration over the time domain.

For improved convergence and numerical stability across extended time

intervals, the MPIM can be applied to (3.3). By partitioning the total interval [t0,T ]

into M smaller subintervals, the local iteration for the kth stage is expressed as

Yn+1,(k)(t) = Y(tk−1)+
∫ t

tk−1

F
(
s,Yn,(k)(s)

)
ds, t ∈ [tk−1, tk], (3.64)

where Ym(tk−1) is the initial vector for the kth subinterval and Yn,(k)(t) represents the

nth local approximation. Once convergence is achievedwithin each stage, the endpoint

Y(tk) serves as the initial condition for the subsequent subinterval. Repeating this

process for k = 1,2, . . . ,M yields a globally continuous solution Y(t) on [t0,T ].

To clarify the procedure, consider the two–variable case (m = 2) that

commonly arises in biochemical kinetics:

dy1

dt
= f1(t,y1,y2), y1(t0) = y1,0,

dy2

dt
= f2(t,y1,y2), y2(t0) = y2,0.

(3.65)

The Picard iteration corresponding to (3.65) is

y1,n+1(t) = y1,0 +
∫ t

t0
f1
(
s,y1,n(s),y2,n(s)

)
ds,

y2,n+1(t) = y2,0 +
∫ t

t0
f2
(
s,y1,n(s),y2,n(s)

)
ds,

(3.66)

and the MPIM formulation for the kth subinterval is written as

y1,n+1,(k)(t) = y1(tk−1)+
∫ t

tk−1

f1
(
s,y1,n,(k)(s),y2,n,(k)(s)

)
ds,

y2,n+1,(k)(t) = y2(tk−1)+
∫ t

tk−1

f2
(
s,y1,n,(k)(s),y2,n,(k)(s)

)
ds,

(3.67)
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for t ∈ [tk−1, tk]. The iteration continues until the convergence criteria

|y1,n+1,(k)(t)− y1,n,(k)(t)|< ε, |y2,n+1,(k)(t)− y2,n,(k)(t)|< ε (3.68)

are simultaneously satisfied within each stage.

The principal advantage of the MPIM formulation (3.67) lies in its stagewise

correction mechanism, which minimizes local errors while maintaining computational

simplicity. This structure allows the method to capture nonlinear coupling between

equations efficiently without sacrificing accuracy.

To summarise, the implementation procedure for a general system of ODEs

using PIM and MPIM may be outlined as follows:

a) Model specification:

Express the problem as a coupled system of first–order ODEs in the form of

(3.3).

b) Initialization:

Assign the initial vector Y(t0) = Y0 and define the nonlinear function vector

F(t,Y).

c) Picard iteration:

Compute successive approximations using (3.63) until convergence according

to the tolerance in (3.7).

d) Multistage iteration:

Divide the domain into M subintervals and apply the local MPIM updates as in

(3.64).

e) Result assembly:

Combine all stagewise approximations Y(k)(t), for k = 1,2, . . . ,M, to construct

a continuous global solution over [t0,T ].

The combined application of PIM and MPIM to systems of ODEs provides

a powerful semi–analytical framework for solving nonlinear coupled models. This

framework preserves the interpretability of analytical methods while achieving
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convergence behaviour comparable to high–order numerical integrators such as the

RK4 family.

3.9 Application of PIM and MPIM to PDEs

The PIM and its multistage extension (MPIM) can also be effectively applied

to the solution of PDEs, which describe a wide range of physical phenomena

involving multiple independent variables. Examples include heat conduction,

diffusion processes, fluid flow, and reaction–diffusion systems. In such problems,

analytical closed–form solutions are often difficult to obtain, especially for nonlinear

PDEs or those defined on complex domains. The use of iterative semi–analytical

schemes such as PIM and MPIM provides a flexible alternative for constructing

approximate analytical solutions with controllable accuracy.

The general idea remains consistent with the formulation of the ordinary

differential equation presented earlier in (3.1), but is now extended to functions

that depend on both spatial and temporal variables. Let the dependent variable be

represented by u(x, t), where x denotes the spatial coordinate and t the temporal

variable. A typical form of a nonlinear first–order PDE can be expressed as

∂u
∂ t

= F
(
x, t,u, ∂u

∂x ,
∂ 2u
∂x2 , . . .

)
, (3.69)

where F represents a nonlinear differential operator that may involve spatial

derivatives of u(x, t). The same iterative principle of the PIM can be applied by

transforming the PDE into an equivalent integral formulation with respect to time,

while treating the spatial variables as parameters at each iteration.

In this study, no explicit spatial discretization is introduced. The MPIM is

applied exclusively in the temporal direction through the time-integral formulation,

while spatial derivatives are retained in analytical form throughout the iteration

process. Boundary conditions are incorporated symbolically within the initial

approximation or imposed directly on the analytical expression of the solution.

Accordingly, the proposed framework focuses on enhancing temporal stability

and controlling cumulative error propagation, rather than constructing a fully

discretized spatial numerical scheme. This iterative construction follows the classical
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Picard framework and generates a sequence of approximations un(x, t), for which

convergence may be ensured under appropriate smoothness and Lipschitz-type

conditions on the operator F .

However, similar to the case of ODEs, the single–stage Picard iteration may

exhibit slow convergence or instability when applied to nonlinear PDEs over large

time intervals. To improve convergence behaviour, theMPIM described in Section 3.5

can be employed. In the MPIM framework, the temporal domain [t0,T ] is partitioned

into M smaller subintervals, and the Picard iteration is performed locally within each

subinterval for all spatial points. The final solution at the end of one stage, u(x, tk), then

serves as the initial condition for the next stage, [tk, tk+1], ensuring a time–marching

evolution of the solution.

This staged structure improves numerical stability and enables accurate

tracking of transient behaviours in diffusion– or wave–type equations. Moreover, the

MPIM formulation allows each local iteration to capture nonlinear spatial interactions

more effectively, since the correction mechanism confines errors within smaller time

windows. The resulting global approximation across the entire domain is therefore

smoother and more stable than that produced by a single–stage Picard iteration.

To summarise the implementation of PIM and MPIM for PDEs, the general

steps can be outlined as follows:

a) Model representation:

Express the physical problem as a PDE in the general form ∂u
∂ t =F(x, t,u,ux,uxx)

with the corresponding initial and boundary conditions.

b) Transformation:

Convert the PDE into its equivalent integral form with respect to t, keeping

spatial derivatives as parameters.

c) Picard iteration:

Apply the iterative update based on the integral formulation to generate

successive approximations un+1(x, t) until the convergence condition similar

to (3.7) is satisfied.

d) Multistage application:
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Partition the time domain into M subintervals and execute the iteration locally

in each stage, using u(x, tk) as the initial condition for the subsequent interval.

e) Solution reconstruction: Combine all stagewise results to form the global

solution u(x, t) defined over the entire space–time domain.

In essence, the application of the MPIM to PDEs provides a semi–analytical

framework that combines the interpretability of analytical methods with the numerical

efficiency of staged iteration schemes. This makes it particularly suitable for solving

time–dependent nonlinear PDEs where high accuracy and computational stability are

essential.

3.10 Absolute Error Measure

To evaluate the numerical accuracy of an approximate solution, the absolute

error is defined as (Faires & Burden, 2015)

E(ti) =
∣∣utrue(ti)−uapprox(ti)

∣∣ , (3.70)

where utrue(ti) represents the reference or true value of the solution at time ti, and

uapprox(ti) denotes the corresponding approximate value obtained from the numerical

method.

For systems of equations, the absolute error is computed component-wise for

each dependent variable. The maximum absolute error over the simulation interval

[t0,T ] is also considered to assess overall error behaviour:

Emax = max
ti∈[t0,T ]

E(ti). (3.71)

This measure provides a direct indication of the deviation between the

approximate and reference solutions and is used to assess numerical accuracy and

error propagation over time.

In addition to absolute error evaluation, the effectiveness of the numerical

method is also assessed through convergence behaviour and computational

efficiency. Convergence is examined by observing the reduction of error across

successive iterations and the stability of the solution over extended time intervals.
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Computational efficiency is evaluated based on the number of iterations required and

the computational time recorded under identical simulation settings. These criteria

ensure a systematic comparison of numerical performance.
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CHAPTER 4
APPLICATION OF PIM ANDMPIM TO ODES

4.1 Introduction

In this chapter, a new extension of the Picard Iterative Method (PIM) is

proposed to address one of its fundamental limitations in solving higher-order

differential equations. Traditionally, the PIM is restricted to first-order ODEs,

requiring higher-order problems to be reduced into equivalent systems of first-order

equations. This indirect transformation often complicates the computation, increases

the number of dependent variables, and reduces the overall efficiency of the method.

To overcome this issue, a Picard Iterative Method for nth-order (PIMn) formulation is

developed and introduced in this chapter as a direct approach for solving higher-order

initial value problems (IVPs) without reducing them to first-order systems. The

chapter begins with a detailed derivation of the PIMn, including the mathematical

formulation, iterative structure, and the construction of successive approximations

for arbitrary-order nonlinear IVPs. This section establishes the theoretical foundation

of the proposed method and demonstrates how the nth-order form is generated

systematically from the integral representation of higher-order differential equations.

Several illustrative examples are presented to assess the accuracy, convergence

behaviour, and computational simplicity of the new formulation.

Following this, the chapter evaluates the performance of the classical PIM

and its multistage variant, the Multistage Picard Iterative Method (MPIM), by

applying them to a first-order nonlinear Riccati equation. This section compares the

solution behaviours of PIM and MPIM against the exact solution and the fourth-order

Runge-Kutta (RK4) method, where the RK4 values are computed using Maple’s

built-in numerical solver. The comparison highlights the improvement in accuracy

and numerical stability gained through the multistage modification. Next, the

proposed PIMn and Multistage Picard Iterative Method for nth order (MPIMn) are

applied to a nonlinear second-order Duffing equation, demonstrating their capability

in solving higher-order nonlinear oscillatory systems directly. The results are
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benchmarked against the exact solution and RK4 to evaluate the reliability, accuracy,

and convergence characteristics of the methods.

In addition, this chapter further extends the application of PIMn andMPIMn to

the Pohlhausen flow equation, which represents a higher-order nonlinear differential

equation commonly associated with boundary layer flow problems. The inclusion

of this equation provides a broader assessment of the proposed formulation beyond

second-order oscillatory models and demonstrates its applicability to more complex

higher-order nonlinear problems. The comparison of numerical results and absolute

errors is carried out to examine the performance of PIMn, MPIMn, and RK4 in terms

of accuracy and stability. Through these applications, the chapter establishes the

effectiveness of the PIMn and MPIMn formulations as unified and efficient tools for

handling both first-order and higher-order nonlinear initial value problems.

4.2 nth order Initial Value Problems

In this section, consider a class of nth order IVPs of the form, Yahaya et al.

(2007),

y(n)(t) = f (t,y(t),y′(t), . . . ,y(n−1)(t)), 0≤ t ≤ T, (4.1)

subject to the initial conditions

y(t0) = y0, y′(t0) = y′0, . . . ,y
(n−1)(t0) = y(n−1)

0 , (4.2)

where f represents a continuous, real linear or nonlinear function and y0,y′0, . . . ,y
(n−1)
0

are prescribed. It is possible to integrate a special nth order differential equation of the

form (4.1) by reducing it to a first order system and applying one of the established

methods available for such system. However, it seems more natural to provide direct

numerical methods for solving (4.1)-(4.2).

The aim of this section is to extend for the first time the applicability of the

PIMn to the direct solution of nth order IVPs. Comparison between PIMn solutions

and exact solutions shall be made.
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4.2.1 Solution approach by PIMn

In this section, the PIMn to handle equations (4.1)-(4.2) shall be demonstrated.

To do so, first write equation (4.1) in the operator form

Lny(t) :=
dny
dtn (t) = f

(
t,y(t),y′(t), . . . ,y(n−1)(t)

)
, t ∈ [t0,T ], (4.3)

subject to

y(k)(t0) = y(k)0 , k = 0,1, . . . ,n−1. (4.4)

Inverse Operator L−1
n .

For any integrable g,

(
L−1

n g
)
(t) :=

∫ t

t0

(t− x)n−1

(n−1)!
g(x)dx. (4.5)

Example n = 2.

With y′′(t) = g(t),

y′(t) = y′(t0)+
∫ t

t0
g(x)dx, y(t) = y(t0)+y′(t0)(t− t0)+

∫ t

t0
(t−x)g(x)dx. (4.6)

Thus
(
L−1

2 g
)
(t) =

∫ t

t0
(t− x)g(x)dx.

Example n = 3.

With y(3)(t) = g(t), integrate thrice to get

y(t) = y(t0)+ y′(t0)(t− t0)+
y′′(t0)

2!
(t− t0)2 +

∫ t

t0

∫ r

t0

∫ s

t0
g(x)dxdsdr (4.7)

= y(t0)+ y′(t0)(t− t0)+
y′′(t0)

2!
(t− t0)2 +

∫ t

t0

(t− x)2

2!
g(x)dx. (4.8)

Thus
(
L−1

3 g
)
(t) =

∫ t

t0

(t− x)2

2!
g(x)dx.
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Kernel Pattern for General n.

Based on the cases n = 2 and n = 3 , the underlying pattern can be clearly

identified.

∫ t

t0
(t− x)g(x)dx,

∫ t

t0

(t− x)2

2!
g(x)dx ⇒

∫ t

t0

(t− x)n−1

(n−1)!
g(x)dx. (4.9)

Induction proof sketch: Assume

(L−1
n g)(t) =

∫ t

t0

(t− x)n−1

(n−1)!
g(x)dx. (4.10)

Then

(L−1
n+1g)(t) =

∫ t

t0
(L−1

n g)(r)dr (4.11)

=
∫ t

t0

[∫ r

t0

(r− x)n−1

(n−1)!
g(x)dx

]
dr (4.12)

=
∫ t

t0

[
1

(n−1)!

∫ t

r=x
(r− x)n−1dr

]
g(x)dx (4.13)

=
∫ t

t0

(t− x)n

n!
g(x)dx, (4.14)

which is the claimed kernel with n 7→ n+1. Hence for all n ∈ N,

(
L−1

n g
)
(t) =

∫ t

t0

(t− x)n−1

(n−1)!
g(x)dx (4.15)

Origin of the Initial-Data Polynomial. Repeated integration introduces constants

of integration that match the initial conditions (4.4). After n integrations one obtains

the polynomial
n−1

∑
k=0

y(k)0
k!

(t− t0)k (4.16)

which is the Taylor expansion of y about t0 up to order n−1.

Volterra Form and Picard Iteration. Combining (4.15) and (4.16) yields

y(t) =
n−1

∑
k=0

y(k)0
k!

(t− t0)k +
∫ t

t0

(t− x)n−1

(n−1)!
f
(

x, y(x), y′(x), . . . ,y(n−1)(x)
)

dx. (4.17)
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With the seed y[0](t) = ∑n−1
k=0

y(k)0
k! (t− t0)k, the Picard iterates are

y[m+1](t)=
n−1

∑
k=0

y(k)0
k!

(t−t0)k+
∫ t

t0

(t− x)n−1

(n−1)!
f
(

x, y[m](x), y[m]
′(x), . . . ,y[m]

(n−1)(x)
)

dx.

(4.18)

4.2.2 Numerical experiments

In this section, the efficiency and accuracy of PIMn to (4.1)-(4.2) shall be

demonstrated through 2 examples. The PIMn algorithm is coded in the computer

algebra package Maple.

Example 1.

First consider the non-linear first order IVP by Yahaya et al. (2007),

x′ = x(b+ax), b > 0, a < 0, x(0)> 0, (4.19)

where a and b are constant. This has an exact solution

x(t) =


bebt

b+ax(0)
x(0)

−aebt
, for b 6= 0,

x(0)
1−ax(0)t

, for b = 0.

(4.20)

According to the PIMn framework (3.4), the iterative scheme for equation

(4.19) can be expressed as follows. It is worth noting that while the PIMn framework

is generally constructed for higher-order problems, applying it to a first-order problem

(n = 1) directly reduces the formulation to the classical PIM. This demonstration

serves to verify the consistency of the framework with established classical methods

x(n+1)(t) = x(0)+
∫ t

0
xn(t)(b+axn(t))ds, (4.21)

By substituting the initial conditions x(0) = 0.1 and the parameter values a =

−3 and b = 1 into equations (4.21), the following expressions are obtained.
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For n = 0:

x1(t) = 0.1+0.07t. (4.22)

The iterative process was continued up to n = 5, at which point convergence

was achieved when the tolerance criterion ε < 10−10 was satisfied. Due to the

extensive nature of the polynomial expansions, only the first iterations (n = 0is

presented here. Further details and other iterations equation’s can be found in

Appendix A

Table 4.1 presents the numerical comparison between the exact solution and

the results obtained from six iterations of the PIMn for the given parameters a =

−3, b = 1, and x(0) = 0.1. The results indicate an excellent agreement between the

exact and approximate solutions, with absolute errors ranging from 10−10 to 10−9

across all time steps. This demonstrates that the PIMn provides highly accurate results

even with a small number of iterations. The minimal deviation observed confirms

the method’s reliability and stability in solving the nonlinear problem, making it an

efficient approach for approximating solutions within the defined interval.

Table 4.1
Numerical Comparison Between the Exact Solution and 6-iterations PIMn for
a =−3, b = 1, and x(0) = 0.1.

Time Exact Solution 6 Iteration of PIMn Absolute Error
0.0 0.1000000000 0.1000000000 0.0000000000
0.1 0.1071367895 0.1071367895 0.0000000000
0.2 0.1145329055 0.1145329055 0.0000000000
0.3 0.1221638511 0.1221638510 0.0000000001
0.4 0.1300011386 0.1300011385 0.0000000001
0.5 0.1380126120 0.1380126119 0.0000000001
0.6 0.1461628997 0.1461628996 0.0000000001
0.7 0.1544139905 0.1544139903 0.0000000002
0.8 0.1627259130 0.1627259127 0.0000000003
0.9 0.1710574954 0.1710574952 0.0000000002
1.0 0.1793671754 0.1793671752 0.0000000002
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Example 2.

Now consider the non-linear second-order IVP by Yahaya et al. (2007)

y′′(t) =−y′2(t), 0≤ t ≤ 5, (4.23)

y(0) = 1, y′(0) = 2, (4.24)

yexact = 1+ ln(1+2 t). (4.25)

According to the PIM framework, the iterative scheme for the equation (4.23) can be

expressed as follows:

yn+1(t) = y(0)+ y′(0)t +
∫ t

0
(t− x)(−yn(x))2dx, (4.26)

By substituting the initial conditions (4.24) and the parameter values a= 0.375

and b = 1.0 into equation (4.26), the following expressions are obtained.

For n = 0:

y1(t) = 1+2 t, (4.27)

The iterative process was continued up to n = 5, at which point convergence

was achieved when the tolerance criterion ε < 10−5 was satisfied. Continuing this

iterative process, higher order approximations are generated. For brevity, only the six

iteration (n = 5) is presented in detail, while the complete series are provided in the

Appendix A.

Table 4.2 presents a numerical comparison between the exact solution and the

results obtained from 6-iterations of the PIMn. The findings show that the PIMn

provides highly accurate results for smaller time intervals, as both solutions coincide

at (t = 0) and remain very close for t ≤ 0.3, with absolute errors less than 10−5.

As time increases, the accuracy slightly decreases due to error accumulation from

successive iterations, which is a common characteristic of the standard Picard method

when applied to nonlinear problems. The absolute error increases gradually from

2.29×10−3 at t = 0.6 to 2.79×10−2 at t = 1.0. This indicates that while six iterations

are sufficient to achieve reliable accuracy within shorter intervals.
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Table 4.2
Numerical Comparison Between the Exact Solution and 6-iteration PIMn Solutions
for a = 0.375, b = 1 and y(0) = 1, y′(0) = 2.

Time Exact Solution 6 iteration of PIMn Absolute Error
0.0 1.0000000000 1.0000000000 0
0.1 1.1823215570 1.1823215070 0.00000005
0.2 1.3364722370 1.3364681043 0.0000041327
0.3 1.4700036290 1.4699557659 0.000047863
0.4 1.5877866650 1.5875349956 0.0002516694
0.5 1.6931471810 1.6922812448 0.0008659362
0.6 1.7884573600 1.7861682809 0.0022890791
0.7 1.8754687370 1.8704124029 0.0050563341
0.8 1.9555114450 1.9457093295 0.0098021155
0.9 2.0296194170 2.0124165516 0.0172028654
1.0 2.0986122890 2.0706972995 0.0279149895
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4.3 Riccati Equation

The Riccati equation is one of the most fundamental nonlinear first

order differential equations that frequently arises in various branches of applied

mathematics, control theory, and fluid mechanics. It takes the general form

dy
dt

= a(t)+b(t)y+ c(t)y2, (4.28)

where a(t), b(t), and c(t) are continuous functions of t. The nonlinear term

c(t)y2 introduces mathematical complexity that often prevents the derivation of

a closed-form analytical solution. Consequently, iterative and semi–analytical

approaches such as the PIM and its improved variant, the MPIM, are employed to

obtain accurate approximate solutions.

In this study, the Riccati equation is considered in the simplified autonomous

form (Odibat, 2020)

du(t)
dt

= 1−u2(t), t > 0, (4.29)

with the initial condition

u(0) = u0, (4.30)

where u0 ∈ R. the corresponding exact solution is:

u(t) =
tanh(t)+u0

u0 tanh(t)+1
. (4.31)

To investigate the performance, convergence, and stability of the iterative

schemes under different initial states, two distinct initial conditions are considered in

the subsequent analysis.
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4.3.1 PIM and MPIM solutions

Case 1: u0 =−0.5

PIM:

According to the PIM framework in (3.21), the iterative scheme for the

equation (4.29) can be expressed as follows:

u(n+1)(t) =−0.5+
∫ t

0
(1−un(s)2)ds. (4.32)

By substituting the initial conditions defined in (4.29) into equations (4.32),

the following expressions are obtained.

For n = 0:

u1(t) =−0.5+0.75t. (4.33)

The iterative process converges at n = 3, where the approximate solution u4(t)

is obtained. At this stage, the tolerance condition ε < 10−5 is achieved, indicating that

further iterations would yield negligible changes in accuracy. Further details and other

iterations equation’s can be found in Appendix B.

MPIM:

According to the MPIM framework in (3.31), the iterative scheme for the

riccati equation (4.29) can be expressed as follows:

u(n+1), j(t) = um, j−1(t j−1)+
∫ t

t j−1

(1−un, j(s)2)ds. (4.34)

By substituting the initial conditions defined in (4.29) into equations (4.34), the

following expressions are obtained.

For n = 3, j = 1

u4,1 =−0.5+0.75 t +0.75 t2 +0.1875 t3−0.9375 t4−2.53125 t5 +2.53125 t6

+2.91797 t7−1.37109 t8−3.74414 t9 +1.107422 t10 +2.88721 t11

−1.54248 t12−0.53394 t13 +0.53394 t14−0.10011 t15. (4.35)
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The iterative process was continued up to n = 3, j = 600. Given the extensive

nature of the iterative expressions, only the representative iterations (n = 3, j = 1)

and (n = 3, j = 600) are presented in this section, while the further details and other

iterations equation’s can be found in the Appendix B.

Case 2: u0 = 1.5

PIM:

According to the PIM framework in (3.21), the iterative scheme for the

equation (4.29) can be expressed as follows:

u(n+1)(t) = 1.5+
∫ t

0
(1−un(s)2)ds. (4.36)

By substituting the initial conditions defined in (4.29) into equations (4.36),

the following expressions are obtained.

For n = 0:

u1(t) = 1.5−1.25t. (4.37)

The iterative process converges at n = 4, where the approximate solution u5(t)

is obtained. At this stage, the tolerance condition ε < 10−5 is achieved, indicating that

further iterations would yield negligible changes in accuracy. Further details and other

iterations equation’s can be found Appendix F

MPIM:

According to the MPIM framework in (3.31), the iterative scheme for the

riccati equation (4.29) can be expressed as follows:

u(n+1), j(t) = um, j−1(t j−1)+
∫ t

t j−1

(1−un, j(s)2)ds. (4.38)

By substituting the initial conditions defined in (4.29) into equations (4.38), the

following expressions are obtained.
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For n = 4, j = 1:

u5,1(t) = 1.5000−1.2500 t +3.7500 t2−12.812 t3 +47.812 t4−189.53 t5 +480.47 t6

−1298.9 t7 +3399.3 t8−8406.4 t9 +19395 t10−42801 t11 +89605 t12

−1.7559×105 t13 +3.2369×105 t14−5.5354×105 t15 +8.7871×105 t16

−1.2933×106 t17 +1.7505×106 t18−2.1689×106 t19 +2.4366×106 t20

−2.4552×106 t21 +2.1968×106 t22−1.7221×106 t23 +1.1638×106 t24

−6.6503×105 t25 +3.1213×105 t26−1.1523×105 t27 +31596 t28

−5957.2 t29 +682.12 t30−35.527 t31. (4.39)

The iterative process was continued up to n = 4, j = 500. Given the extensive

nature of the iterative expressions, only the representative iterations (n = 4, j = 1),

(n = 4, j = 2) and (n = 4, j = 500) are presented in this section, while the complete

series are provided in the Appendix B.

4.3.2 Results and discussion

Case 1: u0 =−0.5

Figure 4.1 Solution of Riccati Equation using 4-iteration PIM, 4-iteration MPIM (
∆t = 0.01), RK4 (∆t = 0.01) and the Exact Solution.
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Figure 4.1 illustrates the numerical solutions of the Riccati equation obtained

using the 4-iteration PIM, the 4-iterationMPIMwith (∆t = 0.01), and the RK4method

with (∆t = 0.01), together with the exact solution for the initial condition u0 =−0.5.

At the initial stage, all three numerical methods show good agreement with the exact

solution. However, as time approaches t ≈ 1.7, the PIM solution begins to deviate

from the exact solution, whereas both MPIM and RK4 remain closely aligned. Within

the time interval 2 < t < 3, the PIM exhibits a significant deviation, indicating a loss

of numerical stability. For t > 3, the PIM solution decreases sharply and diverges

further from the exact solution, demonstrating poor long-term reliability. In contrast,

the MPIM and RK4 solutions closely follow the exact solution throughout the entire

time interval 0≤ t ≤ 6, highlighting the superior stability and accuracy of the MPIM

for long-term prediction.

Table 4.3
Comparison of Absolute Errors Between Exact Solutions,4-iteration PIM, 4-iteration
MPIM on the Time Step ( ∆t = 0.01), RK4 on the Time Step (∆t = 0.01).

Time |Exact−PIM| |Exact−MPIM| |Exact−RK4|

1 3.5220×10−5 3.6202×10−4 1.8800×10−7

2 7.6511×10−2 1.3144×10−3 1.2000×10−8

3 2.0554×10−1 4.7725×10−4 2.6600×10−7

4 2.2861×10−1 1.0650×10−4 2.4800×10−7

5 4.9852×102 2.0151×10−5 3.6200×10−7

6 3.1935×104 3.5194×10−6 1.3600×10−7

Table 4.3 compares the absolute errors of the numerical solutions obtained

using the 4-iteration PIM, the 4-iteration MPIM, and the RK4 method with respect

to the exact solution for the Riccati equation with the initial condition u0 = −0.5.

At the early time levels, the absolute errors of the three methods are relatively small.

However, the error behaviour becomes more distinguishable as time increases. For the

classical PIM, the absolute error increases from 3.5220× 10−5 at t = 1 to 7.6511×

10−2 at t = 2, before reaching 4.9852×102 at t = 5 and 3.1935×104 at t = 6. This

shows that the PIM experiences substantial error accumulation over the considered

interval. In comparison, the MPIM produces much smaller absolute errors than the

classical PIM. The MPIM error remains within the range of 10−3 to 10−6, decreasing

from 3.6202×10−4 at t = 1 to 3.5194×10−6 at t = 6. This indicates that the modified

approach is more effective in controlling the growth of numerical error. Meanwhile,
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the RK4 method gives the lowest absolute errors overall, with error values mostly in

the order of 10−7 to 10−8. Therefore, although the MPIM does not reach the same

accuracy level as RK4, it demonstrates a substantial improvement over the classical

PIM in terms of error reduction and numerical stability for this case.

Case 2: u0 = 1.5

Figure 4.2 Solution of Riccati Equation using 5-iteration PIM, 5-iteration MPIM(
∆t = 0.01) RK4 (∆t = 0.01) and the Exact Solution.

Figure 4.2 presents the numerical solutions of the Riccati equation obtained

using the 5-iteration PIM, the 4-iterationMPIMwith (∆t = 0.01), and the RK4method

with (∆t = 0.01), together with the exact solution, for the initial condition u0 = 1.5.

At the initial stage, all three numerical methods are in good agreement with the exact

solution. However, as time increases beyond t ≈ 1, the PIM solution begins to deviate

noticeably from the exact solution. Within the interval 1 < t < 2, the deviation of the

PIM becomes more pronounced, indicating a loss of numerical stability. For t ≳ 2,

the PIM solution decreases rapidly and diverges significantly from the exact solution,

eventually producing nonphysical behavior. In contrast, both the MPIM and RK4

solutions remain stable and closely follow the exact solution throughout the entire

time interval 0≤ t ≤ 5, demonstrating the robustness and reliability of the MPIM for

handling different initial conditions in long-term simulations.
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Table 4.4
Comparison of Absolute Errors Between Exact solutions and 5-iteration PIM,
5-iteration MPIM on the Time Step ( ∆t = 0.01), RK4 on the Time Step (∆t = 0.01).

Time |Exact−PIM| |Exact−MPIM| |Exact−RK4|

1 8.8256×10−2 1.3640×10−3 1.2800×10−7

2 1.2825 3.3026×10−4 1.9100×10−7

3 7.4411×101 6.5143×10−5 7.0000×10−9

4 1.5790×103 1.1661×10−5 1.9400×10−7

5 1.2565×107 1.9690×10−6 1.6000×10−7

Table 4.4 presents the comparison of absolute errors between the exact solution

and the numerical solutions obtained using the 5-iteration PIM, the 5-iteration MPIM,

and the RK4 method for the Riccati equation with the initial condition u0 = 1.5. It can

be observed that the absolute error of the PIM increases rapidly as time progresses.

The error starts at 8.8256× 10−2 at t = 1, increases to 1.2825 at t = 2, and reaches

7.4411×101, 1.5790×103, and 1.2565×107 at t = 3, t = 4, and t = 5, respectively.

This indicates that the classical PIM suffers from significant error accumulation over

the considered interval. In contrast, the MPIM produces much smaller absolute errors

compared with the classical PIM. The MPIM error decreases from 1.3640× 10−3 at

t = 1 to 1.9690×10−6 at t = 5, showing that the modified approach is able to control

the growth of error more effectively. Meanwhile, the RK4 method gives the smallest

absolute errors overall, ranging from 10−7 to 10−9. Therefore, although MPIM does

not reach the same accuracy level as RK4, it demonstrates a substantial improvement

over the classical PIM in terms of error reduction and numerical stability for this case.
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4.4 Duffing Equation

Duffing equation is a nonlinear differential equation, which is used in many

sciences such as physical, engineering, and even biological problems. It is discovered

by electrical engineer German Duffing in 1918 and has named after him. It is worth to

mention, this equation is founded both with Van der pol’s equation, and Van der pol’s

considered as most well-known examples of nonlinear oscillation in research papers.

Also, the Japanese scientist Ueda proposed excellent Poincare‘ maps of the Duffing

equation which called Japanese attractor or Ueda attractor (Sheu et al., 2007). Duffing

equation occurs as a result of the motion of a body subjected to a nonlinear spring

power, linear sticky damping, and periodic powering. Oscillations of mechanical

systems under the action of a periodic external force can be revealed given by using

Duffing equation, see (Yusufoğlu, 2006) and references therein.

The reason behind the importance of Duffing equations is used in many of the

areas such as physical, engineering, and even biological problems (Sheu et al., 2007),

such as research large amplitude oscillation of centrifugal governor systems, nonlinear

vibration of beams and plates (Feng et al., 2006; Nourazar & Mirzabeigy, 2013),

magnetic-pliancy mechanical systems (Nourazar & Mirzabeigy, 2013), classical

oscillator in chaotic systems (Balaji, 2014), periodic orbit extraction, nonlinear

mechanical oscillators and prediction of diseases (Balaji, 2014; Turkyilmazoglu,

2012). Duffing equation produces a helpful model for researching nonlinear

oscillations and chaotic dynamical systems (Feng et al., 2006). Both chaos and

chaotic system are nonlinear by nature. In addition, we can find them in many natural

and artificial systems, and differentiate by sensitivity to initial condition (Khan et al.,

2012).

In this section, the applications of the Picard nth-order and Multistage Picard

nth order for the damping and undamping Duffing equations will be shown to assess

the efficiency of the method. the general form of Duffing equation (Yusufoğlu, 2006)

will be solved which given in the following form:

u′′(x)+ k1u′(x)+ k2u(x)+ k3u3(x) = f (x). (4.40)

With initial condition
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u(0) = a, and u′(0) = b, (4.41)

where k1, k2, k3, a, and b are real constants. In this equation, it is clear that it is a

nonlinear ordinary differential equation and it is from the second order (Sheu et al.,

2007). In this formulation, k1 denotes the damping coefficient, k2 represents the

stiffness parameter, and k3 characterizes the nonlinearity of the restoring force. The

parameter r defines the amplitude of the periodic driving force, whereas w denotes its

frequency (Bender & Orszag, 2013).

4.4.1 Damping Duffing Equations

Consider damping Duffing equation by Bülbül and Sezer (2013):

u′′(x)+u′(x)+u3(x) = 0. (4.42)

With initial conditions:

u(0) = 1, and u′(0) = 1. (4.43)

4.4.1.1 PIMn and MPIMn Solutions

PIMn:

According to the PIMn framework in (3.22), the iterative scheme for the 

equation (4.42) can be expressed as follows:

u(n+1)(t) = u(0)(t)+u′(0)(t) t +
∫ t

0
(t− s)(−u′n(s)−u3

n(s))ds. (4.44)

By substituting the initial conditions defined in (4.43) into equations (4.44),

the following expressions are obtained.

For n = 0:

u1(t) = 1+ t− t2− 1
2

t3− 1
4

t4− 1
20

t5. (4.45)

The iterative process converges at n = 2, where the approximate solution u3(t)

is obtained. At this stage, the tolerance condition ε < 10−5 is achieved, indicating that
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further iterations would yield negligible changes in accuracy. Further details regarding

the equation can be found in Appendix C.

MPIMn:

According to the MPIMn framework in (3.58), the iterative scheme for the

equation (4.42) can be expressed as follows

u(n+1), j(t) = um, j−1(t j−1)+u′m, j−1(t j−1)+
∫ t

t j−1

(t− s)(−u′n(s)−u3
n(s))ds. (4.46)

By substituting the initial conditions defined in (4.43) into equations (4.46),

the following expressions are obtained.

For n = 2, j = 1:

u3,1(t) = 1−2 t−0.5 t2 +0.5 t3 +1.875 t4 +0.8 t5−0.475 t6−0.45714 t7

−0.20625 t8 +0.0125 t9 +0.06125 t10 +0.040227 t11

+0.016563 t12 +0.0046635 t13 +0.0009375 t14 +0.000125 t15

+7.8125×10−6 t16. (4.47)

The iterative process was continued up to n = 2, j = 600. Given the extensive 

nature of the iterative expressions, only the representative iterations (n = 2, j = 1),

(n = 2, j = 2) and (n = 2, j = 600) are presented in this section, while the complete 

series are provided in the Appendix C.

4.4.1.2 Result and Discussion

Figure 4.3 illustrates the numerical solutions of the damping Duffing equation 

obtained using the 3-iteration PIMn, the 3-iteration MPIMn with a time step of ∆t = 

0.01, RK4 with a time step of ∆t = 0.01, and RK45. In this case, RK45 is used as the 

reference solution due to its adaptive error control capability, good numerical stability 

for nonlinear systems, and its recognition as a standard numerical solver in commercial 

software such as Maple. From the figure, it can be observed that the MPIMn, RK4, 

and RK45 solutions show close agreement throughout the interval considered. At the 

initial stage, the PIMn solution also follows the same trend as the reference solution.
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However, as t increases, the PIMn solution begins to deviate from the RK45 reference,

particularly after approximately t = 0.5. The deviation becomes more noticeable as

time progresses, where the PIMn curve increases rapidly and moves away from the

overall trend of the RK45, RK4, and MPIMn solutions. In contrast, the MPIMn

solution remains close to the RK45 reference and is also consistent with the RK4

solution over the given time interval. This indicates that themultistage implementation

in MPIMn helps to reduce the accumulation of numerical error compared with the

standard PIMn. Therefore, based on this graphical comparison, MPIMn provides

a more stable approximation than PIMn for the damping Duffing equation within

the interval studied. However, further quantitative evaluation using absolute error

analysis is required to support the graphical observation more rigorously.

Figure 4.3 Solution of Damping Duffing Equation using 3-iteration PIMn, 3-iteration
MPIMn ( ∆t = 0.01), RK4 (∆t = 0.01) and the RK45.

Table 4.5 presents the absolute error comparison between the RK45 reference

solution and the numerical solutions obtained using PIMn, MPIMn, and RK4 for

the damping Duffing equation. In this case, the absolute error is computed as the

difference between the RK45 solution and each numerical method.

It can be observed that the error of PIMn increases rapidly as time progresses.

At t = 1, the error is 2.8717576 × 10−1, indicating that the PIMn solution has
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already started to deviate from the RK45 reference solution. The error then increases

substantially to 2.96540311×101 at t = 2, 6.973084626×103 at t = 3, and continues

to grow until it reaches 1.110047361× 108 at t = 6. This trend suggests that the

standard PIMn experiences significant error accumulation for this problem over the

interval considered.

In contrast, the MPIMn method produces very small errors throughout the

same interval. The errors remain in the order of 10−6, ranging from 2.06529×10−6

to 9.89566×10−6. This indicates that the MPIMn solution remains very close to the

RK45 reference solution. Similarly, RK4 also shows small errors, mostly in the order

of 10−5, with values ranging from 9.1218×10−6 to 4.36285×10−5.

Overall, the results show that both MPIMn and RK4 provide close

approximations to the RK45 reference solution, while PIMn shows a clear increase in

error as time increases. Based on this error comparison, MPIMn demonstrates better

agreement with RK45 than PIMn for the damping Duffing equation within the tested

interval. This supports the graphical observation that the multistage implementation

in MPIMn helps to control error growth more effectively than the standard PIMn.

Table 4.5
Comparison of Absolute Errors Between the RK45 Reference Solution and
3-iteration PIMn, 3-iteration MPIMn, and RK4 for the Damping Duffing equation.

Time |RK45−PIMn| |RK45−MPIMn| |RK45−RK4|

1 2.8717576×10−1 8.2015×10−6 4.0890×10−5

2 2.96540311×101 4.9034×10−6 9.1218×10−6

3 6.973084626×103 2.06529×10−6 2.71181×10−5

4 3.54458234×105 6.46964×10−6 3.90126×10−5

5 8.07186216×105 8.8029×10−6 4.26325×10−5

6 1.110047361×108 9.89566×10−6 4.36285×10−5

4.4.2 Undamping Duffing Equations

Consider the undamping Duffing equation by Bülbül and Sezer (2013):

u′′(x)+3u(x)−2u3(x) = cos(x)sin(2x). (4.48)

84



With initial conditions:

u(0) = 0, and u′(0) = 1. (4.49)

4.4.2.1 PIMn and MPIMn Solutions

PIMn:

According to the PIMn framework in (3.22), the iterative scheme for the 

equation (4.48) can be expressed as follows:

u(n+1)(t) = u(0)(t)+u′(0)(t) t+
∫ t

0
(t−s)(cos(t)sin(2t)−3u(t)+2u3(t))ds. (4.50)

By substituting the initial conditions defined in (4.49) into equations (4.50),

the following expressions are obtained.

For n = 0

u1(t) =−
1
2

sin(t)− 1
18

sin(3t)+
5
3

t− 1
2

t3 +
1

10
t5 (4.51)

The iterative process converges at n = 1, where the approximate solution u2(t)

is obtained. At this stage, the tolerance condition ε < 10−5 is achieved, indicating that

further iterations would yield negligible changes in accuracy. Further details and other

iterations equation’s can be found in Appendix C.

MPIMn:

According to the MPIMn framework in (3.58), the iterative scheme for the

equation (4.48) can be expressed as follows

u(n+1), j(t) = um, j−1(t j−1)+u′m, j−1(t j−1)+
∫ t

t j−1

(t− s)(cos(t)sin(2t)−3u(t)

+2u3(t))ds. (4.52)

By substituting the initial conditions defined in (4.49) into equations (4.52),

the following expressions are obtained.
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For n = 1, j = 1:

u2,1(t) =−1.3158×106 sin t−0.78993sin(2t)−0.84098sin(3t)−0.011366sin(4t)

−0.00074074sin(5t)−0.00015956sin(6t)−0.000047241sin(7t)−1.0584

×10−6 sin(9t)+1.1935×106 cos t t +1.1181cos(2t) t +1.9698cos(3t) t

+0.025662cos(4t) t + . . .+7.3529×10−6 t17 (4.53)

The iterative process was continued up to n = 2, j = 600. Given the extensive 

nature of the iterative expressions, only the representative iterations (n = 2, j = 1),

(n = 2, j = 2) and (n = 2, j = 600) are presented in this section, while the complete 

series are provided in the Appendix C.

4.4.2.2 Result and Discussion

Figure 4.4 illustrates the numerical solutions of the undamped Duffing 

equation obtained using the 2-iteration PIMn, the 2-iteration MPIMn with a time step 

of ∆t = 0.01, RK4 with the same time step, and the exact solution. At the early stage 

of the simulation, both PIMn and MPIMn show close agreement with the RK4 and 

exact solutions, indicating that both methods are able to capture the initial behaviour 

of the undamped Duffing system.

As time increases, the PIMn solution begins to move away from the exact 
solution and the RK4 solution, particularly near the peak region around t ≈ 1.5. After 

this point, the deviation becomes more visible, where the PIMn curve increases beyond 

the main trend shown by the exact, RK4, and MPIMn solutions. This suggests that, 

for this example, the 2-iteration PIMn approximation is affected by error growth as 

the time interval increases.

In contrast, the MPIMn solution remains close to the exact solution and RK4 

solution throughout the interval considered. The curve follows the general oscillatory 

pattern of the exact solution, including the increasing and decreasing behaviour of 

u(t). This observation indicates that the multistage formulation in MPIMn helps the 

approximation remain closer to the reference solutions compared with the standard 

PIMn under the same number of iterations.

Overall, the graphical result shows thatMPIMn gives better agreement with the
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exact solution than PIMn for the undampedDuffing equationwithin the tested interval.

However, this conclusion is based on the visual comparison, and the absolute error

analysis is used to provide a more quantitative evaluation of the differences among

the methods.

Figure 4.4 Solution of Undamping Duffing Equation using 2-iteration PIMn,
2-iteration MPIMn ( ∆t = 0.01), the RK4 (∆t = 0.01) and the Exact Solution.

Table 4.6 presents the absolute error comparison between the exact solution

and the numerical solutions obtained using the 2-iteration PIMn, 2-iteration MPIMn

with the time step ∆t = 0.01, and RK4 with the same time step for the undamped

Duffing equation.

From the table, it can be observed that the absolute error of PIMn increases

as time progresses. At t = 1, the error is 0.0033798110, which is relatively small

compared with the later time levels. However, the error increases to 1.184910276 at

t = 2 and 15.56542451 at t = 3. A further increase is observed at the later time levels,

where the error reaches 78.23168002 at t = 4, 259.7355927 at t = 5, and 680.0608448

at t = 6. This trend indicates that the PIMn solution gradually moves away from the

exact solution over the interval considered when only two iterations are used.

In comparison, MPIMn gives smaller absolute errors than PIMn at all selected

time levels. The errors are very small at the early and intermediate time levels, with
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values of 8.0× 10−10 at t = 1, 2.8× 10−9 at t = 2, and 3.61× 10−8 at t = 3. At

t = 4 and t = 5, the errors are 1.23×10−8 and 4.857×10−7, respectively. Although

the MPIMn error increases to 0.0070272460 at t = 6, the value remains smaller than

the corresponding PIMn error at the same time level. This suggests that, under the

present computational setting, MPIMn is able to maintain closer agreement with the

exact solution than PIMn.

The RK4 method also produces small absolute errors throughout the tested

interval. Its error increases from 6.9952× 10−6 at t = 1 to 1.96272× 10−5 at t =

2, 4.55429× 10−5 at t = 3, and 3.81905× 10−4 at t = 6. Compared with MPIMn,

RK4 gives larger errors from t = 1 to t = 5. However, at t = 6, RK4 gives a smaller

error than MPIMn, where the RK4 error is 3.81905×10−4, while the MPIMn error is

0.0070272460.

Overall, the results indicate thatMPIMn gives lower absolute errors than PIMn

for all selected time levels in this example. MPIMn also remains closer to the exact

solution than RK4 from t = 1 to t = 5, whereas RK4 gives a smaller error at t = 6.

Therefore, based on this error comparison, MPIMn shows better agreement with the

exact solution than PIMn for the undamped Duffing equation within the tested interval

and under the specified time step and iteration number.

Table 4.6
Comparison Absolute Error Between Exact Solution and 2-iteration PIMn,
2-iteration MPIMn on the Time Step (∆t = 0.01), and RK4 on the Time Step
(∆t = 0.01) for the Undamping Duffing Equation

Time |Exact−PIMn| |Exact−MPIMn| |Exact−RK4|
1 0.0033798110 8.000000000×10−10 6.995200000×10−6

2 1.184910276 2.800000000×10−9 1.962720000×10−5

3 15.56542451 3.610000000×10−8 4.554290000×10−5

4 78.23168002 1.230000000×10−8 1.177370000×10−5

5 259.7355927 4.857000000×10−7 1.207530000×10−4

6 680.0608448 0.0070272460 3.819050000×10−4
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4.5 Pohlhausen-Flow Equation

The Pohlhausen flow represents a special case of the Falkner–Skan family of

boundary layer equations, which describe the steady two–dimensional laminar flow

of an incompressible, viscous fluid over a flat or wedge–shaped surface. It is derived

from the similarity transformation of the Navier–Stokes equations under appropriate

assumptions for velocity and pressure gradients. This equation is particularly

important in boundary–layer theory, as it provides one of the earliest analytical

approximations to laminar flow profiles within the viscous sublayer.

The general equation of the Pohlhausen flow, derived from the Falkner–Skan

family of equations (Asaithambi, 2021), is given by

f ′′′+ f f ′′+β
(
1− ( f ′)2)= 0, (4.54)

where β denotes the pressure–gradient parameter and the primes represent

differentiation with respect to the similarity variable η . The equation is subject

to the boundary conditions

f (0) = A, f ′(0) = B, f ′′(0) =C, (4.55)

where A, B, andC are prescribed constants.

The Pohlhausen equation is particularly useful as a benchmark problem

because its exact solution allows for direct comparison with approximate and

numerical schemes such as the PIMn and the MPIMn. It also serves as a validation

case for higher–order numerical solvers developed for the Falkner–Skan family of

equations.

In the context of the present study, the Pohlhausen flow equation is utilized

to assess the accuracy, stability, and convergence behaviour of both PIMn and the

MPIMn. Its relatively simple structure, combined with the availability of an analytical

solution, makes it an ideal candidate for verifying the reliability of these modified

iterative approaches in modelling nonlinear viscous flow dynamics.
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4.5.1 PIMn and MPIMn solutions

Consider the nonlinear boundary value problem by Asaithambi (2021) where

β is the pressure–gradient parameter and the primes denote differentiation with

respect to the similarity variable η , the case corresponding to (β0,β ) = (0,1) yields

the Pohlhausen flow equation (Pohlhausen, 1921),

f ′′′+
(
1− ( f ′)2)= 0, (4.56)

subject to the boundary conditions

f (0) = 0, f ′(0) = 0, f ′′(0) = 1, (4.57)

and the exact solution for this problem given by

f ′(t) = 3tanh2

(
t√
2
+ tanh−1

√
2
3

)
−2. (4.58)

This solution satisfies the boundary conditions (4.57) and represents the dimensionless

velocity distribution within the laminar boundary layer.

PIMn:

According to the PIMn framework in (3.22), the iterative scheme for the

equation (4.56) can be expressed as follows:

f(n+1)(t) = f (0)+ f ′(0) t +
f ′′(0) t2

2
+
∫ t

0

(t− s)2

2!
(
( f ′n(s))

2−1
)

ds. (4.59)

The initial seed is taken as y0(t) = αt. By substituting the initial conditions

defined in (4.57) and α = 1.154701 into equations (4.59), the following expressions

are obtained.

For n = 0:

f1(t) = 0.57735 t2− 1
6

t3. (4.60)

The iterative process converges at n = 2, where the approximate solution f3(t)

is obtained. At this stage, the tolerance condition ε < 10−10 is achieved, indicating
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that further iterations would yield negligible changes in accuracy. Further details and

other iterations equation’s can be found in Appendix D.

MPIMn:

According to the MPIMn framework in (3.58), the iterative scheme for the

equation (4.56) can be expressed as follows

f(n+1), j(t) = fm, j−1(t j−1)+ f ′m, j−1(t j−1)+
f ′′m, j−1(t

2
j−1)

2
+
∫ t

t j−1

(t− s)2

2!
(( f ′)2−1)ds.

(4.61)

By substituting the initial conditions defined in (4.57) into equations (4.61),

the following expressions are obtained.

For n = 2, j = 1:

f3,1(t) = 0.57735 t2−0.16667 t3 +0.022222 t5−0.0096225 t6 +0.0011905 t7

+0.00076369 t8−0.00022046 t9 +0.000012470 t11. (4.62)

The iterative process was continued up to n = 2, j = 600. Given the extensive

nature of the iterative expressions, only the representative iterations (n = 2, j = 1) is

presented in this section, while the complete series are provided in the Appendix D.

4.5.2 Results and discussion

Figure 4.5 illustrates the numerical solutions of the Pohlhausen flow equation

obtained using 3-iteration of PIMn, 3-iteration of MPIMn, RK4 with ∆t = 0.01,

together with the exact solution. From the figure, it is clearly observed that MPIMn

and RK4 almost perfectly overlap with the exact solution throughout the entire

interval 0 ≤ t ≤ 6, indicating excellent accuracy and stability. The plotted points of

RK4 and the continuous curve of MPIMn are visually indistinguishable from the exact

solution, demonstrating that both methods are capable of accurately capturing the true

behavior of the solution. In contrast, PIMn begins to deviate from the exact solution

as t increases. Although it initially follows the same trend near t = 0, the red dashed

curve gradually diverges after approximately t ≈ 1.5, and the deviation becomes
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significant beyond t ≈ 2.5. The PIMn solution fails to maintain the increasing

trend of the exact solution and instead bends downward, indicating instability and

accumulation of approximation error. Overall, the graphical comparison highlights

that the multistage modification significantly improves the stability and accuracy of

the classical Picard approach, while confirming the robustness of the Picard-based

framework as an efficient numerical approach for modeling boundary-layer type fluid

flow problems.

Figure 4.5 Solution of Pohlhausen-Flow Equation using 3-iteration PIMn, 3-iteration
MPIMn on the Time Step (∆t = 0.01), RK4 on the Time Step (∆t = 0.01) and the

Exact Solution.

Table 4.7 presents the comparison of absolute errors between the exact solution

and the 3-iteration PIMn, 3-iteration MPIMn, and RK4 using the same time step

size ∆t = 0.01 for the Pohlhausen flow equation. It can be observed that the error

of PIMn increases significantly as time increases, starting from 1.4178× 10−2 at

t = 1, rising to 2.9576× 10−1 at t = 2, 1.5376× 100 at t = 3, 4.6535× 100 at t = 4,

1.0622× 101 at t = 5, and reaching 2.0437× 101 at t = 6. This indicates that the

standard PIMn experiences considerable error accumulation over the given interval.

In contrast, MPIMnmaintains very small absolute errors throughout the interval. The

errors are 2.4500× 10−7 at t = 1, 1.3490× 10−6 at t = 2, 5.5730× 10−6 at t = 3,

2.2547× 10−5 at t = 4, 9.1951× 10−5 at t = 5, and 3.7702× 10−4 at t = 6. It
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is important to note that the MPIMn errors are identical to the RK4 errors at t = 1

and t = 2 based on the reported rounded values. For the remaining time points, the

errors of MPIMn remain very close to those of RK4, with only minor differences

observed from t = 3 to t = 6. Overall, the results show that the multistagemodification

improves the accuracy of PIMn and reduces the accumulation of error over time. The

close agreement between MPIMn and RK4 suggests that MPIMn is able to achieve

comparable numerical accuracy to the classical RK4 method for the Pohlhausen flow

equation within the considered time interval.

Table 4.7
Comparison of Absolute Errors Between Exact Solution and 3-iteration PIMn,
3-iteration MPIMn on the Time Step (∆t = 0.01) and the RK4 with the Time Step
(∆t = 0.01) for the Pohlhausen Flow Equation.

Time |Exact−PIMn| |Exact−MPIMn| |Exact−RK4|
1 1.4178×10−2 2.4500×10−7 2.4500×10−7

2 2.9576×10−1 1.3490×10−6 1.3490×10−6

3 1.5376×100 5.5730×10−6 5.5750×10−6

4 4.6535×100 2.2547×10−5 2.2554×10−5

5 1.0622×101 9.1951×10−5 9.1980×10−5

6 2.0437×101 3.7702×10−4 3.7714×10−4

4.6 Concluding Remarks

This chapter presented the application of PIM, MPIM, PIMn, and MPIMn

to selected nonlinear ordinary differential equations. The chapter began with the

development of the PIMn formulation, which extends the classical Picard Iterative

Method to directly solve higher-order initial value problems without converting them

into systems of first-order equations. This formulation provides a more direct and

systematic approach for handling higher-order nonlinear differential equations. The

performance of PIM and MPIM was first examined through the first-order nonlinear

Riccati equation. The results showed that the classical PIM is capable of producing

accurate approximations within a limited interval, but its accuracy decreases as time

increases. In contrast, MPIM demonstrated better numerical stability and maintained

closer agreement with the exact solution and RK4 results. This indicates that the

multistage modification improves the long-term performance of the Picard-based

method. The proposed PIMn and MPIMn were then applied to the nonlinear Duffing
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equation to evaluate their capability in solving second-order nonlinear oscillatory

problems. The results showed that PIMn provides acceptable accuracy at the early

stage of the simulation, but its error increases as the time interval becomes longer.

Meanwhile, MPIMn produced more stable and accurate results, showing closer

agreement with both the exact solution and RK4.

In addition, the Pohlhausen flow equation was included to further assess the

applicability of PIMn and MPIMn for higher-order nonlinear differential equations.

The numerical results demonstrated that PIMn can be applied directly to this

higher-order problem, but its accuracy is limited over a longer interval. On the other

hand, MPIMn showed improved stability and smaller absolute errors, indicating that

the multistage structure is effective in reducing error accumulation. Overall, the

findings in this chapter confirm that the proposed PIMn formulation provides a direct

framework for solving higher-order nonlinear ODEs, while the MPIM and MPIMn

improve the accuracy and stability of the classical Picard approach. The comparison

with exact solutions and RK4 further supports the reliability of the proposed methods,

particularly for nonlinear problems that require stable approximations over longer

time intervals.
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CHAPTER 5
APPLICATION OF PIM ANDMPIM TO PDES

5.1 Introduction

In this chapter, the numerical performance of the Picard Iterative Method

(PIM) and the Multistage Picard Iterative Method (MPIM) is extended and validated

for solving nonlinear partial differential equations (PDEs). While these methods

have been successfully applied to various nonlinear ordinary differential equations

(ODEs) in the earlier chapters, their capability in handling nonlinear PDEs has not

been extensively examined. Therefore, this chapter aims to investigate whether PIM

and MPIM can accurately and efficiently solve nonlinear PDE models commonly

encountered in physical and engineering sciences.

This chapter focuses on the Newell-Whitehead-Segel equation, which is a

nonlinear reaction–diffusion equation widely used to describe pattern formation,

instability phenomena, and nonlinear wave propagation. The equation is selected

as the main PDE model to evaluate the applicability of PIM and MPIM in solving

nonlinear PDE problems. In this study, both methods are applied directly to

the Newell-Whitehead-Segel equation, and the numerical solutions obtained are

compared with the exact solution and the fourth-order Runge-Kutta (RK4) numerical

benchmark. The RK4 values are generated using Maple’s built-in numerical solver to

provide a reliable reference for comparison.

5.2 Newell Whitehead Segel Equation

The Newell–Whitehead–Segel equation is a class of nonlinear partial

differential equations widely employed in modeling various phenomena in fluid

mechanics. This equation is used for some problems in various systems, for

example, Faraday instability, biological systems, nonlinear optics, Rayleigh-Benard

convection, and chemical reactions. The equation acquired by Newell, Whitehead,

and Segel is as follows (Newell & Whitehead, 1969; Segel, 1969):
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ut(x, t) = αuxx(x, t)+bu(x, t)− cum(x, t), (5.1)

u(x,0) = f (x), (5.2)

where b,c are real numbers and α,m are positive integers.

In this section, the PIM andMPIMwill be used to find the approximate solution

of the Newell-Whitehead-Segel equation. The result of the finding will be compared

to the exact solution and the RK4. Consider the Newell Whitehead Segel equation by

Latif et al. (2020)

ut(x, t) = uxx(x, t)−3u(x, t), (5.3)

and the initial condition

u(x,0) = e2x, (5.4)

and the corresponding exact solution is

u(x, t) = e2x+t , (5.5)

where the parameters represent the diffusion rate, growth rate, and nonlinear

interaction term, respectively.

5.2.1 PIM and MPIM solutions

PIM:

According to the PIM framework, the iterative scheme for theNewel-Whitehead

Segel equation (5.3) can be expressed as follows:

u(n+1)(x, t) = u(0)(x, t)+
∫ t

0
[u(n),xx(x,s)−3u(n)(x,s)]ds. (5.6)

By substituting the initial condition in (5.4) into equations (5.6), the following

expressions are obtained.
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For n = 0:

u1(x, t) = e2x + e2xt. (5.7)

The iterative process converges at n = 3, where the approximate solution u4(t)

is obtained. At this stage, the tolerance condition ε < 10−5 is achieved, indicating that

further iterations would yield negligible changes in accuracy. Further details and other

iterations equation’s can be found in Appendix H.

MPIM:

According to theMPIM framework, the iterative scheme for theNewel-Whitehead

Segel equation (5.3) can be expressed as follows:

un+1, j(x, t) = u0, j−1(x, t j−1)+
∫ t

t j−1

[un, j,xx(x,s)−3un, j(x,s)]ds. (5.8)

By substituting the initial conditions (5.4) into equations (5.8), the following

expressions are obtained.

For n = 3, j = 1:

u4,1(x, t) = e2x + e2xt +
1
2

e2xt2 +
1
6

e2xt3 +
1
24

e2xt4. (5.9)

The iterative process was continued up to n = 3, j = 600. Given the extensive

nature of the iterative expressions, only the representative iterations (n = 3, j = 1) is

presented in this section, while the complete series are provided in the Appendix H.

5.2.2 Results and discussion

Figure 5.1 shows the numerical comparison between the 4-iteration PIM, the

4-iterationMPIMwith time step∆t = 0.01, and RK4with∆t = 0.01 for approximating

the solution of the Newell–Whitehead–Segel equation. The results are compared with

the exact solution over the interval 0≤ t ≤ 6. From the graph, theMPIM curve follows

the trend of the exact solution closely throughout the considered interval. The RK4

approximations also remain close to the exact solution, as indicated by the marker

positions lying near the exact solution curve. This suggests that both MPIM and
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RK4 provide consistent approximations for the selected step size and time interval.

In contrast, the PIM solution shows a visible deviation from the exact solution as

time increases. The difference becomes more noticeable after approximately t = 3,

where the PIM curve grows at a slower rate compared with the exact, MPIM, and RK4

solutions. This indicates that the standard PIM may be less suitable for maintaining

accuracy over a longer interval for this nonlinear PDE example. Overall, the graphical

comparison suggests that the multistage implementation improves the approximation

behaviour of the Picard-based method for the Newell–Whitehead–Segel equation.

However, the graphical observation should be supported by the absolute error analysis

to further confirm the accuracy of each method.

Figure 5.1 Solution of Newell Whitehead Segel Equation using 4-iteration PIM,
4-iteration MPIM( ∆t = 0.01) RK4 (∆t = 0.01) and the Exact Solution.

Table 5.1 presents the absolute errors of PIM, MPIM, and RK4 compared with

the exact solution for the Newell-Whitehead-Segel equation at selected time values.

From the results, the error of the classical PIM increases as time progresses. At t = 1,

the PIM error is relatively small, with a value of 9.98495×10−3. However, the error

increases to 3.89056× 10−1 at t = 2 and becomes much larger at later time values,

reaching 2.88429× 102 at t = 6. This shows that the standard PIM approximation

gradually moves away from the exact solution over the considered interval.
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In contrast, MPIM produces much smaller absolute errors throughout the

interval. The MPIM error remains in the order of 10−10 at t = 1, increases gradually

to the order of 10−8 between t = 4 and t = 5, and reaches 2.00037× 10−7 at t = 6.

A similar pattern is observed for RK4, where the error values are very close to those

obtained by MPIM. For example, at t = 6, the RK4 error is 2.00043×10−7, which is

comparable to the MPIM error.

Overall, the table indicates that MPIM gives a more accurate approximation

than the standard PIM for this problem and selected interval. The close agreement

between MPIM and RK4 also supports the graphical observation that MPIM follows

the exact solution more closely than PIM. However, this conclusion is based on the

selected time step, number of iterations, and test problem considered in this study.

Table 5.1
Comparison of Absolute Errors Between Exact solution and 4-iteration PIM,
4-iteration MPIM on the Time Step (∆t = 0.01) and RK4 on the Time Step
(∆t = 0.01) for the Newell Whitehead Segel Equation.

Time |Exact−PIM| |Exact−MPIM| |Exact−RK4|
1 9.98495×10−3 2.24600×10−10 2.24650×10−10

2 3.89056×10−1 1.22131×10−9 1.22132×10−9

3 3.71054×100 4.97970×10−9 4.97980×10−9

4 2.06482×101 1.80481×10−8 1.80485×10−8

5 8.30382×101 6.13240×10−8 6.13260×10−8

6 2.88429×102 2.00037×10−7 2.00043×10−7

5.3 Concluding Remarks

In this chapter, the PIM and the MPIM were applied to a nonlinear PDE,

namely the Newell-Whitehead-Segel equation. The implementation demonstrates

the applicability of both methods in approximating the solution of a nonlinear

reaction-diffusion problem. Based on the graphical comparison and absolute error

analysis, MPIM shows closer agreement with the exact solution and RK4 benchmark

compared with the standard PIM over the selected interval.The results also indicate

that the standard PIM produces reasonable approximation at the early stage of

the interval but gradually deviates as time increases. In contrast, the multistage

formulation helps reduce the accumulation of error by updating the approximation

over smaller subintervals. This contributes to better numerical behaviour of MPIM
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for the considered PDE example. Overall, the findings suggest that MPIM provides a

more reliable approximation than the classical PIM for the Newell-Whitehead-Segel

equation under the selected time step and interval. However, the conclusion is limited

to the problem, parameter setting, and numerical configuration considered in this

study. Further applications to other nonlinear PDE models are recommended to

evaluate the broader performance of the method.
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CHAPTER 6
APPLICATION OF PIM ANDMPIM TO SYSTEM OF ODES

6.1 Introduction

A wide range of analytical and semi-analytical methods have been widely

used to obtain approximate solutions for nonlinear differential equations. Despite

the considerable development of these techniques, there is still no known work that

applies the standard Picard Iterative Method (PIM) to epidemic models such as

the Monkeypox Transmission Model. Motivated by this gap in the literature, this

chapter focuses on applying the PIM to this epidemiological system and evaluates its

capabilities in capturing the nonlinear dynamics of infectious disease transmission.

To address the basic restriction of PIM, particularly its difficulties in achieving

global accuracy over long time intervals, this chapter additionally incorporates the

proposed Multistage Picard Iterative Method (MPIM). By dividing the time domain

into successive subintervals and applying the Picard technique recursively within

each segment, MPIM provides a more stable and accurate framework for solving

complex nonlinear systems. For the Monkeypox Transmission Model, the numerical

results obtained from PIM and MPIM are compared with both the fourth-order

Runge-Kutta (RK4) and eighth-order Runge-Kutta (RK8) methods. In addition,

results from the Adomian Decomposition Method (ADM) and Multistage Adomian

Decomposition Method (MADM) are included as benchmark results to provide a

broader comparative assessment of the proposed approach against other established

semi-analytical methods.

This chapter provides additional validation of the performance of PIM and

MPIM on other classes of nonlinear ODE systems apart from the Monkeypox

Transmission Model. First, both methods are applied to a COVID-19 transmission

model to evaluate their ability to handle compartmental epidemiological dynamics

and to observe how the multistage refinement improves accuracy over the classical

Picard framework. The study then proceeds to examine a nonlinear biochemical

reaction model, enabling an assessment of the methods’ reliability in capturing stiff
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and highly nonlinear reaction behaviours. Finally, PIM and MPIM are applied to the

multispecies Lotka-Volterra system, allowing an extensive evaluation of accuracy,

convergence behaviour, stability, and computational performance in the setting of

interacting population models. For these additional systems, the numerical results are

compared with the RK4 method only, while the available ADM and MADM results

are included as supplementary benchmarks to provide a comprehensive analysis

of the strengths and limitations of the classical and multistage iterative methods in

solving different nonlinear dynamical systems.

6.2 Monkeypox Transmission Model

In this section, consider the nonlinear epidemiological model that describes the

transmission dynamics of the Monkeypox virus among human and rodent populations

as proposed by Peter et al. (2022a). The entire human population Nh is separated into

five compartments: susceptible Sh, exposed Eh, infected Ih, isolatedQh, and recovered

Rh. Similarly, the rodent population Nr consists of three compartments: susceptible

Sr, exposed Er, and infected Ir. The overall interaction between these two populations

is governed by the following nonlinear system of ordinary differential equations:

dSh

dt
= Λh−β1ShIr−β2ShIh−µhSh, (6.1)

dEh

dt
= β1ShIr +β2ShIh− (α1 +µh)Eh, (6.2)

dIh

dt
= α1Eh− (α2 +δh +µh)Ih, (6.3)

dQh

dt
= α2Ih− (τ +µh)Qh, (6.4)

dRh

dt
= τQh−µhRh, (6.5)

dSr

dt
= Λr−β3SrIr−µrSr, (6.6)

dEr

dt
= β3SrIr− (α3 +µr)Er, (6.7)

dIr

dt
= α3Er− (δr +µr)Ir. (6.8)

The parameters Λh and Λr denote the recruitment rates of humans and rodents,

respectively. The contact rates between humans and rodents are represented by β1,

β2, and β3, while α1, α2, and α3 correspond to the progression rates from the exposed
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to infected classes in both species. The parameters µh and µr denote natural death

rates, δh and δr represent disease-induced death rates, τ is the recovery rate from

isolation, and ϕ indicates the proportion of undiagnosed human cases.

The system (6.1)–(6.8) is solved under the initial conditions by Peter et al.

(2022a)

Sh(0) = 10000, Eh(0) = 50, Ih(0) = 0.57, Qh(0) = 0.43, Rh(0) = 0,

Sr(0) = 1000, Er(0) = 100, Ir(0) = 10, (6.9)

where all parameters are assumed to be positive constants.

This nonlinear epidemiological system captures the interdependence between

the human and rodent populations through both direct and indirect transmission

pathways. Its analytical solution is generally intractable due to the strong coupling

and nonlinear terms in Equations (6.1)-(6.8).

Hence, the present study seeks to obtain a semi–analytical solution for the

system using the PIM and its improved variant, the MPIM. The traditional PIM

provides an iterative framework for constructing approximate analytical solutions,

while the MPIM extends its applicability by overcoming convergence limitations

through stage–wise corrections across subintervals. This enhancement ensures

greater stability and accuracy when modelling the complex nonlinear behaviour of

Monkeypox transmission over extended time domains.
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6.2.1 PIM and MPIM solutions

PIM:

According to PIM, construct an iterative scheme for system (6.1)–(6.8) as

follows:

Sh,(n+1)(t) = Sh(0)(t)+
∫ t

0

(
Λh−

β1Ir,(n)(t)+β2Ih,(n)(t)
Nh

Sh,(n)(t)

−µhSh,(n)(t)+ϕQh,(n)(t)

)
dt, (6.10)

Eh,(n+1)(t) = Eh(0)(t)+
∫ t

0

(
β1Ir,(n)(t)+β2Ih,(n)(t)

Nh
Sh,(n)(t)

− (α1 +α2 +µh)Eh,(n)(t)

)
dt, (6.11)

Ih,(n+1)(t) = Ih(0)(t)+
∫ t

0

(
α2Eh,(n)(t)− (µh +δh +θh) Ih,(n)(t)

)
dt, (6.12)

Qh,(n+1)(t) = Qh(0)(t)+
∫ t

0

(
α1Eh,(n)(t)− (ϕ + τ +µh +δh)Qh,(n)(t)

)
dt, (6.13)

Rh,(n+1)(t) = Rh(0)(t)+
∫ t

0

(
σ Ih,(n)(t)+ τ Qh,(n)(t)−µhRh,(n)(t)

)
dt, (6.14)

Sr,(n+1)(t) = Sr(0)(t)+
∫ t

0

(
Λr−

β3Sr,(n)(t)Ir,(n)(t)
Nr

−µrSr,(n)(t)
)

dt, (6.15)

Er,(n+1)(t) = Er(0)(t)+
∫ t

0

(β3Sr,(n)(t)Ir,(n)(t)
Nr

− (µr +α3)Er,(n)(t)
)

dt, (6.16)

Ir,(n+1)(t) = Ir(0)(t)+
∫ t

0

(
α3Er,(n)(t)− (µr +δr) Ir,(n)(t)

)
dt. (6.17)

By substituting the parameters and initial values defined in Equation (6.9) into the

system of equations (6.10)–(6.17), the following expressions are derived.
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For n = 0:

Sh,1(t) = 10000+0.1409560350 t, (6.18)

Eh,1(t) = 50−110.5367256 t, (6.19)

Ih,1(t) = 0.57+21.14733838 t, (6.20)

Qh,1(t) = 0.43+88.76493490 t, (6.21)

Rh,1(t) = 0.4684808200 t, (6.22)

Sr,1(t) = 1000−2.832536016 t, (6.23)

Er,1(t) = 100+0.3091162900 t, (6.24)

Ir,1(t) = 10+2.523170548 t. (6.25)

The iterative process was continued up to n = 6, at which point convergence

was achieved when the tolerance criterion ε < 10−5 was satisfied. Due to space

limitations and the extensive nature of the iterative solutions, only the first two

iterations (n = 0,1) and last iteration (n = 6) are presented in this section, while the

complete series are provided in the Appendix F.

MPIM:

In contrast to the standard PIM, the MPIM was employed to enhance

convergence stability and accuracy over larger computational intervals. The MPIM

introduces a time-marching correction mechanism by dividing the main interval into

smaller subintervals of fixed step size h = 0.01, where each subinterval serves as the

initial condition for the subsequent stage. This multistage formulation effectively

reduces local truncation errors and ensures global convergence throughout the

solution domain.

According to MPIM formulation in (3.31), construct an iterative scheme for

system (6.1)-(6.8) as follows:
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Sh,(n+1), j(t) = Sh,(n), j−1(t j−1)+
∫ t

t j−1

(
Λh−

β1Ir,(n)(t)+β2Ih,(n)(t)
Nh

Sh,(n)(t)

−µhSh,(n)(t)+ϕQh,(n)(t)

)
dt, (6.26)

Eh,(n+1), j(t) = Eh,(n), j−1(t j−1)+
∫ t

t j−1

(
β1Ir,(n)(t)+β2Ih,(n)(t)

Nh
Sh,(n)(t)

− (α1 +α2 +µh)Eh,(n)(t)

)
dt, (6.27)

Ih,(n+1), j(t) = Ih,(n), j−1(t j−1)+
∫ t

t j−1

(
α1Eh,(n)(t)− (µh +δh +ρ) Ih,(n)(t)

)
dt,

(6.28)

Qh,(n+1), j(t) = Qh,(n), j−1(t j−1)+
∫ t

t j−1

(
α2Eh,(n)(t)− (ϕ + τ +µh +δh)Qh,(n)(t)

)
dt,

(6.29)

Rh,(n+1), j(t) = Rh,(n), j−1(t j−1)+
∫ t

t j−1

(
ρ Ih,(n)(t)+ τ Qh,(n)(t)−µhRh,(n)(t)

)
dt,

(6.30)

Sr,(n+1), j(t) = Sr,(n), j−1(t j−1)+
∫ t

t j−1

(
Λr−

β3Sr,(n)(t)Ir,(n)(t)
Nr

−µrSr,(n)(t)
)

dt,

(6.31)

Er,(n+1), j(t) = Er,(n), j−1(t j−1)+
∫ t

t j−1

(β3Sr,(n)(t)Ir,(n)(t)
Nr

− (µr +α3)Er,(n)(t)
)

dt,

(6.32)

Ir,(n+1), j(t) = Ir,(n), j−1(t j−1)+
∫ t

t j−1

(
α3Er,(n)(t)− (µr +δr) Ir,(n)(t)

)
dt. (6.33)

By substituting the parameters and initial values defined in Equation (6.9) into

the system of equations (6.26)–(6.33), the following expressions are derived.
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For n = 3, j = 1:

Sh,4,1(t) = 10000+0.14096 t +62.046 t2−106.52 t3 +100.14 t4 +0.055953 t5

−0.046785 t6 +0.021636 t7 +9.4058×10−6 t8−3.5440×10−6 t9

+1.8742×10−12 t10 +1.1716×10−18 t11, (6.34)

Eh,4,1(t) = 50−110.54 t +130.65 t2−102.77 t3 +60.656 t4−0.066753 t5

+0.055087 t6−0.021636 t7−9.4058×10−6 t8 +3.5440×10−6 t9

−1.8742×10−12 t10−1.1716×10−18 t11, (6.35)

Ih,4,1(t) = 0.57+21.147 t−24.303 t2 +19.131 t3−11.287 t4 +0.0020625 t5

−0.0015842 t6 +1.3498×10−9 t7, (6.36)

Qh,4,1(t)) = 0.43000+88.765 t−214.31 t2 +263.33 t3−216.71 t4 +0.0087297 t5

−0.0067179 t6 +5.7240×10−9 t7, (6.37)

Rh,4,1(t) = 0.46848 t +45.088 t2−71.969 t3 +66.141 t4 +6.7569×10−6 t5,

(6.38)

Sr,4,1(t) = 1000−2.8325 t−0.36008 t2 +0.00079495 t3−0.00015184 t4

+6.5004×10−7 t5 +4.3516×10−8 t6−1.6868×10−10 t7−7.0136

×10−12 t8 +1.2531×10−14 t9 +4.8948×10−18 t10−1.2129

×10−20 t11, (6.39)

Er,4,1(t) = 100+0.30912 t +0.35686 t2−0.0038026 t3 +0.00017629 t4−3.3992

×10−7 t5−4.3661×10−8 t6 +1.6830×10−10 t7 +7.0136×10−12 t8

−1.2531×10−14 t9−4.8948×10−18 t10 +1.2129×10−20 t11, (6.40)

Ir,4,1(t) = 10+2.5232 t +0.0031858 t2 +0.0030076 t3−0.000024472 t4−3.1009

×10−7 t5 +1.4430×10−10 t6 +3.8242×10−13 t7. (6.41)

The iterative process was continued up to n = 3, j = 12000. Due to space

limitations and the extensive nature of the iterative solutions, the first iterations

(n = 3, j = 1) is presented in this section, while the complete series are provided in

Appendix F.
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6.2.2 Results and discussion

Figures 6.1 - 6.8 present the numerical solutions for Sh, Eh, Ih, Qh, Rh, Sr, Er,

and Ir, respectively, obtained using the 7-iteration PIM, the 4-iteration MPIM (∆t =

0.01), 7-iteration ADM, the 4-iterationMADM (∆t = 0.01),as well as the fourth-order

and eighth-order Runge-Kutta methods, denoted as RK4 and RK8, respectively, using

the same time step. The simulations were performed using α1 = 0.423890, α2 =

1.797575, α3 = 0.025289, β1 = 0.011503, β2 = 0.747322, β3 = 0.321102, Λh =

0.34857, Λr = 0.60822, ϕ = 1.575454, ρ = 0.067689, µh = 1
79(365) , µr =

1
5(365) ,

δh = 0.015016, δr = 0.000025, and τ = 0.999763, where the parameter values were

adopted from Kumar et al. (2023). Since the MPIM and MADM involves repeated

iterative computations across multiple subintervals, RK8 is included as an additional

higher-order numerical reference for comparison, while RK4 is retained to facilitate

comparison with the numerical approach adopted in related Monkeypox modelling

studies.

Figure 6.1 Solution of Susceptible Human Sh using 7-iteration PIM, 4-iteration
MPIM on the Time Step (∆t = 0.01), 7-iteration ADM, 7-iteration MADM on the

Time Step (∆t = 0.01), RK4 on the Time Step (∆t = 0.01) and RK8 on the Time Step
(∆t = 0.01).

Figure 6.1 presents the numerical solutions of the susceptible human

population, Sh(t), obtained using the 7-iteration PIM, 4-iteration MPIM with
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∆t = 0.01, 7-iteration ADM, 7-iteration MADMwith ∆t = 0.01, RK4 with ∆t = 0.01,

and RK8 with ∆t = 0.01. All stable methods show a consistent decreasing pattern of

Sh(t) from the initial value of 10000, where the reduction becomes more apparent

after approximately t = 40 and continues until the end of the interval. However,

the classical PIM and ADM fail to preserve this behaviour over the full interval,

with the PIM solution diverging at approximately t = 2 and the ADM solution

diverging at approximately t = 4. In contrast, both MPIM and MADM remain stable

throughout 0 ≤ t ≤ 120, demonstrating the effectiveness of the multistage procedure

in controlling the error accumulation observed in the corresponding classical

methods. The MADM solution is nearly superimposed with the RK4 solution, while

the MPIM solution follows the same decreasing trend but gives slightly higher values

than RK4, particularly for larger values of t. The RK8 solution also exhibits the

same overall behaviour but remains slightly above the RK4, MPIM, and MADM

solutions towards the end of the simulation interval. Overall, the figure shows that

the multistage methods provide stable and reliable approximations for Sh(t) over a

long computational interval, unlike the standard PIM and ADM methods.

Table 6.1
Comparison of Absolute Errors for Susceptible Human, Sh(t) Between RK4 on the
Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM on the Time Step
(∆t = 0.01), the 7-iteration of ADM and the 4-iteration of MADM on the Time Step
(∆t = 0.01).

Time |RK4-PIM| |RK4-ADM| |RK4-MPIM| |RK4-MADM|

10 1.0736×106 7.9226×105 1.0603×10−2 < 1.0×10−16

20 3.8499×107 1.1746×108 9.5088×10−2 1.0000×10−6

30 4.5513×108 2.1163×109 4.9546×10−1 < 1.0×10−16

40 2.7411×109 1.6294×1010 1.9938×100 1.0000×10−6

50 1.0248×1010 7.9002×1010 6.6383×100 2.0000×10−6

60 2.5567×1010 2.8600×1011 1.8343×101 2.0000×10−6

70 3.7549×1010 8.4900×1011 4.1345×101 3.0000×10−6

80 1.4174×1010 2.1800×1012 7.5392×101 3.0000×10−6

90 3.1600×1011 4.9800×1012 1.1324×102 3.0000×10−6

100 1.3200×1012 1.0500×1013 1.4594×102 2.0000×10−6

110 4.0100×1012 2.0500×1013 1.6910×102 2.0000×10−6

120 1.0200×1013 3.7700×1013 1.8325×102 1.0000×10−6

Table 6.1 compares the absolute errors of PIM, ADM, MPIM, and MADM

usingRK4 as the numerical reference solution for the susceptible human compartment,
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Sh(t). The PIM and ADM produce very large errors throughout the interval, where

the PIM error increases from 1.0736×106 at t = 10 to 1.0200×1013 at t = 120, while

the ADM error increases from 7.9226×105 to 3.7700×1013. These large errors are

consistent with the divergence observed in the corresponding graphical results and

indicate that the classical PIM and ADM are not suitable for long-term simulation of

Sh(t) under the selected parameter setting. In contrast, MPIM produces substantially

smaller errors, ranging from 1.0603× 10−2 at t = 10 to 1.8325× 102 at t = 120,

which confirms that the multistage implementation significantly reduces the error

accumulation of the standard PIM. The MADM provides the smallest errors among

all methods, with values between less than 1.0× 10−16 and 3.0× 10−6, indicating

an almost identical agreement with the RK4 solution within the numerical precision

used in the computation. Therefore, based on RK4 as the reference, MADM gives the

closest approximation for Sh(t), followed by MPIM.

Table 6.2
Comparison of Absolute Errors for Susceptible Human, Sh(t) Between RK8 on the
Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM on the Time Step
(∆t = 0.01), the 7-iteration of ADM and the 4-iteration of MADM on the Time Step
(∆t = 0.01).

Time |RK8-PIM| |RK8-MPIM| |RK8-ADM| |RK8-MADM|

10 1.0736×106 3.2874×100 7.9226×105 3.2980×100

20 3.8499×107 1.1705×101 1.1746×108 1.1800×101

30 4.5513×108 3.0531×101 2.1163×109 3.1027×101

40 2.7411×109 6.7572×101 1.6294×1010 6.9566×101

50 1.0248×1010 1.2957×102 7.9002×1010 1.3621×102

60 2.5567×1010 2.1212×102 2.8628×1011 2.3046×102

70 3.7549×1010 2.8941×102 8.4903×1011 3.3076×102

80 1.4174×1010 3.2351×102 2.1753×1012 3.9890×102

90 3.1570×1011 2.9605×102 4.9848×1012 4.0930×102

100 1.3226×1012 2.2323×102 1.0462×1013 3.6917×102

110 4.0059×1012 1.3565×102 2.0451×1013 3.0475×102

120 1.0246×1013 5.5346×101 3.7703×1013 2.3859×102

Table 6.2 presents the absolute errors when RK8 is used as the numerical

reference solution. Similar to the RK4-based comparison, PIM and ADM exhibit

extremely large errors, reaching 1.0246× 1013 and 3.7703× 1013, respectively, at

t = 120, further confirming the instability of the classical iterative methods over the

long computational interval. The MPIM and MADM remain considerably closer to
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RK8 than PIM and ADM; however, their errors are larger than those obtained when

RK4 is used as the reference. The MPIM error increases from 3.2874 at t = 10 to a

maximum of 3.2351× 102 at t = 80, before decreasing to 5.5346× 101 at t = 120,

whereas the MADM error increases from 3.2980 at t = 10 to 4.0930× 102 at t = 90

and decreases to 2.3859×102 at t = 120. This difference indicates that the RK4 and

RK8 solutions are not fully identical over the selected interval, particularly at larger

values of t. Nevertheless, both tables consistently show that MPIM and MADM are

substantially more stable and accurate than the corresponding classical PIM and ADM

methods for approximating the susceptible human population.

Figure 6.2 Solution of Exposed Human, Eh using 7-iteration PIM, 4-iteration MPIM
on the Time Step (∆t = 0.01), 7-iteration ADM, 7-iteration MADM on the Time Step

(∆t = 0.01), RK4 on the Time Step (∆t = 0.01) and RK8 on the Time Step
(∆t = 0.01).

Figure 6.2 illustrates the numerical behaviour of the exposed human

population, Eh(t), computed using the 7-iteration of PIM, the 4-iteration of MPIM

(∆t = 0.01), the 7-iteration of ADM, the 4-iteration of MADM (∆t = 0.01), and RK4

(∆t = 0.01) over the interval 0 ≤ t ≤ 120. Based on the figure, the RK4 solution

shows that the exposed human population initially decreases to a low value, then

increases gradually until reaching a peak around t = 80, before decreasing again

towards the end of the simulation. The classical PIM and ADM solutions do not
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follow this overall pattern over the full interval, as both methods show noticeable

deviation from the RK4 reference solution at the early stage of the simulation. This

indicates that the non-multistage forms of PIM and ADM are less consistent for

capturing the long-time behaviour of Eh(t) in this nonlinear Monkeypox transmission

model. In contrast, the multistage methods show better agreement with the RK4

solution. The MPIM solution is able to reproduce the general rise-and-fall pattern of

the exposed human population, although a slight difference can be observed near the

peak region and during the decreasing phase after approximately t = 80. Meanwhile,

the MADM solution appears to follow the RK4 profile more closely throughout the

interval, including around the peak and the later decreasing stage. Therefore, the

graphical results suggest that the multistage implementation improves the numerical

behaviour of both PIM and ADM by updating the approximation at each subinterval.

Table 6.3
Comparison of Absolute Errors for the Exposed Human Compartment Between RK4
with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|

10 3.5045×105 2.0191×10−3 1.0075×106 4.7800×10−7

20 1.3875×107 1.2913×10−2 1.4933×108 2.1000×10−7

30 3.2458×108 5.6401×10−2 2.6903×109 < 1.0×10−16

40 2.3097×109 1.9955×10−1 2.0712×1010 5.0000×10−7

50 9.1420×109 5.8369×10−1 1.0042×1011 2.5000×10−7

60 2.3149×1010 1.3679×100 3.6388×1011 1.5000×10−7

70 3.2801×1010 2.4533×100 1.0792×1012 5.3000×10−7

80 2.2795×1010 3.2738×100 2.7649×1012 2.3000×10−7

90 3.3044×1011 3.2891×100 6.3359×1012 3.5000×10−7

100 1.3466×1012 2.6094×100 1.3297×1013 1.6000×10−7

110 4.0437×1012 1.7331×100 2.5994×1013 7.0000×10−8

120 1.0304×1013 1.0072×100 4.7921×1013 1.5000×10−7

Table 6.3 presents the absolute errors of the numerical methods for the exposed

human compartment, Eh(t), by taking the RK4 solution as the numerical reference.

The classical PIM and ADM produce very large errors over the whole interval, where

the PIM error increases from 3.5045×105 at t = 10 to 1.0304×1013 at t = 120, while

the ADM error increases from 1.0075×106 to 4.7921×1013. This indicates that both

classical iterative methods experience substantial error accumulation when applied

directly over the long computational interval. In comparison, the MPIM produces
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considerably smaller errors, starting from 2.0191× 10−3 at t = 10, increasing to

3.2891 at t = 90, and then decreasing to 1.0072 at t = 120. This result shows that the

multistage modification improves the numerical behaviour of the classical PIM for

approximating Eh(t) over the selected interval. The MADM produces errors between

less than 1.0× 10−16 and 5.3000× 10−7, indicating very close agreement with the

RK4 solution within the computational precision used. Therefore, relative to RK4,

the multistage methods remain stable and give substantially smaller errors than their

corresponding classical PIM and ADM methods.

Table 6.4
Comparison of Absolute Errors for the Exposed Human Compartment Between RK8
with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK8-PIM| |RK8-MPIM| |RK8-ADM| |RK8-MADM|

10 3.5045×105 1.6188×10−1 1.0075×106 1.6390×10−1

20 1.3875×107 5.6259×10−1 1.4933×108 5.7551×10−1

30 3.2458×108 1.3903×100 2.6903×109 1.4467×100

40 2.3097×109 2.7579×100 2.0712×1010 2.9574×100

50 9.1420×109 4.2846×100 1.0042×1011 4.8683×100

60 2.3149×1010 4.6147×100 3.6388×1011 5.9826×100

70 3.2801×1010 2.0066×100 1.0792×1012 4.4599×100

80 2.2795×1010 3.3693×100 2.7649×1012 9.5424×10−2

90 3.3044×1011 8.5837×100 6.3359×1012 5.2946×100

100 1.3466×1012 1.1006×101 1.3297×1013 8.3969×100

110 4.0437×1012 1.0603×101 2.5994×1013 8.8700×100

120 1.0304×1013 8.7620×100 4.7921×1013 7.7548×100

Table 6.4 shows the absolute errors when RK8 is used as the numerical

reference solution. The PIM and ADM again give extremely large errors, reaching

1.0304× 1013 and 4.7921× 1013, respectively, at t = 120, which is consistent with

the instability observed in the RK4-based comparison. In contrast, the MPIM and

MADM retain errors of much smaller magnitude throughout the interval. The MPIM

error ranges from 1.6188×10−1 at t = 10 to a maximum of 1.1006×101 at t = 100,

before reducing to 8.7620 at t = 120. Meanwhile, the MADM error ranges from

9.5424× 10−2 at t = 80 to 8.8700 at t = 110, with an error of 7.7548 at t = 120.

Although the relative errors of MPIM and MADM with respect to RK8 vary across

the selected time points, both methods remain substantially closer to RK8 than PIM

and ADM. Overall, the two comparisons consistently indicate that introducing the
113



multistage procedure enables MPIM to overcome the large error growth exhibited by

the classical PIM, thereby providing a more stable approximation for the exposed

human compartment over the considered interval.

Figure 6.3 Solution of Infected Human, Ih using 7-iteration PIM, 4-iteration MPIM
on the Time Step (∆t = 0.01), 7-iteration ADM, 7-iteration MADM on the Time Step

(∆t = 0.01), RK4 on the Time Step (∆t = 0.01) and RK8 on the Time Step
(∆t = 0.01) with the Real Data Obtained from Kumar et al. (2023).

The figure compares the infected human population, Ih(t), obtained using the

7-iteration PIM, 4-iteration MPIM, 7-iteration ADM, 7-iteration MADM, RK4, and

RK8 methods with the real data reported by Kumar et al. (2023). The PIM and ADM

solutions become unstable at the early stage of the simulation and therefore do not

provide meaningful approximations over the considered interval. In contrast, the

MPIM and MADM solutions remain stable and follow the overall numerical trend

produced by the RK4 and RK8 methods. All stable numerical solutions show an

increase in the infected human population from the initial time, reaching a peak at

approximately t = 90 to t = 95, followed by a gradual decrease towards the end of the

interval. Although the real data exhibit noticeable fluctuations, the MPIM, MADM,

RK4, and RK8 solutions capture the general increasing and decreasing pattern of

the infected human compartment. The inclusion of RK8 also provides an additional

higher-order numerical reference for evaluating the performance of the proposed
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multistage approach.

Table 6.5
Comparison of Absolute Errors for the Infected Human Compartment Between the
Real Data (RD) from Kumar et al. (2023) and the 7-iteration PIM, 4-iteration MPIM
with Time Step (∆t = 0.01), 7-iteration ADM, 4-iteration MADM with Time Step
(∆t = 0.01), RK4 with Time Step (∆t = 0.01) and RK8 with Time Step (∆t = 0.01).

Time |RD-PIM| |RD-MPIM| |RD-ADM| |RD-MADM| |RD-RK4| |RD-RK8|

10 9.7334×104 1.4519×101 2.1982×106 1.4521×101 1.4521×101 1.4037×101

20 1.7569×106 2.4715×101 3.2532×108 2.4736×101 2.4736×101 2.3005×101

30 9.7517×106 4.0607×101 5.8572×109 4.0712×101 4.0712×101 3.6218×101

40 3.3985×107 5.3303×101 4.5081×1010 5.3708×101 5.3708×101 4.3943×101

50 9.2317×107 8.8900×101 2.1853×1011 9.0202×101 9.0202×101 7.2261×101

60 2.1453×108 8.5441×101 7.9178×1011 8.8875×101 8.8875×101 6.2014×101

70 4.4745×108 3.0916×101 2.3480×1012 2.3712×101 2.3712×101 5.4099×101

80 8.6115×108 1.2446×102 6.0152×1012 1.1274×102 1.1274×102 1.3457×102

90 1.5564×109 8.9858×101 1.3784×1013 7.5062×101 7.5062×101 7.6828×101

100 2.6732×109 2.0918×101 2.8927×1013 3.5863×101 3.5863×101 5.6526×101

110 4.4003×109 4.7133×101 5.6545×1013 5.9747×101 5.9747×101 9.6013×101

Table 6.5 presents the absolute errors between the real data and the numerical

solutions for the infected human compartment, Ih(t). The errors produced by the

7-iteration PIM and 7-iteration ADM are substantially larger than those of the other

methods, increasing from 9.7334× 104 and 2.1982× 106, respectively, at t = 10, to

4.4003× 109 and 5.6545× 1013, respectively, at t = 110. This indicates that both

PIM and ADM are unable to maintain reliable approximations over the considered

time interval. In contrast, the MPIM, MADM, RK4, and RK8 methods produce errors

within the order of 101 to 102 throughout the interval. The reported MADM and RK4

errors are identical at all selected time points, whereas theMPIM produces comparable

errors and gives smaller errors than MADM and RK4 at t = 10 to t = 60, as well as at

t = 100 and t = 110. RK8 produces the smallest errors from t = 10 to t = 60, although

it does not give the smallest error at every later time point. Since the comparison

is made with real data rather than an exact solution, the reported errors reflect both

numerical approximation differences and the discrepancy between the mathematical

model and the observed data. Overall, the results show that the multistage approaches,

particularly MPIM and MADM, provide substantially more reliable approximations

than the standard PIM and ADM for the infected human compartment.
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Figure 6.4 Solution of Isolation Human, Qh using 7-iteration PIM, 4-iteration MPIM
on the Time Step (∆t = 0.01), 7-iteration ADM, 7-iteration MADM on the Time Step
(∆t = 0.01), RK4 on the time step (∆t = 0.01) and RK8 on the Time Step (∆t = 0.01).

Figure 6.4 illustrates the numerical solutions for the isolated human

compartment, Qh(t), obtained using the PIM, MPIM, ADM, MADM, RK4, and

RK8 methods. The PIM and ADM solutions exhibit instability at the initial stage

of the simulation, as indicated by their rapid deviation into negative values near

t = 0. Hence, these methods do not provide reliable approximations for Qh(t) over

the selected interval. In contrast, the MPIM, MADM, RK4, and RK8 solutions

remain stable throughout 0 ≤ t ≤ 120 and show a similar overall behaviour. The

solutions initially increase slowly, followed by a more rapid increase until reaching

their maximum values at approximately t = 80, before gradually decreasing towards

the end of the interval. The MADM and RK4 solutions are nearly indistinguishable

throughout the interval, while the MPIM solution shows a slightly lower peak value.

The RK8 solution follows a comparable trend but produces slightly higher values

after the peak. These results indicate that the multistage methods, particularly

MPIM and MADM, provide stable numerical approximations for the isolated human

compartment.
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Table 6.6
Comparison of Absolute Errors for the Isolated Human Compartment Between RK4
with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|

10 1.9301×106 1.2887×10−3 3.8575×106 2.2855×10−7

20 3.3053×107 8.4324×10−3 5.6998×108 2.9236×10−7

30 1.7330×108 3.7180×10−2 1.0255×1010 3.1600×10−7

40 5.6488×108 1.3246×10−1 7.8898×1010 6.8137×10−8

50 1.4243×109 3.9032×10−1 3.8236×1011 1.6400×10−7

60 3.0590×109 9.2309×10−1 1.3851×1012 6.7526×10−7

70 5.8895×109 1.6735×100 4.1070×1012 1.9220×10−7

80 1.0475×1010 2.2587×100 1.0520×1013 1.1643×10−7

90 1.7546×1010 2.2926×100 2.4105×1013 2.2666×10−7

100 2.8040×1010 1.8337×100 5.0585×1013 1.6751×10−7

110 4.3140×1010 1.2253×100 9.8875×1013 2.3970×10−7

120 6.4325×1010 7.1544×10−1 1.8227×1014 5.4270×10−7

Table 6.6 presents the absolute differences between the numerical solutions for

the isolated human compartment, Qh(t), and the RK4 solution. The PIM and ADM

produce substantially large differences, increasing from 1.9301× 106 and 3.8575×

106, respectively, at t = 10, to 6.4325× 1010 and 1.8227× 1014, respectively, at

t = 120. In contrast, the MPIM produces differences ranging from 1.2887×10−3 to

2.2926×100, while theMADMproduces considerably smaller differences, remaining

within the order of 10−8 to 10−7 throughout the interval. This indicates that the

MADM solution is almost identical to the RK4 solution, whereas the MPIM also

remains relatively close to RK4, although its difference increases near the peak of

the isolated human population. Overall, the results show that the multistage methods

provide substantially closer approximations to the RK4 reference solution than the

standard PIM and ADM methods.
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Table 6.7
Comparison of Absolute Errors for the Isolated Human Compartment Between RK8
with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK8-PIM| |RK8-MPIM| |RK8-ADM| |RK8-MADM|

10 1.9301×106 1.0991×10−1 3.8575×106 1.1120×10−1

20 3.3053×107 3.8250×10−1 5.6998×108 3.9093×10−1

30 1.7330×108 9.4795×10−1 1.0255×1010 9.8513×10−1

40 5.6488×108 1.8903×100 7.8898×1010 2.0228×100

50 1.4243×109 2.9641×100 3.8236×1011 3.3545×100

60 3.0590×109 3.2513×100 1.3851×1012 4.1744×100

70 5.8895×109 1.5249×100 4.1070×1012 3.1984×100

80 1.0475×1010 2.1753×100 1.0520×1013 8.3351×10−2

90 1.7546×1010 5.8573×100 2.4105×1013 3.5646×100

100 2.8040×1010 7.6343×100 5.0585×1013 5.8006×100

110 4.3140×1010 7.4161×100 9.8875×1013 6.1908×100

120 6.4325×1010 6.1561×100 1.8227×1014 5.4406×100

Table 6.7 presents the absolute differences between the numerical solutions

for the isolated human compartment, Qh(t), and the RK8 solution. Similar to the

comparison with RK4, the PIM and ADM produce very large differences, ranging

from the order of 106 at t = 10 to 1010 and 1014, respectively, at t = 120. In contrast,

both MPIM and MADM produce much smaller differences, within the order of 10−1

to 100 over the selected interval. The MPIM gives slightly smaller differences than

MADM from t = 10 to t = 70, whereas MADM produces smaller differences from

t = 80 to t = 120. These results indicate that both multistage methods remain close to

the higher-order RK8 reference solution, while the standard PIM and ADM solutions

deviate substantially as time increases.
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Figure 6.5 Solution of Recovered Human, Rh using 7-iteration PIM, 4-iteration
MPIM on the Time Step (∆t = 0.01), 7-iteration ADM, 7-iteration MADM
(∆t = 0.01), RK4 on the Time Step (∆t = 0.01) and RK8 on the Time Step

(∆t = 0.01).

Figure 6.5 illustrates the numerical solutions for the recovered human

compartment, Rh(t), obtained using the PIM, MPIM, ADM, MADM, RK4, and

RK8 methods. The PIM and ADM solutions become unstable at the early stage of

the simulation, as shown by their rapid divergence to excessively large values near

the beginning of the interval, and therefore do not provide reliable approximations

for Rh(t). In contrast, the MPIM, MADM, RK4, and RK8 solutions remain stable

throughout 0 ≤ t ≤ 120 and exhibit a similar increasing trend over time. The

recovered human population increases gradually at the initial stage, followed by a

more rapid growth after approximately t = 60, and continues to rise until the end

of the interval. The MADM and RK4 solutions are almost indistinguishable, while

the MPIM solution remains very close to them with only slight deviation. The

RK8 solution follows the same overall behaviour but gives slightly lower values,

particularly at the later stage of the interval. These results show that the multistage

methods, especially MPIM and MADM, provide stable and reliable numerical

approximations for the recovered human compartment.
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Table 6.8
Comparison of Absolute Errors for the Recovered Human compartment between
RK4 with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|

10 5.9390×105 4.7477×10−3 1.8910×106 2.5694×10−7

20 1.0025×107 5.0751×10−2 2.7896×108 1.3744×10−8

30 5.1672×107 2.8441×10−1 5.0155×109 4.4055×10−8

40 1.6479×108 1.1981×100 3.8571×1010 9.3752×10−7

50 4.0450×108 4.1502×100 1.8688×1011 1.2004×10−6

60 8.4181×108 1.1976×101 6.7685×1011 1.9241×10−6

70 1.5636×109 2.8398×101 2.0067×1012 2.7066×10−6

80 2.6726×109 5.4803×101 5.1397×1012 2.5727×10−6

90 4.2874×109 8.7157×101 1.1776×1013 2.2887×10−6

100 6.5426×109 1.1826×102 2.4709×1013 2.1807×10−6

110 9.5886×109 1.4292×102 4.8296×1013 1.6965×10−6

120 1.3591×1010 1.5986×102 8.9024×1013 6.9645×10−7

Table 6.8 presents the absolute differences between the numerical solutions for

the recovered human compartment, Rh(t), and the RK4 solution. The PIM and ADM

produce substantially large differences, increasing from 5.9390× 105 and 1.8910×

106, respectively, at t = 10, to 1.3591× 1010 and 8.9024× 1013, respectively, at

t = 120. In contrast, the MPIM produces differences ranging from 4.7477×10−3 to

1.5986×102, while the MADM produces much smaller differences within the order

of 10−8 to 10−6 throughout the interval. This indicates that the MADM solution is

almost identical to the RK4 solution. Although the difference between the MPIM and

RK4 solutions increases as time progresses, the MPIM remains substantially closer to

RK4 than the standard PIM and ADM methods. Overall, the results demonstrate that

the multistage methods provide more reliable approximations to the RK4 reference

solution for the recovered human compartment.
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Table 6.9
Comparison of Absolute Errors for the Recovered Human Compartment Between
RK8 with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK8-PIM| |RK8-MPIM| |RK8-ADM| |RK8-MADM|

10 5.9391×105 2.3853×100 1.8910×106 2.3900×100

20 1.0025×107 8.5179×100 2.7896×108 8.5687×100

30 5.1672×107 2.2394×101 5.0155×109 2.2678×101

40 1.6479×108 5.0344×101 3.8571×1010 5.1542×101

50 4.0450×108 9.9155×101 1.8688×1011 1.0330×102

60 8.4181×108 1.6918×102 6.7685×1011 1.8116×102

70 1.5636×109 2.4473×102 2.0067×1012 2.7312×102

80 2.6726×109 2.9535×102 5.1397×1012 3.5015×102

90 4.2874×109 2.9725×102 1.1776×1013 3.8441×102

100 6.5426×109 2.5247×102 2.4709×1013 3.7073×102

110 9.5886×109 1.8195×102 4.8296×1013 3.2487×102

120 1.3591×1010 1.0706×102 8.9024×1013 2.6692×102

Table 6.9 presents the absolute differences between the numerical solutions

for the recovered human compartment, Rh(t), and the RK8 solution. Similar to the

comparison with RK4, the PIM and ADM produce very large differences, ranging

from the order of 105 and 106, respectively, at t = 10, to 1010 and 1013, respectively,

at t = 120. In comparison, the MPIM and MADM produce considerably smaller

differences, ranging from the order of 100 to 102 throughout the selected interval.

The MPIM produces smaller differences than MADM at all reported time points,

indicating that its solution is closer to the RK8 reference solution for this compartment.

Nevertheless, both multistage methods remain substantially closer to RK8 than the

standard PIM and ADM methods, which deviate considerably as time increases.
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Figure 6.6 Solution of Susceptible Rodent, Sr using 7-iteration PIM, 4-iteration
MPIM on the Time Step (∆t = 0.01), 7-iteration ADM, 7-iteration MADM on the

Time Step(∆t = 0.01), RK4 on the Time Step (∆t = 0.01) and RK8 on the Time Step
(∆t = 0.01).

Figure 6.6 illustrates the numerical solutions for the susceptible rodent

compartment, Sr(t), obtained using the PIM, MPIM, ADM, MADM, RK4, and RK8

methods. The PIM solution decreases rapidly and becomes negative at approximately

t = 43, indicating that it does not provide a physically meaningful approximation over

the full interval. Similarly, the ADM solution initially decreases but subsequently

increases rapidly after approximately t = 50, resulting in an unstable solution. In

contrast, the MPIM, MADM, RK4, and RK8 solutions remain stable and exhibit a

consistent decreasing trend throughout 0≤ t ≤ 120. The susceptible rodent population

decreases gradually from its initial value and approaches zero as time increases.

The MPIM and MADM solutions closely follow the RK4 solution, while the RK8

solution shows a similar overall behaviour with only slight deviation from the other

stable numerical solutions. These results indicate that the multistage methods provide

stable and reliable approximations for the susceptible rodent compartment over the

selected time interval.
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Table 6.10
Comparison of Absolute Errors for the Susceptible Rodent Compartment Between
RK4 with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|

10 1.1468×10−1 1.7217×10−4 2.0669×10−3 1.3625×10−7

20 3.6525×100 1.9020×10−3 4.4298×10−1 6.1148×10−8

30 3.1800×101 8.4433×10−3 7.9773×100 2.0997×10−7

40 1.5519×102 1.9716×10−2 4.3257×101 2.6594×10−7

50 5.0321×102 2.4097×10−2 7.4300×101 1.7154×10−7

60 1.2787×103 1.5902×10−2 1.5717×102 1.0770×10−7

70 3.0466×103 6.7371×10−3 1.2228×103 3.3755×10−7

80 7.3895×103 2.8533×10−3 3.9979×103 1.2830×10−7

90 1.7864×104 2.0727×10−3 9.7113×103 9.4517×10−8

100 4.1363×104 2.1916×10−3 2.0033×104 4.7796×10−7

110 9.0025×104 2.4959×10−3 3.7149×104 4.6171×10−7

120 1.8375×105 2.8421×10−3 6.3826×104 1.9961×10−7

Table 6.10 presents the absolute differences between the numerical solutions

for the susceptible rodent compartment, Sr(t), and the RK4 solution. The differences

produced by the PIM and ADM increase substantially over time, from 1.1468×10−1

and 2.0669 × 10−3, respectively, at t = 10, to 1.8375 × 105 and 6.3826 × 104,

respectively, at t = 120. In contrast, the MPIM produces very small differences,

ranging from 1.7217 × 10−4 to 2.8421 × 10−3, while the MADM produces the

smallest differences, remaining within the order of 10−8 to 10−7 throughout the

interval. This indicates that the MADM solution is almost identical to the RK4

solution, whereas the MPIM also provides a close approximation with only minor

deviations. Overall, the results show that the multistage methods provide substantially

more accurate approximations to the RK4 reference solution than the standard PIM

and ADM methods for the susceptible rodent compartment.

123



Table 6.11
Comparison of Absolute Errors for the Susceptible Rodent Compartment Between
RK8 with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK8-PIM| |RK8-MPIM| |RK8-ADM| |RK8-MADM|

10 5.0379×100 4.9230×100 4.9252×100 4.9232×100

20 2.1755×101 1.8101×101 1.8546×101 1.8103×101

30 6.9271×101 3.7462×101 4.5448×101 3.7471×101

40 2.0305×102 4.7841×101 9.1117×101 4.7860×101

50 5.3895×102 3.5713×101 1.1004×102 3.5737×101

60 1.2943×103 1.5520×101 1.4164×102 1.5536×101

70 3.0509×103 4.2894×100 1.2185×103 4.2962×100

80 7.3904×103 9.0638×10−1 3.9969×103 9.0924×10−1

90 1.7864×104 2.1681×10−1 9.7110×103 2.1888×10−1

100 4.1363×104 9.3421×10−2 2.0033×104 9.5612×10−2

110 9.0025×104 6.1598×10−2 3.7149×104 6.4093×10−2

120 1.8375×105 4.5717×10−2 6.3826×104 4.8559×10−2

Table 6.11 presents the absolute differences between the numerical solutions

for the susceptible rodent compartment, Sr(t), and the RK8 solution. The PIM and

ADM produce large differences that generally increase as time progresses, reaching

1.8375× 105 and 6.3826× 104, respectively, at t = 120. In comparison, the MPIM

and MADM produce much smaller differences, which decrease from approximately

100 at the early stage to the order of 10−2 at the end of the interval. The MPIM gives

marginally smaller differences than MADM at all selected time points, although the

differences between these two multistage solutions are very close. These findings

indicate that both MPIM and MADM remain close to the RK8 reference solution,

whereas the standard PIM and ADM solutions exhibit substantial deviations over the

considered interval.
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Figure 6.7 Solution of Exposed Rodent, Er using 7-iteration PIM, 4-iteration MPIM
on the Time Step (∆t = 0.01), 7-iteration ADM, 7-iteration MADM on the Time
Step(∆t = 0.01), RK4 on the Time Step (∆t = 0.01) and RK8 on the Time Step

(∆t = 0.01).

Figure 6.7 illustrates the numerical solutions for the exposed rodent

compartment, Er(t), obtained using the PIM, MPIM, ADM, MADM, RK4, and RK8

methods. The PIM solution increases rapidly after approximately t = 30 and diverges

from the other numerical solutions, while the ADM solution initially follows the

general trend but later decreases sharply and becomes unstable after approximately

t = 55. Hence, both PIM and ADM do not provide reliable approximations for Er(t)

over the full interval. In contrast, the MPIM, MADM, RK4, and RK8 solutions

remain stable throughout 0 ≤ t ≤ 120 and exhibit a similar overall behaviour. The

exposed rodent population increases gradually from its initial value, reaches a peak

at approximately t = 50 to t = 55, and then decreases steadily towards the end of the

interval. The MPIM and MADM solutions closely follow the RK4 solution, while

the RK8 solution shows the same overall pattern with slightly higher values at the

later stage of the interval. These results indicate that the multistage methods provide

stable and reliable approximations for the exposed rodent compartment.
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Table 6.12
Comparison of Absolute Errors for the Exposed Rodent Compartment Between RK4
with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|

10 2.2244×10−1 1.6197×10−4 2.0056×10−3 4.0860×10−7

20 6.6541×100 1.7092×10−3 4.2524×10−1 7.3330×10−9

30 5.0753×101 7.2304×10−3 7.4520×100 2.7636×10−7

40 2.1789×102 1.5602×10−2 3.9207×101 2.1881×10−7

50 6.4848×102 1.5759×10−2 6.5086×101 2.0244×10−7

60 1.5627×103 4.8979×10−3 1.2919×102 2.6332×10−7

70 3.5742×103 4.1544×10−3 9.5777×102 4.9825×10−7

80 8.3554×103 6.5211×10−3 2.9520×103 4.4697×10−7

90 1.9587×104 5.6819×10−3 6.7317×103 2.5607×10−7

100 4.4319×104 4.2664×10−3 1.2988×104 4.4418×10−7

110 9.4878×104 3.0141×10−3 2.2431×104 1.2865×10−7

120 1.9138×105 2.0094×10−3 3.5686×104 4.5677×10−7

Table 6.12 presents the absolute differences between the numerical solutions

for the exposed rodent compartment, Er(t), and the RK4 solution. Although the ADM

difference is relatively small at t = 10, it increases substantially as time progresses,

reaching 3.5686× 104 at t = 120. The PIM solution also exhibits rapidly increasing

differences, from 2.2244× 10−1 at t = 10 to 1.9138× 105 at t = 120. In contrast,

the MPIM produces small differences ranging from 1.6197×10−4 to 1.5759×10−2,

while the MADM produces the smallest differences, remaining within the order of

10−9 to 10−7 throughout the interval. This shows that the MADM solution is almost

identical to the RK4 solution, whereas the MPIM also provides a close approximation

with only minor deviations. Overall, the multistage methods give substantially closer

approximations to the RK4 reference solution than the standard PIM and ADM

methods for the exposed rodent compartment.
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Table 6.13
Comparison of Absolute Errors for the Exposed Rodent Compartment Between RK8
with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK8-PIM| |RK8-MPIM| |RK8-ADM| |RK8-MADM|

10 3.4925×100 3.2699×100 3.2721×100 3.2701×100

20 1.9118×101 1.2462×101 1.2889×101 1.2464×101

30 7.4433×101 2.3673×101 3.1132×101 2.3681×101

40 2.4042×102 2.2513×101 6.1736×101 2.2529×101

50 6.4909×102 5.9416×10−1 6.5696×101 6.0992×10−1

60 1.5394×103 2.3212×101 1.5240×102 2.3207×101

70 3.5413×103 3.2924×101 9.9070×102 3.2928×101

80 8.3228×103 3.2656×101 2.9847×103 3.2662×101

90 1.9558×104 2.9239×101 6.7609×103 2.9245×101

100 4.4294×104 2.5379×101 1.3014×104 2.5383×101

110 9.4856×104 2.1736×101 2.2453×104 2.1739×101

120 1.9137×105 1.8451×101 3.5704×104 1.8453×101

Table 6.13 presents the absolute differences between the numerical solutions

for the exposed rodent compartment, Er(t), and the RK8 solution. The PIM and

ADM produce substantially larger differences than the multistage methods, with

their differences increasing to 1.9137 × 105 and 3.5704 × 104, respectively, at

t = 120. In comparison, the MPIM and MADM produce much smaller and closely

comparable differences throughout the interval. Their differences initially increase

to approximately 101 at the middle of the interval, before decreasing to 1.8451×101

and 1.8453× 101, respectively, at t = 120. The MPIM gives marginally smaller

differences than MADM at most selected time points, although the differences

between both methods are nearly identical. These results indicate that both multistage

methods remain close to the RK8 reference solution, whereas the standard PIM and

ADM methods deviate substantially as time increases.
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Figure 6.8 Solution of Infected Rodent, Ir using 7-iteration PIM, 4-iteration MPIM
on the Time Step (∆t = 0.01), 7-iteration ADM, 7-iteration MADM on the Time
Step(∆t = 0.01), RK4 on the Time Step (∆t = 0.01) and RK8 on the Time Step

(∆t = 0.01).

Figure 6.8 illustrates the numerical solutions for the infected rodent

compartment, Ir(t), obtained using the PIM, MPIM, ADM, MADM, RK4, and

RK8 methods. The PIM and ADM solutions initially follow the general increasing

trend, but both become unstable after approximately t = 60 and subsequently

decrease sharply into negative values, indicating that they do not provide reliable

approximations over the full interval. In contrast, the MPIM, MADM, RK4, and

RK8 solutions remain stable throughout 0≤ t ≤ 120 and exhibit a similar monotonic

increasing behaviour. The infected rodent population increases gradually at the

early stage, followed by a more rapid increase around the middle of the interval,

before continuing to rise at a slower rate towards the end of the interval. The MPIM

and MADM solutions closely follow the RK4 solution, while the RK8 solution

shows the same overall pattern with slightly lower values at the later stage of the

interval. These results indicate that the multistage methods provide stable and reliable

approximations for the infected rodent compartment.
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Table 6.14
Comparison of Absolute Errors for the Infected Rodent Compartment Between RK4
with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|

10 1.0777×10−1 1.0199×10−5 1.9786×10−5 2.1401×10−7

20 3.0018×100 1.9282×10−4 1.7787×10−2 1.2222×10−8

30 1.8953×101 1.2128×10−3 5.2510×10−1 8.4042×10−8

40 6.2699×101 4.1138×10−3 4.0481×100 1.5517×10−7

50 1.4528×102 8.3354×10−3 9.2070×100 3.8315×10−7

60 2.8398×102 1.1000×10−2 2.8001×101 4.7890×10−7

70 5.2776×102 1.0884×10−2 2.6505×102 5.6798×10−8

80 9.6623×102 9.3643×10−3 1.0458×103 2.4026×10−7

90 1.7240×103 7.7425×10−3 2.9794×103 2.4040×10−9

100 2.9572×103 6.4442×10−3 7.0435×103 7.4460×10−8

110 4.8540×103 5.4948×10−3 1.4716×104 2.5308×10−7

120 7.6364×103 4.8351×10−3 2.8136×104 7.1490×10−8

Table 6.14 presents the absolute differences between the numerical solutions

for the infected rodent compartment, Ir(t), and the RK4 solution. The PIM and ADM

differences increase substantially as time progresses. Although the ADM difference

is initially small at t = 10, it increases from 1.9786× 10−5 to 2.8136× 104 at t =

120, while the PIM difference increases from 1.0777× 10−1 to 7.6364× 103. In

contrast, the MPIM produces very small differences, ranging from 1.0199× 10−5

to 1.1000× 10−2, whereas the MADM produces the smallest differences, remaining

within the order of 10−9 to 10−7 throughout the interval. This indicates that the

MADMsolution is almost identical to the RK4 solution, while theMPIM also provides

a close approximation with only minor deviations. Overall, the multistage methods

provide substantially closer approximations to the RK4 reference solution than the

standard PIM and ADM methods for the infected rodent compartment.
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Table 6.15
Comparison of Absolute Errors for the Infected Rodent Compartment Between RK8
with Time Step (∆t = 0.01), 7-iteration PIM, 4-iteration MPIM with Time Step
(∆t = 0.01), 7-iteration ADM, and 4-iteration MADM with Time Step (∆t = 0.01).

Time |RK8-PIM| |RK8-MPIM| |RK8-ADM| |RK8-MADM|

10 1.5449×100 1.6526×100 1.6527×100 1.6526×100

20 2.6353×100 5.6368×100 5.6548×100 5.6370×100

30 5.1685×100 1.3783×101 1.4310×101 1.3785×101

40 3.7381×101 2.5315×101 2.9367×101 2.5319×101

50 1.1018×102 3.5095×101 4.4310×101 3.5103×101

60 2.4528×102 3.8692×101 1.0703×101 3.8703×101

70 4.9059×102 3.7158×101 2.2788×102 3.7169×101

80 9.3273×102 3.3490×101 1.0123×103 3.3499×101

90 1.6946×103 2.9367×101 2.9501×103 2.9375×101

100 2.9318×103 2.5368×101 7.0182×103 2.5374×101

110 4.8323×103 2.1677×101 1.4695×104 2.1683×101

120 7.6181×103 1.8361×101 2.8117×104 1.8366×101

Table 6.15 presents the absolute differences between the numerical solutions

for the infected rodent compartment, Ir(t), and the RK8 solution. The PIM and

ADM methods produce increasingly large differences as time progresses. The

PIM difference increases from 1.5449× 100 at t = 10 to 7.6181× 103 at t = 120,

while the ADM difference increases from 1.6527× 100 to 2.8117× 104 over the

same interval. In contrast, the MPIM and MADM produce considerably smaller

differences throughout the selected interval. Their differences increase during the

early stage, reaching 3.8692× 101 and 3.8703× 101, respectively, at t = 60, before

gradually decreasing to 1.8361× 101 and 1.8366× 101, respectively, at t = 120.

The MPIM produces marginally smaller differences than MADM at all selected time

points. Overall, both multistage methods remain substantially closer to the RK8

reference solution than the standard PIM and ADM methods for the infected rodent

compartment.

6.3 COVID-19 Model

In this section, consider the nonlinear epidemiological model describing the

transmission dynamics of COVID-19 based on the Susceptible–Infected–Recovered

(SIR) framework proposed by Ariffin et al. (2021). This model captures the evolution

of three key population compartments: susceptible S(t), infected I(t), and recovered
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R(t) individuals. The interactions among these compartments are governed by the

following system of nonlinear ordinary differential equations (ODEs):

dS
dt

=−βSI
N

, (6.42)

dI
dt

=
βSI
N
− γI, (6.43)

dR
dt

= γI, (6.44)

where β represents the transmission rate of infection, γ denotes the recovery rate, and

N is the total constant population size. The model assumes that there are no births or

deaths in the population during the study period, so N = S+ I +R.

The initial conditions associated with the system (6.42)–(6.44) are given by

(Ariffin et al., 2021)

S(0) = S0, I(0) = I0, R(0) = 0, (6.45)

where S0, I0, and R0 are the initial numbers of susceptible, infected, and recovered

individuals, respectively. To simplify the system, the normalized variables are

introduced as

s(t) =
S(t)
N

, i(t) =
I(t)
N

, r(t) =
R(t)
N

, (6.46)

which satisfy the conservation relation s+ i+ r = 1. Substituting these expressions

into equations (6.42)–(6.44) yields the dimensionless form of the SIR model (Ariffin

et al., 2021):

ds
dt

=−β si, (6.47)

di
dt

= β si− γi, (6.48)

dr
dt

= γi. (6.49)

Where the initial condition are given by

s(0) = 0.999, i(0) = 0.001, r(0) = 0. (6.50)

The parameters β and γ are positive constants determined empirically based on
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epidemiological data. The basic reproduction number, R0 = β/γ , determines whether

the infection will spread (R0 > 1) or die out (R0 < 1).

The system (6.47)–(6.49) is nonlinear due to the product term si, which couples

the susceptible and infected classes. Analytical solutions are generally not obtainable

in closed form, motivating the use of iterative and semi–analytical numerical methods.

In this study, the system is solved using the PIM and the MPIM.

The PIM generates approximate analytical solutions by transforming the

system into its integral form and performing successive iterations. However, the

standard PIM may suffer from slow convergence or instability when applied to

nonlinear epidemic systems over long time intervals. To address this limitation, the

MPIM extends the PIM framework by partitioning the computational interval into

multiple sub–intervals (stages). At each stage, local corrections are applied and the

final value of one stage serves as the initial condition for the next.

This staged formulation enhances global convergence and minimizes local

truncation errors, allowing theMPIM to achieve improved accuracy and stability while

retaining the analytical transparency of the PIM. Consequently, the MPIM serves

as a robust and efficient numerical–analytical tool for studying the nonlinear spread

dynamics of COVID-19 and related epidemic systems.

6.3.1 PIM and MPIM solutions

PIM:

According to PIM, construct an iterative scheme for COVID-19 model

(6.47)–(6.49) as follows

s(n+1)(t) = s(0)(t)+
∫ t

0
(−β sn(t)in(t))dt, (6.51)

i(n+1)(t) = i(0)(t)+
∫ t

0
(β sn(t)in(t)− γin(t))dt, (6.52)

r(n+1)(t) = r(0)(t)+
∫ t

0
(γin(t))dt, (6.53)

by substituting the initial condition in (6.50) and the parameters β = 0.22 and γ = 0.09

into systems (6.51)–(6.53), the following expression are obtained.
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For n = 0:

s1(t) = 0.999−0.0002197t, (6.54)

i1(t) = 0.001+0.0001297t, (6.55)

r1(t) = 0.00009t. (6.56)

The iterative process converges at n = 3, where the approximate solution

s4(t), i4(t) and r4(t) are obtained. At this stage, the tolerance condition ε < 10−10

is achieved, indicating that further iterations would yield negligible changes in

accuracy. Further details regarding the equation can be found in Appendix G.

MPIM

According to MPIM, an iterative scheme for COVID-19 model (6.47)–(6.49)

as follows

s(n+1), j(t) = sn, j−1(t j−1)+
∫ t

0
(−β sn, j−1(t)in, j−1(t))dt, (6.57)

i(n+1, j)(t) = in, j−1(t j−1)+
∫ t

0
(β sn, j−1(t)in, j−1(t)− γin, j−1(t))dt, (6.58)

r(n+1), j(t) = rn, j−1(t j−1)+
∫ t

0
(γin, j−1(t))dt, (6.59)

by substituting the initial condition in (6.50) and the parameters β = 0.22 and γ = 0.09

into systems (6.57)–(6.59), the following expression are obtained.
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For n = 3, j = 1:

s4,1(t) = 0.999−0.00021978 t−0.000014237 t2−6.1205×10−7 t3−1.9551×10−8

t4 +2.4131×10−11 t5 +5.6407×10−13 t6 +6.6104×10−15 t7−1.0942

×10−17 t8−1.2118×10−19 t9 +1.0479×10−22 t10 +5.2357×10−25 t11

−3.3130×10−28 t12 +7.5331×10−32 t13−7.5021×10−36 t14 +2.7731

×10−40 t15, (6.60)

i4,1(t) = 0.001+0.00012978 t +0.0000083972 t2 +3.6013×10−7 t3 +1.1448×10−8

t4−1.9255×10−11 t5−4.8565×10−13 t6−6.6327×10−15 t7 +1.0943

×10−17 t8 +1.2118×10−19 t9−1.0479×10−22 t10−5.2357×10−25 t11

+3.3130×10−28 t12−7.5331×10−32 t13 +7.5021×10−36 t14−2.7731

×10−40 t15, (6.61)

r4,1(t) = 0.00009 t +0.0000058401 t2 +2.5192×10−7 t3 +8.1029×10−9 t4−4.8758

×10−12 t5−7.8423×10−14 t6 +2.2320×10−17 t7−1.5469

×10−21 t8. (6.62)

The iterative process was continued up to n = 3, j = 6000. Due to space

limitations and the extensive nature of the iterative solutions, only the first iterations

(n = 3, j = 1) is presented in this section, while the complete series is provided in

Appendix G.

6.3.2 Results and discussion

Figure (6.9) - (6.11) show the solutions for s(t) and i(t) and r(t), respectively,

obtained by the 4-iteration PIM, the 4-iteration MPIM (∆t = 0.01) and RK4 (∆t =

0.01) for the case β = 0.22 and γ = 0.09 with the initial condition in (6.50). It is

observed that the 4-iteration MPIM solutions agree very well with the RK4 solutions

for t up to t = 60, while the 4-iteration PIM solutions are only valid for t ≤ 20.
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Figure 6.9 Solution of Susceptible COVID-19, s(t) using 4-iteration PIM, 4-iteration
MPIM (∆t = 0.01), 4-iteration ADM, 4-iteration MADM (∆t = 0.01) and RK4

(∆t = 0.01).

Figure 6.9 illustrates the numerical behaviour of the susceptible population,

S(t), for the COVID-19 model computed using the 4-iteration of PIM, the 4-iteration

of MPIM, the 4-iteration of ADM, the 4-iteration of MADM, and RK4 over the

interval 0≤ t ≤ 60. Based on the figure, the RK4 solution shows that the susceptible

population decreases gradually at the early stage and then declines more rapidly

after approximately t = 35. This behaviour indicates a reduction in the susceptible

population over time as individuals move into other compartments in the model. The

classical PIM and ADM solutions are able to follow the initial decreasing trend for

a short interval, but their curves begin to deviate from the RK4 reference solution

as time increases. In particular, both PIM and ADM remain higher than the RK4

solution at the later stage of the simulation, suggesting that the non-multistage

methods underestimate the rate of decrease in the susceptible population over the

longer interval. In contrast, the MPIM and MADM solutions show stronger graphical

agreement with the RK4 solution throughout the simulation interval. Both multistage

methods follow the decreasing pattern of RK4, including the sharper decline after the

middle of the interval. Therefore, the graphical result suggests that the multistage

implementation improves the numerical behaviour of both PIM and ADM for the
135



susceptible compartment in the COVID-19 model. However, this observation is

based on the plotted curves, and the corresponding absolute error and CPU execution

time results should also be considered for a more detailed comparison.

Table 6.16
Comparison of Absolute Errors for the Susceptible Compartment of the COVID-19
Model Between RK4, 4-iteration PIM, 4-iteration MPIM, 4-iteration ADM, and
4-iteration MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
10 6.3551×10−5 7.7716×10−16 6.0509×10−5 1.4684×10−8

20 2.5388×10−3 1.6653×10−14 2.4174×10−3 8.2572×10−8

30 2.3324×10−2 5.5067×10−14 2.2191×10−2 1.9166×10−7

40 1.0249×10−1 2.0637×10−11 9.6727×10−2 4.3031×10−8

50 2.3206×10−1 5.3937×10−10 2.1119×10−1 4.5136×10−7

60 2.7599×10−1 3.1844×10−10 2.1538×10−1 3.4991×10−7

Table 6.16 presents the comparison of absolute errors for the susceptible

compartment of the COVID-19 model between the RK4 reference solution and the

4-iteration PIM, 4-iteration MPIM, 4-iteration ADM, and 4-iteration MADM over

the interval 0 ≤ t ≤ 60. Based on the results, the classical PIM and ADM show

increasing absolute errors as time progresses. For PIM, the error increases from

6.3551× 10−5 at t = 10 to 2.7599× 10−1 at t = 60, while ADM increases from

6.0509× 10−5 to 2.1538× 10−1 over the same interval. This indicates that both

non-multistage methods gradually depart from the RK4 solution as the simulation

time becomes longer, which is consistent with the graphical observation where PIM

and ADM remain above the RK4 curve at later times. In comparison, MPIM produces

much smaller errors, with values ranging from the order of 10−16 to 10−10. This

suggests that the multistage implementation helps to maintain closer agreement with

the RK4 solution for the susceptible compartment under the selected computational

setting. Meanwhile, MADM also gives small displayed errors, mostly within the

order of 10−8 to 10−7, indicating that it remains close to the RK4 reference solution

throughout the selected time points. Overall, the absolute error results suggest that

the multistage approaches reduce the discrepancy from RK4 compared with their

corresponding classical forms. However, this conclusion should be interpreted within

the numerical precision and computational setting used in this study.
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Figure 6.10 Solution of Infected COVID-19, i(t) using 4-iteration PIM, 4-iteration
MPIM (∆t = 0.01), 4-iteration ADM, 4-iteration MADM (∆t = 0.01) and RK4

(∆t = 0.01).

Figure 6.10 illustrates the numerical behaviour of the infected population, I(t),

for the COVID-19 model computed using the 4-iteration of PIM, the 4-iteration of

MPIM, the 4-iteration of ADM, the 4-iteration of MADM, and RK4 over the interval

0≤ t ≤ 60. Based on the figure, the RK4 solution shows that the infected population

increases gradually at the early stage, rises more rapidly after approximately t = 35,

reaches a peak around t = 55, and then begins to decrease slightly towards the end

of the simulation. The classical PIM and ADM solutions are able to follow the

early increasing trend for a short time, but both methods begin to deviate from the

RK4 reference solution as time increases. In particular, the PIM solution remains

lower than the RK4 curve at the later stage, suggesting that it underestimates

the infected population during the growth phase. Meanwhile, the ADM solution

increases beyond the RK4 curve near the end of the interval, indicating a noticeable

deviation after approximately t = 50. In contrast, the MPIM and MADM solutions

show better graphical agreement with the RK4 solution throughout most of the

simulation interval. Both multistage methods are able to reproduce the increasing

pattern and the peak behaviour of the infected population more consistently than

their corresponding classical forms. Therefore, the graphical result suggests that
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the multistage implementation improves the numerical behaviour of both PIM and

ADM for the infected compartment in the COVID-19 model. However, since this

comparison is based on the plotted curves, the corresponding absolute error and CPU

execution time results should also be considered for a more detailed evaluation.
Table 6.17
Comparison of Absolute Errors for the Infected Compartment of the COVID-19
model Between RK4, 4-iteration PIM, 4-iteration MPIM, 4-iteration ADM, and
4-iteration MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
10 3.7307×10−5 8.7170×10−17 3.4831×10−5 8.4442×10−9

20 1.4704×10−3 1.0287×10−15 1.3696×10−3 4.5118×10−8

30 1.3004×10−2 2.0900×10−14 1.2046×10−2 8.3667×10−8

40 5.1025×10−2 7.3460×10−12 4.6080×10−2 1.3156×10−8

50 8.0806×10−2 5.3320×10−10 6.2670×10−2 2.9006×10−7

60 5.7589×10−3 1.5501×10−9 4.7462×10−2 7.6960×10−8

Table 6.17 presents the comparison of absolute errors for the infected

compartment of the COVID-19 model between the RK4 reference solution and

the 4-iteration PIM, 4-iteration MPIM, 4-iteration ADM, and 4-iteration MADM

over the interval 0 ≤ t ≤ 60. Based on the results, the classical PIM and ADM

show larger errors than the corresponding multistage methods. For PIM, the error

increases from 3.7307×10−5 at t = 10 to 8.0806×10−2 at t = 50, before decreasing

to 5.7589× 10−3 at t = 60. Meanwhile, ADM increases from 3.4831× 10−5 at

t = 10 to 6.2670× 10−2 at t = 50, before slightly decreasing to 4.7462× 10−2

at t = 60. This indicates that the classical non-multistage methods begin to show

noticeable differences from the RK4 solution as the simulation time increases,

which is consistent with the graphical observation. In comparison, MPIM produces

much smaller errors, with values ranging from the order of 10−17 to 10−9. This

suggests that the multistage implementation helps MPIM remain close to the RK4

solution for the infected compartment under the selected computational setting.

MADM also gives small displayed errors, mostly within the order of 10−9 to 10−7,

indicating good agreement with the RK4 reference solution at the selected time

points. Overall, the absolute error results suggest that the multistage approaches

reduce the discrepancy from RK4 compared with their corresponding classical forms.

However, the conclusion should be interpreted within the numerical precision and

computational setting used in this study.
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Figure 6.11 Solution of Recovered COVID-19, r(t) using 4-iteration PIM, 4-iteration
MPIM (∆t = 0.01), 4-iteration ADM, 4-iteration MADM (∆t = 0.01) and RK4

(∆t = 0.01).

Figure 6.11 illustrates the numerical behaviour of the recovered population,

R(t), for the COVID-19 model computed using the 4-iteration of PIM, the 4-iteration

of MPIM, the 4-iteration of ADM, the 4-iteration of MADM, and RK4 over the

interval 0 ≤ t ≤ 60. Based on the figure, the RK4 solution shows that the recovered

population increases gradually at the early stage and rises more rapidly after

approximately t = 35. This indicates an increasing number of recovered individuals

as the disease progresses over time. The classical PIM and ADM solutions are

able to follow the initial increasing trend for a short time, but both methods begin

to deviate from the RK4 reference solution as the simulation time increases. In

particular, PIM and ADM remain lower than the RK4 curve at the later stage of

the simulation, suggesting that the classical non-multistage methods underestimate

the growth of the recovered population over the longer interval. In contrast, the

MPIM and MADM solutions show better graphical agreement with the RK4 solution

throughout the simulation interval. Both multistage methods follow the increasing

pattern of the RK4 solution, including the rapid growth after the middle of the interval.

Therefore, the graphical result suggests that the multistage implementation improves

the numerical behaviour of both PIM and ADM for the recovered compartment in the
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COVID-19 model. However, since this comparison is based on the plotted curves,

the corresponding absolute error and CPU execution time results should also be

considered for a more detailed evaluation.

Table 6.18
Comparison of Absolute Errors for the Recovered Compartment of the COVID-19
Model Between RK4, 7-iteration PIM, 4-iteration MPIM, 7-iteration ADM, and
4-iteration MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
10 2.6244×10−5 6.0065×10−17 2.5678×10−5 6.2827×10−9

20 1.0684×10−3 4.1980×10−16 1.0478×10−3 3.7324×10−8

30 1.0320×10−2 7.0985×10−15 1.0145×10−2 1.0784×10−7

40 5.1464×10−2 3.1003×10−14 5.0647×10−2 5.6187×10−8

50 1.5125×10−1 3.0253×10−10 1.4852×10−1 1.6210×10−7

60 2.7023×10−1 6.0391×10−10 2.6284×10−1 4.2757×10−7

Table 6.18 presents the comparison of absolute errors for the recovered

compartment of the COVID-19 model between the RK4 reference solution and the

7-iteration PIM, 4-iteration MPIM, 7-iteration ADM, and 4-iteration MADM over

the interval 0 ≤ t ≤ 60. Based on the results, the classical PIM and ADM show

increasing absolute errors as time progresses. For PIM, the error increases from

2.6244× 10−5 at t = 10 to 2.7023× 10−1 at t = 60, while ADM increases from

2.5678× 10−5 to 2.6284× 10−1 over the same interval. This indicates that both

non-multistage methods gradually depart from the RK4 solution as the simulation

time increases, which is consistent with the graphical observation where PIM and

ADM remain lower than the RK4 curve at later times. In comparison, MPIM gives

much smaller errors, with values ranging from the order of 10−17 to 10−10. This

suggests that the multistage implementation helps MPIM remain close to the RK4

reference solution for the recovered compartment under the selected computational

setting. Meanwhile, MADM also produces small displayed errors, mostly within

the order of 10−9 to 10−7, indicating a small discrepancy from RK4 at the selected

time points. Overall, the absolute error results suggest that the multistage approaches

reduce the discrepancy from RK4 compared with their corresponding classical forms.

However, this conclusion should be interpreted within the numerical precision and

computational setting used in this study.
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6.4 Nonlinear Biochemical Reaction

In this section, consider the well-known Michaelis–Menten biochemical

reaction model by Schnell and Mendoza (1997), i.e. the single enzyme–substrate

reaction scheme,

E +A
k1−⇀↽−
k2

Y
k3−→ E +X , (6.63)

where E is the enzyme, A the substrate,Y the intermediate complex and X the product.

The time evolution of scheme (6.63) can be determined from the solution of the system

of coupled nonlinear ODEs (Sen, 1988),

dA
dt

=−k1EA+ k−1Y, (6.64)

dE
dt

=−k1EA+(k−1 + k2)Y, (6.65)

dY
dt

= k1EA− (k−1 + k2)Y, (6.66)

dX
dt

= k2Y, (6.67)

subject to the initial conditions

A(0) = A0, E(0) = E0, Y (0) = 0, X(0) = 0, (6.68)

where the parameters k1, k−1, and k2 are positive rate constants for each reaction.

The system (6.64)–(6.67) can be reduced to only two equations for A and Y and

in dimensionless form of concentrations of substrate, x, and intermediate complex

between enzyme and substrate, y, are given by Sen (1988)

dx
dt

=−x+(β −α)y+ xy, (6.69)

dy
dt

=
1
ε
[x−βy− xy], (6.70)

subject to the initial conditions
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x(0) = 1, y(0) = 0. (6.71)

where α , β and ε are dimensionless parameters.

The time evolution of the reaction can be determined from the traditional

purely numerical methods like the classical fourth–order Runge–Kutta method (RK4),

The present study aims to obtain a numerical–analytical solution of the system of

coupled nonlinear ordinary differential equations (6.69) and (6.70) using the PIM

and MPIM approaches. The limitation of global convergence inherent in the standard

PIM is addressed and effectively overcome through the implementation of the MPIM.

6.4.1 PIM and MPIM solutions

In this section, the system of equations (6.69) - (6.70) representing the

Michaelis Menten model is solved using the standard PIM and the MPIM. A

comparison with the classical RK4 and 5-iteration ADM and MADM is also

performed to evaluate the accuracy and convergence behaviour of both iterative

methods. TheMichaelis Menten system is selected as a benchmark nonlinear problem

due to its inherent stiffness and strong coupling between the dependent variables.

PIM:

According to the PIM framework, the iterative scheme for the Michaelis

Menten system (6.69)-(6.70) can be expressed as follows:

x(n+1)(t) = x(0)+
∫ t

0

(
− xn(s)+(β −α)yn(s)+ xn(s)yn(t)

)
ds, (6.72)

y(n+1)(t) = y(0)+
∫ t

0

(1
ε

xn(s)−βyn(s)− xn(s)yn(s)
)

ds. (6.73)

By substituting the initial conditions in (6.71) and the parameter values α =

0.375, β = 1.0, and ε = 0.1 into equations (6.72) and (6.73), the following expressions

are obtained.
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For n = 0:

x1(t) = 1− t, (6.74)

y1(t) = 10t. (6.75)

The iterative process was continued up to n = 4, at which point convergence

was achievedwhen the tolerance criterion ε < 10−2 was satisfied. Due to the extensive

nature of the polynomial expansions, only the first two iterations (n = 0 and n = 1)

and the last iteration (n = 4) are presented here, while the complete series are provided

in the Appendix H.

MPIM:

The MPIM is now applied to the Michaelis–Menten system of equations

(6.69) and (6.70). This method enhances the conventional PIM by dividing the

solution domain [0,T ] into multiple subintervals [t j−1, t j], where j = 1,2, . . . ,m.

Each subinterval serves as a correction stage that improves numerical stability and

accelerates convergence, particularly for stiff nonlinear systems.

According to the MPIM formulation, the iterative scheme for the

Michaelis–-Menten system is expressed as:

x(n+1), j(t) = xm, j−1(t j−1)+
∫ t

t j−1

(
− xn, j−1(s)+(β −α)yn, j−1(s)+ xn, j−1(s)

yn, j−1(s)
)

ds, (6.76)

y(n+1), j(t) = ym, j−1(t j−1)+
∫ t

t j−1

(1
ε

xn, j−1(s)−βyn, j−1(s)− xn, j−1(s)yn, j−1(s)
)

ds.

(6.77)

By substituting the initial condition in (6.71) and the parameter values α =

0.375, β = 1.0, and ε = 0.1 into equations (6.76) and (6.77), the following expressions

are obtained for the fifth iteration (n = 4) with stage increments j = 1 and j = 100.
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For n = 5, j = 1:

x5,1(t) = 1− t +8.625 t2−63.08333 t3 +373.17969 t4−1979.37552 t5 +5662.80990 t6

−27572.95430 t7 +1.15513×105 t8−4.09745×105 t9 +1.27591×106 t10

+ . . .−9.10109×103 t31 (6.78)

y5,1(t) = 10 t−105 t2 +762.08333 t3−4446.25 t4 +23128.44271 t5−61211.82292 t6

+2.92297×105 t7−1.19956×106 t8 +4.16425×106 t9−1.28975×107 t10

+ . . .+9.10109×104 t31. (6.79)

The iterative process was continued up to n = 4, j = 100. Given the extensive

nature of the iterative expressions, only the representative iterations (n = 4, j = 1) is

presented in this section, while the complete series are provided in Appendix H.

6.4.2 Results and discussion

Figures 6.12 and 6.13 show the solutions for x and y, respectively, obtained

by the 5-iteration of PIM, the 5-iteration of MPIM (∆t = 0.01), 5-term ADM, 5-term

MADM (∆t = 0.01) and RK4 (∆t = 0.01) for the case α = 0.375, β = 1.0, ε = 0.1

and the initial condition in (6.71). It is observed that the 5-iteration MPIM solutions

agree very well with the RK4 and 5-term ADM, 5-term MADM (∆t = 0.01) solutions

for t up to t = 1, while the 5-iteration PIM solution diverges immediately after t = 0.
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Figure 6.12 Solution of x(t) using 5-iteration PIM, 5-iteration MPIM ( ∆t = 0.01),
5-term ADM, 5-term MADM (∆t = 0.01) and RK4 (∆t = 0.01).

Figure 6.12 shows the numerical behaviour of the substrate concentration x(t)

for the Michaelis-Menten model obtained using the 5-iteration of PIM, the 5-iteration

of MPIM, the 5-iteration of ADM, the 5-iteration of MADM, and RK4 methods

over the interval 0 ≤ t ≤ 1. From the figure, the RK4 solution shows a gradual

decrease in x(t), where the substrate concentration reduces from its initial value and

approaches approximately x(1)≈ 0.79. This decreasing behaviour is consistent with

the expected reaction process, as the substrate is consumed over time. The MPIM

and MADM solutions follow the RK4 profile closely throughout the considered

interval, indicating that the multistage implementation is able to preserve the smooth

decreasing trend of the reference solution. In contrast, the classical PIM and ADM

solutions are only consistent with the RK4 solution at the very early stage. The PIM

curve begins to deviate shortly after the initial time, while the ADM solution shows

a sharp downward behaviour and fails to maintain the gradual decreasing pattern

observed in RK4. This suggests that the classical non-multistage methods are less

suitable for representing the solution over the full interval. Overall, the graphical

result indicates that the multistage approaches, namely MPIM and MADM, provide

a more consistent numerical behaviour than their corresponding classical forms for
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solving the Michaelis-Menten model.

Table 6.19
Comparison of Absolute Errors for x(t) in the Michaelis–Menten Model Between
RK4, 5-iteration PIM, 5-iteration MPIM, 5-iteration ADM, and 5-iteration MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
0.1 1.2528×10−1 2.2160×10−6 1.9882×10−2 6.1686×10−7

0.2 1.0173×101 5.8785×10−7 3.7953×100 9.9402×10−8

0.3 1.0314×102 1.2171×10−7 7.7581×101 8.7247×10−9

0.4 3.2629×102 2.3771×10−8 6.4463×102 5.6877×10−9

0.5 3.3367×103 5.3230×10−9 3.2896×103 8.0017×10−9

0.6 2.3871×105 2.0215×10−9 1.2367×104 8.4136×10−9

0.7 5.4781×106 1.4470×10−9 3.7708×104 8.5240×10−9

0.8 7.2488×107 1.3494×10−9 9.8724×104 8.5852×10−9

0.9 6.7377×108 1.3338×10−9 2.3020×105 8.6372×10−9

1.0 4.8230×109 1.3322×10−9 4.9008×105 8.6861×10−9

Table 6.19 presents the comparison of absolute errors for x(t) in the

Michaelis-Menten model between the RK4 reference solution and the 5-iteration

PIM, 5-iteration MPIM, 5-iteration ADM, and 5-iteration MADM over the interval

0≤ t ≤ 1. Based on the results, the classical PIM and ADM show increasing absolute

errors as time progresses. For PIM, the error increases from 1.2528×10−1 at t = 0.1

to 4.8230×109 at t = 1.0, while ADM increases from 1.9882×10−2 to 4.9008×105

over the same interval. This indicates that the classical non-multistage methods

gradually depart from the RK4 solution, which is consistent with the graphical

behaviour where PIM and ADM fail to maintain the smooth decreasing trend of x(t)

over the full interval. In comparison, MPIM produces much smaller errors, with

values decreasing from 2.2160× 10−6 at t = 0.1 to approximately 1.3322× 10−9

at t = 1.0. MADM also gives small displayed errors, remaining within the order

of 10−7 to 10−9 across the selected time points. These results suggest that the

multistage implementations reduce the discrepancy from RK4 compared with their

corresponding classical methods.
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Figure 6.13 Solution of y(t) using 5-iteration PIM, 5-iteration MPIM ( ∆t = 0.01),
5-term ADM, 5-term MADM (∆t = 0.01) and RK4 (∆t = 0.01).

Figure 6.13 illustrates the numerical behaviour of y(t) for theMichaelis-Menten

model computed using the 5-iteration of PIM, the 5-iteration of MPIM, the 5-iteration

of ADM, the 5-iteration of MADM, and RK4 over the interval 0 ≤ t ≤ 1. From

the figure, the RK4 solution shows that y(t) initially increases rapidly from zero

and then changes slowly after approximately t = 0.2, approaching a nearly steady

trend towards the end of the interval. The MPIM and MADM solutions follow

the RK4 profile closely throughout the simulation, indicating that the multistage

implementation is able to preserve the overall behaviour of y(t). In contrast, the

classical PIM and ADM solutions agree with RK4 only at the very early stage

before deviating noticeably. The PIM curve rises sharply and moves away from the

reference solution, while ADM also fails to maintain the gradual behaviour observed

in RK4. This suggests that the classical non-multistage methods are less consistent

for representing y(t) over the full interval. Overall, the graphical result indicates

that MPIM and MADM provide more consistent numerical behaviour than PIM and

ADM for this component of the Michaelis-Menten model.
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Table 6.20
Comparison of Absolute Errors for y(t) in the Michaelis–Menten Model Between
RK4, 5-iteration PIM, 5-iteration MPIM, 5-iteration ADM, and 5-iteration MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
0.1 1.2528×10−1 2.2160×10−6 1.9882×10−2 6.1686×10−7

0.2 1.0173×101 5.8785×10−7 3.7953×100 9.9402×10−8

0.3 1.0314×102 1.2171×10−7 7.7581×101 8.7247×10−9

0.4 3.2629×102 2.3771×10−8 6.4463×102 5.6877×10−9

0.5 3.3367×103 5.3230×10−9 3.2896×103 8.0017×10−9

0.6 2.3871×105 2.0215×10−9 1.2367×104 8.4136×10−9

0.7 5.4781×106 1.4470×10−9 3.7708×104 8.5240×10−9

0.8 7.2488×107 1.3494×10−9 9.8724×104 8.5852×10−9

0.9 6.7377×108 1.3338×10−9 2.3020×105 8.6372×10−9

1.0 4.8230×109 1.3322×10−9 4.9008×105 8.6861×10−9

Table 6.20 presents the comparison of absolute errors for y(t) in the

Michaelis-Menten model between the RK4 reference solution and the 5-iteration

PIM, 5-iteration MPIM, 5-iteration ADM, and 5-iteration MADM over the interval

0 ≤ t ≤ 1. Based on the results, the classical PIM and ADM show increasing errors

as time progresses. For PIM, the error increases from 1.2528× 10−1 at t = 0.1 to

4.8230× 109 at t = 1.0, while ADM increases from 1.9882× 10−2 to 4.9008× 105

over the same interval. This indicates that the classical non-multistage methods

gradually depart from the RK4 solution, which is consistent with the graphical

observation where PIM and ADM fail to maintain the expected behaviour of y(t)

over the full interval. In comparison, MPIM gives much smaller errors, with values

decreasing from 2.2160× 10−6 at t = 0.1 to 1.3322× 10−9 at t = 1.0. MADM

also shows small displayed errors, remaining within the order of 10−7 to 10−9

across the selected time points. Overall, the absolute error results suggest that the

multistage implementations reduce the discrepancy from RK4 compared with their

corresponding classical forms.

6.5 Multispecies Lotka-Volterra Equations

In this section, consider multispecies Lotka-Volterra equations as a model

problem to solve the system of ODEs (3.65). A physical chemist by the name of

Alfred James Lotka developed the notion of an evolutionary system based on two

fundamental changes, those involving matter between components of a system and
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those involving exchange of energy (Kingsland, 1995). Unlike those grounded in

chemistry, Lotka believed that these ideas could be applied to any biological system.

Around the same time as Lotka’s book, “Elements of Mathematical Biology,” was

published, Volterra developed the well-known mathematical model of multispecies

interaction. These models, the predator, prey, and competition models, are known

today as Lotka-Volterra models. Although simplistic, these models are still used

as the foundation for mathematical models in ecology. For more information on

Lotka-Volterra models, see Leung (2013). The dynamic behavior of an arbitrary

number of competitors can be modelled by the so-called Lotka-Volterra equations

(Hofbauer & Sigmund, 1988). These models describe the time history of a biological

system and are used in such various fields as engineering, chemistry and biology. In

fact, the one-predator, one-prey Lotka-Volterra model is one of the most popular ones

to demonstrate a simple nonlinear control system.

Finding accurate solutions to the Lotka-Volterra equations is difficult when

the equations are stiff, whether due to a small number of species or a large number of

species (Olek, 1994). Unlike the discrete solutions obtained by the purely numerical

methods like the RK4, approximate analytical solutions can increase our insight into

the natural behavior of complex systems.

The aim of this section is to apply PIM and MPIM to solve the system of

ODEs considering the multispecies Lotka-Volterra equations as a model problem. The

numerical solutions are compared to the exact solutions and those obtained using the

RK4 method.

6.5.1 Analysis of multispecies Lotka–Volterra equations

Consider the general Lotka–Volterra model for an m species system given as:

x′i = xi

(
bi +

m

∑
j=1

ai jx j

)
, i = 1,2, . . . ,m, (6.80)

where the prime denotes differentiation with respect to t. These equations may

represent either predator–prey or competition cases.
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One Species

Now the PIM and MPIM will apply to solve the one-species Lotka-Volterra

equation. In the one-species case, equation (6.80) reduces to one-species (Batiha et al.,

2007):
dy
dt

= y(β +αy), β > 0, α < 0, y(0)> 0, (6.81)

where α and β are constants. This equation has an exact solution

y(t) =


βeβ t

β +αy(0)−αy(0)eβ t
, for β 6= 0,

y(0)
1−αy(0)t

, for β = 0,

(6.82)

where the initial condition

y(0) = 0.1, (6.83)

and the parameters

α =−3 and β = 1. (6.84)

Two Species

In the case of two species, equation (6.80) of the multispecies Lotka–Volterra

model simplifies as follows (Batiha et al., 2007):

dx
dt

= x(β1 +α11x+α12y) , (6.85)

dy
dt

= y(β2 +α21x+α22y) , (6.86)

where α11, α12, α21, α22, β1, and β2 are constans and the initial condition is given as

follows

x(0) = 4 and y(0) = 10. (6.87)
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Three Species

For the three-species case, the multispecies Lotka–Volterra model in equation

(6.80) reduces to the following form (Batiha et al., 2007):

dx
dt

= x(1− x−αy−β z) , (6.88)

dy
dt

= y(1−βx− y−αz) , (6.89)

dz
dt

= z(1−αx−βy− z) , (6.90)

where α and β are constants. The initial condition for three species are given by

x(0) = 0.2, y(0) = 0.3, z(0) = 0.5. (6.91)

6.5.2 PIM and MPIM solution

One Species

In this section, the one–species Lotka–Volterra model represented by

equation (6.81) is solved using the standard PIM and MPIM. This system is selected

as a test problem to evaluate the accuracy and convergence properties of the PIM

and MPIM when applied to nonlinear population dynamics. The model describes

the self–interaction of a single species and can exhibit exponential or oscillatory

behaviour depending on the growth rate and interaction parameters.

PIM:

According to the PIM framework, the iterative scheme for the one–species

Lotka–Volterra system (6.81) can be formulated as follows:

y(n+1)(t) = y(0)+
∫ t

0
yn(s)

(
β +αyn(s)

)
ds, (6.92)

where yn(t) represents the n-th approximation at time t, while α and β denote the

interaction and intrinsic growth parameters, respectively.

By substituting the initial condition in (6.83) and the parameter values in (6.84)

into equation (6.92), the following expressions are obtained.
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For n = 0:

y1(t) = 0.1+0.07t. (6.93)

The iterative process was continued up to n = 5, at which point convergence

was achieved when the tolerance criterion ε < 10−10 was satisfied. Due to the

extensive nature of the polynomial expansions, only the first iterations (n = 0 is

presented here, while the complete series are provided in Appendix I.

MPIM:

According to the MPIM formulation, the iterative scheme for the one–species

Lotka–Volterra system (6.81) is expressed as:

y(n+1), j(t) = ym, j−1(t j−1)+
∫ t

0
yn, j−1(s)

(
β +αyn, j−1(s)

)
ds. (6.94)

By substituting the initial condition in (6.83) and the parameter values (6.84)

into equations (6.94), the following expressions are obtained for the six iteration (n =

5).

For n = 5, j = 1:

y6,1 = 0.1+0.07 t +0.0280 t2−0.0035 t3−0.0132 t4−0.0061 t5 +0.0037 t6

+0.0059 t7 +0.0032 t8−0.0059 t9−0.0028 t10 +0.0023 t11 +0.0023 t12

−0.0003 t13−0.0013 t14−0.0003 t15 + . . .−6.8218×10−23 t63 (6.95)

The iterative process was continued up to n = 5, j = 700. Given the extensive

nature of the iterative expressions, only the representative iterations (n = 5, j = 1) is

presented in this section, while the complete series are provided in Appendix I.

Two Species

In this section, the two–species Lotka–Volterra model represented by

equation (6.85) and (6.86) is solved using the standard PIM and MPIM. This system
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is selected as a test problem to evaluate the accuracy and convergence properties of

the PIM and MPIM when applied to nonlinear population dynamics.

PIM:

According to the PIM framework in (3.21), the solution of system (6.85) and

(6.86) are constructed iteratively as:

x(n+1)(t) = x(0)+
∫ t

0
xn(s)(β1 +α11xn(s)+α12yn(s))ds, (6.96)

y(n+1)(t) = y(0)+
∫ t

0
yn(s)(β2 +α21xn(s)+α22yn(s))ds. (6.97)

By substituting the parameters α11 = −0.0014, α12 = −0.0012, α21 =

−0.0009, α22 =−0.001, β1 = 0.1, β2 = 0.08 and the initial condition define in (6.87)

into equation (6.96) and (6.97). The approximate solution of PIM are

For n = 0:

x1(t) = 4+0.3296 t, (6.98)

y1(t) = 10+0.664 t. (6.99)

The iterative process was continued up to n = 4, at which point convergence

was achieved when the tolerance criterion ε < 10−10 was satisfied. Due to the

extensive nature of the polynomial expansions, only the first iterations (n = 0 is

presented here, while the complete series are provided in Appendix I.

MPIM:

According to the MPIM formulation, the solution of system (6.85) and (6.86)

are constructed iteratively as:
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x(n+1), j(t) = xm, j−1(t j−1)+
∫ t

t j−1
xn, j−1(s)

(
β1 +α11xn, j−1(s)+α12yn, j−1(s)

)
ds,

(6.100)

y(n+1), j(t) = ym, j−1(t j−1)+
∫ t

t j−1

yn, j−1(s)
(
β2 +α21xn, j−1(s)+α22yn− j−1(s)

)
ds.

(6.101)

By substituting the parameters α11 = −0.0014, α12 = −0.0012, α21 =

−0.0009, α22 = −0.001, β1 = 0.1, β2 = 0.08 and the initial condition (6.87) into

the equation (6.100) and (6.101). The following is the approximate solution for two

species by MPIM

For n = 4, j = 1:

x5,1(t) = 4+0.32960 t +0.022126 t2 +0.0011190 t3 +2.8937×10−5 t4−1.6604

×10−6 t5−8.8496×10−7 t6 +1.3310×10−8 t7 +2.0992×10−9 t8

+5.6296×10−11 t9−3.2582×10−12 t10−3.6280×10−13 t11 +2.7715

×10−15 t12 +7.6902×10−16 t13 +1.9528×10−17 t14−1.6489×10−18 t15

−5.4384×10−20 t16 + . . .−1.8265×10−45 t31, (6.102)

y5,1(t) = 10.000+0.66400 t +0.034483 t2 +0.0011079 t3−1.6834×10−5 t4

−5.5542×10−6 t5−5.6323×10−7 t6 +2.2259×10−8 t7 +1.7422×10−9

t8 +1.8320×10−11 t9−3.7820×10−12 t10−2.3633×10−13 t11 +5.1442

×10−15 t12 +5.8237×10−16 t13 +7.5587×10−18 t14−1.2768×10−18 t15

−2.8666×10−20 t16 + . . .−1.1259×10−45 t31. (6.103)

The iterative process was continued up to n= 4, j = 7000. Given the extensive

nature of the iterative expressions, only the representative iterations (n = 4, j = 1) is

presented in this section, while the complete series are provided in Appendix I.
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Three Species

In this section, the three–species Lotka–Volterra model represented by

equation (6.88)-(6.90) is solved using the standard PIM and MPIM. This system is

selected as a test problem to evaluate the accuracy and convergence properties of

the PIM and MPIM when applied to nonlinear population dynamics. Each species

interacts competitively through the parameters α and β , which represent inter–species

and intra–species interaction strengths, respectively.

PIM:

According to the PIM framework, the iterative scheme for the three–species

Lotka–Volterra system (6.88)–(6.90) can be formulated as follows:

x(n+1)(t) = x(0)+
∫ t

0
xn(s)

(
1− xn(s)−αyn(s)−β zn(s)

)
ds, (6.104)

y(n+1)(t) = y(0)+
∫ t

0
yn(s)

(
1−βxn(s)− yn(s)−αzn(s)

)
ds, (6.105)

z(n+1)(t) = z(0)+
∫ t

0
zn(s)

(
1−αxn(s)−βyn(s)− zn(s)

)
ds. (6.106)

By substituting the parameter values α = 0.1, β = 0.1, and the initial

conditions in (6.91) into equations (6.104)–(6.106), the system can be evaluated

iteratively to obtain successive approximations for each species. The approximate

series solutions of the PIM are given as follows:

For n = 0:

x1(t) = 0.2+0.144 t, (6.107)

y1(t) = 0.3+0.189 t, (6.108)

z1(t) = 0.5+0.225 t. (6.109)

The iterative process was continued up to n = 5, at which point convergence

was achieved when the tolerance criterion ε < 10−10 was satisfied. For brevity, only

the first iterations (n = 0) is presented here, while the complete series are provided in

the Appendix I.
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MPIM:

According to the MPIM formulation, the solution of system (6.88)–(6.90) are

constructed iteratively as:

x(n+1), j(t) = xm, j−1(t j−1)+
∫ t

t j−1

xn, j−1(s)
(
1− xn, j−1(s)−αyn, j−1(s)−β zn, j−1(s)

)
ds,

(6.110)

y(n+1), j(t) = ym, j−1(t j−1)+
∫ t

t j−1

yn, j−1(s)
(
1−βxn, j−1(s)− yn(s)−αzn, j−1(s)

)
ds,

(6.111)

z(n+1), j(t) = zm, j−1(t j−1)+
∫ t

t j−1

zn, j−1(s)
(
1−αxn, j−1(s)−βyn, j−1(s)− zn, j−1(s)

)
ds.

(6.112)

By substituting the parameter values α = 0.1, β = 0.1, and the initial

conditions in (6.91) into equations (6.110)–(6.112), the system can be evaluated

iteratively to obtain successive approximations for each species. The approximate

series solutions of the MPIM are given as follows:

For n = 5, j = 1:

x6,1(t) = 0.2+0.14400 t +0.066600 t2 +0.0074664 t3−0.016601 t4−0.014108 t5

−0.0027107 t6 +0.0025892 t7 +0.012768 t8−0.0036717 t9−0.0054828 t10

+8.9753×10−5 t11 +0.0020422 t12 +5.0772×10−4 t13−2.6117×10−4 t14

−8.3005×10−4 t15 +4.3179×10−4 t16 + . . .−2.0093×10−22 t63,

(6.113)

y6,1(t) = 0.3+0.18900 t +0.051300 t2−0.026927 t3−0.029247 t4−2.1770×10−4 t5

+0.014715 t6 +0.0073370 t7−0.0042379 t8−0.010299 t9 +0.0027818 t10

+0.0057168 t11−6.4521×10−4 t12−0.0029271 t13 +1.3015×10−4 t14

+2.5977×10−4 t15 +0.0021796 t16 + . . .−3.0360×10−21 t63, (6.114)
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z6,1(t) = 0.5+0.22500 t−0.027900 t2−0.062618 t3 +0.014936 t4 +0.031797 t5

−0.0098742 t6−0.018431 t7 +0.0070230 t8 +0.012578 t9−0.0071008 t10

−0.0084889 t11 +0.0051920 t12 +0.0046929 t13−0.0034072 t14

−0.0019947 t15 +0.0011691 t16 + . . .−6.4464×10−20 t63. (6.115)

The iterative process was continued up to n = 5, j = 500. Given the extensive

nature of the iterative expressions, only the representative iterations (n = 5, j = 1) is

presented in this section, while the complete series are provided in Appendix I.

6.5.3 Results and discussion

One Species

Figure 6.14 shows the solutions for y(t), respectively, obtained by the

6-iteration of PIM, the 6-iteration of MPIM (∆t = 0.01) and RK4 (∆t = 0.01) for the

case α = −3, and β = 1, and the initial condition in (6.83). Table 6.21 shows the

comparison between the RK4 on the time step ∆t = 0.01 and 6-iteration of PIM and

6-iteration of MPIM on the time step ∆t = 0.01 for the case α =−3, and β = 1, and

the initial condition in (6.83). It is observed that the 6-iteration of MPIM solutions

agree very well with the RK4 solutions for t up to t = 6, while the 6-iteration of PIM

solutions are only valid for t ≤ 4.

Figure 6.14 illustrates the numerical behaviour of y(t) for the one-species

Lotka-Volterra model computed using the exact solution, 6-iteration PIM, 6-iteration

MPIM, 6-iteration ADM, 6-iteration MADM, and RK4 over the interval 0 ≤ t ≤ 7.

Based on the figure, the exact solution and RK4 show that y(t) increases gradually

from the initial value and approaches a nearly steady level after approximately t = 5.

The MPIM and MADM solutions show good graphical agreement with both the

exact solution and RK4 throughout most of the interval, indicating that the multistage

implementation is able to preserve the overall increasing and stabilising behaviour

of the solution. In contrast, the classical PIM and ADM solutions only follow the

reference behaviour for a limited time. The ADM curve begins to deviate after the

early stage and decreases sharply before reaching the later part of the interval, while

the PIM curve remains close for a longer time but eventually moves away from the
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Figure 6.14 Solution of y(t) using 6-iteration PIM, 6-iteration MPIM( ∆t = 0.01),
6-iteration ADM, 6-iteration MADM (∆t = 0.01) and RK4 (∆t = 0.01)

reference solution near the later stage. This suggests that the non-multistage methods

are less consistent for long-time approximation of this nonlinear model. Overall, the

graphical result indicates that MPIM and MADM provide more consistent numerical

behaviour than the classical PIM and ADM for the one-species Lotka-Volterra model.

Table 6.21
Comparison of Absolute Errors for the One-Species Lotka-Volterra Model Between
the Exact Solution, 6-iteration PIM, 6-iteration MPIM, 6-iteration ADM, 6-iteration
MADM, and RK4.

Time |Exact-PIM| |Exact-MPIM| |Exact-ADM| |Exact-MADM| |Exact-RK4|
1 1.5108×10−10 6.9487×10−5 1.7851×10−4 8.1507×10−12 7.5020×10−12

2 1.6916×10−7 4.3119×10−5 1.0124×10−2 9.4423×10−12 8.2640×10−12

3 7.7335×10−5 1.2603×10−4 8.9314×10−2 3.9987×10−11 4.1674×10−11

4 1.5070×10−3 1.0969×10−4 3.6856×10−1 3.1980×10−11 3.0495×10−11

5 5.1546×10−3 6.6689×10−5 1.0303×100 4.0903×10−11 3.9953×10−11

6 1.5245×10−2 3.4446×10−5 2.2971×100 1.4021×10−10 1.4072×10−10

7 1.3041×10−1 1.6319×10−5 4.4333×100 2.8862×10−11 2.9109×10−11

Table 6.21 presents the comparison of absolute errors for the one-species

Lotka-Volterra model between the exact solution and the numerical solutions obtained

using the 6-iteration PIM, 6-iteration MPIM, 6-iteration ADM, 6-iteration MADM,

and RK4 over the interval 0 ≤ t ≤ 7. Based on the results, the ADM errors increase
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noticeably as time progresses, from 1.7851× 10−4 at t = 1 to 4.4333× 100 at t = 7,

which is consistent with the graphical result where ADM deviates from the reference

solution after the early stage. The PIM errors remain small at the beginning, but

increase at later times, reaching 1.3041×10−1 at t = 7. In comparison, MPIM gives

relatively small errors across the selected time points, with values remaining within

the order of 10−5 to 10−4. Meanwhile, MADM and RK4 show very small displayed

errors, mostly within the order of 10−12 to 10−10, indicating close agreement with

the exact solution under the selected computational setting. Overall, the error results

suggest that the multistage methods, particularly MADM, reduce the discrepancy

from the exact solution compared with the corresponding classical methods.
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Two Species

Figure 6.15 - 6.16 shows the solutions for x and y, respectively, obtained by

the 5-iteration of PIM, the 5-iteration of MPIM (∆t = 0.01) and RK4 (∆t = 0.01) for

the case α11 = −0.0014, α12 = −0.0012, α21 = −0.0009, α22 = −0.001, β1 = 0.1,

β2 = 0.08 and the initial condition in (6.87). It is observed that the 5-iteration of

MPIM solutions agree very well with the RK4 solutions for t up to t = 70, while the

5-iteration of PIM solutions are only valid for t ≤ 50.

Figure 6.15 Solution of x(t) using 5-iteration PIM, 5-iteration of ADM, 5-iteration
MPIM ( ∆t = 0.01), 5-iteration of MADM ( ∆t = 0.01) and RK4 (∆t = 0.01) for the

Two Species Lotka-Volterra Equations

Figure 6.15 illustrates the numerical behaviour of x(t) for the two-species

Lotka-Volterra model computed using the 5-iteration of PIM, the 5-iteration ofMPIM,

the 5-iteration of ADM, the 5-iteration of MADM, and RK4 over the interval 0≤ t ≤

70. Based on the figure, the RK4 solution shows that x(t) increases gradually from

the initial stage, reaches a maximum level around t = 55, and then remains almost

steady with a slight decrease towards the end of the interval. The MPIM and MADM

solutions follow the RK4 profile closely throughout the simulation, indicating that

the multistage methods are able to capture the increasing and stabilising behaviour of

x(t). In contrast, the classical PIM and ADM solutions only follow the RK4 trend for
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a limited time before deviating noticeably. The ADM solution begins to decrease

sharply after the middle of the interval, while the PIM solution also moves away

from the RK4 curve at the later stage. This suggests that the classical non-multistage

methods are less consistent for the long-time behaviour of this model. Overall, the

graphical result suggests that MPIM and MADM provide more consistent numerical

behaviour than the classical PIM and ADM for x(t) in the two-species Lotka-Volterra

model.

Table 6.22
Comparison of Absolute Errors for x(t) in the Two-Species Lotka-Volterra Model
Between RK4, 5-iteration PIM, 5-iteration MPIM, 5-iteration ADM, and 5-iteration
MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
10 3.4440×10−4 1.5109×10−3 5.2068×10−4 1.5987×10−14

20 6.2301×10−3 2.4601×10−3 6.2861×10−2 6.0396×10−14

30 1.8500×10−2 1.5170×10−3 1.6534×100 1.5987×10−13

40 3.8252×10−2 2.6447×10−4 1.2005×101 3.9080×10−14

50 5.0106×10−1 1.4472×10−4 4.7966×101 3.9790×10−13

60 3.6254×100 3.4269×10−5 1.3713×102 2.2808×10−12

70 1.3379×101 1.7350×10−4 3.1904×102 9.6279×10−13

Table 6.22 presents the comparison of absolute errors for x(t) in the

two-species Lotka-Volterra model between the RK4 reference solution and the

5-iteration PIM, 5-iteration MPIM, 5-iteration ADM, and 5-iteration MADM over

the interval 0 ≤ t ≤ 70. Based on the results, the ADM error increases noticeably

as time progresses, from 5.2068× 10−4 at t = 10 to 3.1904× 102 at t = 70. This is

consistent with the graphical result, where the ADM solution begins to deviate from

the RK4 curve after the middle of the interval. The PIM error remains relatively

small at earlier times, but increases at later times, reaching 1.3379× 101 at t = 70.

In comparison, MPIM produces smaller errors than PIM and ADM for most of

the selected time points, with values remaining within the order of 10−5 to 10−3.

Meanwhile, MADM shows the smallest displayed errors, with values mostly within

the order of 10−14 to 10−12, suggesting very small discrepancy from RK4 under the

selected computational setting. Overall, the absolute error results suggest that the

multistage methods reduce the difference from RK4 compared with the corresponding

classical methods, particularly for the long-time behaviour of x(t).
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Figure 6.16 Solution of y(t) using 5-iteration PIM, 5-iteration of ADM, 5-iteration
MPIM ( ∆t = 0.01), 5-iteration of MADM ( ∆t = 0.01) and RK4 (∆t = 0.01) for the

Two Species Lotka-Volterra Equations

Figure 6.16 illustrates the numerical behaviour of y(t) for the two-species

Lotka-Volterra model computed using the 5-iteration of PIM, the 5-iteration of

MPIM, the 5-iteration of ADM, the 5-iteration of MADM, and RK4 over the interval

0 ≤ t ≤ 70. From the figure, the RK4 solution shows that y(t) increases gradually

from the initial stage and approaches a higher population level towards the end

of the interval. The MPIM and MADM solutions follow the RK4 profile closely

throughout the simulation, indicating that the multistage methods are able to preserve

the increasing behaviour of y(t). In contrast, the classical PIM and ADM solutions

follow the RK4 trend only for a limited time before deviating at later times. The

ADM curve begins to decrease sharply after the middle of the interval, while the PIM

curve also moves away from the RK4 solution near the later stage. This suggests that

the classical non-multistage methods are less consistent for long-time simulation of

y(t). Overall, the graphical result suggests that MPIM and MADM provide more

consistent numerical behaviour than PIM and ADM for y(t) in the two-species

Lotka-Volterra model.
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Table 6.23
Comparison of Absolute Errors for y(t) in the Two-Species Lotka–Volterra Model
between RK4, 5-iteration PIM, 5-iteration MPIM, 5-iteration ADM, and 5-iteration
MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
10 3.6923×10−5 1.9598×10−3 1.4113×10−3 < 1.0×10−16

20 3.9928×10−3 2.5571×10−3 1.9554×10−1 8.1712×10−14

30 1.7950×10−2 7.5304×10−4 3.0728×100 3.4106×10−13

40 1.5449×10−2 1.0882×10−3 1.8895×101 1.2079×10−13

50 6.1894×10−1 1.6644×10−3 6.9892×101 1.5632×10−13

60 4.9781×100 1.4957×10−3 1.9140×102 1.2790×10−13

70 1.9085×101 1.1689×10−3 4.3324×102 1.1511×10−12

Note: The value < 1.0×10−16 indicates that the displayed error is below the numerical precision
used in Maple with Digits := 16. It should not be interpreted as an exact zero error.

Table 6.23 presents the comparison of absolute errors for y(t) in the

two-species Lotka-Volterra model between the RK4 reference solution and the

5-iteration PIM, 5-iteration MPIM, 5-iteration ADM, and 5-iteration MADM over

the interval 0 ≤ t ≤ 70. Based on the results, the ADM error increases noticeably as

time progresses, from 1.4113× 10−3 at t = 10 to 4.3324× 102 at t = 70, which is

consistent with the graphical result where ADM deviates from the RK4 curve after

the middle of the interval. The PIM error remains relatively small at the earlier time

points, but increases at later times, reaching 1.9085× 101 at t = 70. In comparison,

MPIM gives smaller errors than PIM and ADM for most of the selected time points,

with values remaining within the order of 10−3 to 10−4. Meanwhile, MADM shows

the smallest displayed errors in the table, mostly within the order of 10−14 to 10−12.

The value reported as< 1.0×10−16 at t = 10 does not indicate an exact zero error, but

represents an error below the displayed numerical precision used in the computation.

Overall, the absolute error results suggest that the multistage methods reduce the

discrepancy from RK4 compared with the corresponding classical methods for y(t).

Three Species

Figure 6.17 - 6.19 shows the solutions for x and y, respectively, obtained by

the 6-iteration of PIM, the 6-iteration of MPIM (∆t = 0.01) and RK4 (∆t = 0.01) for

the case α = 0.1, β = 0.1, and the initial condition in (6.91). It is observed that the
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6-iteration of MPIM solutions agree very well with the RK4 solutions for t up to t = 5,

while the 6-iteration of PIM solutions are only valid for t ≤ 4.

Figure 6.17 Solution of x(t) using 6-iteration PIM, 6-iteration MPIM (∆t = 0.01),
6-iteration ADM, 6-iteration MADM (∆t = 0.01) and RK4 (∆t = 0.01).

Figure 6.17 illustrates the numerical behaviour of x(t) for the three-species

Lotka-Volterra model computed using the 6-iteration of PIM, the 6-iteration ofMPIM,

the 6-iteration of ADM, the 6-iteration ofMADM, and RK4 over the interval 0≤ t ≤ 5.

Based on the figure, the RK4 solution shows that x(t) increases gradually from the

initial value and continues to rise until the end of the simulation interval. The MPIM

and MADM solutions show good graphical agreement with the RK4 solution, as both

methods follow the same increasing trend throughout the interval. In contrast, the

classical PIM and ADM solutions begin to deviate from the RK4 reference solution at

later times. The PIM solution remains close to the reference curve at the early stage

but slightly departs near the end of the interval, while the ADM solution increases

more rapidly after approximately t = 2.5 and moves away from the RK4 trend. This

suggests that the classical non-multistage methods are less consistent for representing

the long-time behaviour of x(t) in this model. Overall, the graphical result suggests

that the multistage approaches provide more consistent numerical behaviour than the

classical PIM and ADM for x(t) in the three-species Lotka-Volterra model.
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Table 6.24
Comparison of Absolute Errors for x(t) in the Three-Species Lotka-Volterra Model
Between RK4, 6-iteration PIM, 6-iteration MPIM, 6-iteration ADM, and 6-iteration
MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
1 3.1654×10−8 2.7066×10−4 1.1916×10−5 1.9123×10−12

2 7.8652×10−6 1.6699×10−4 3.7183×10−3 2.9873×10−12

3 7.5219×10−4 9.9334×10−5 9.6807×10−2 3.6942×10−12

4 1.4094×10−2 2.0389×10−4 8.8601×10−1 3.3942×10−12

5 1.0277×10−1 1.7568×10−4 4.6281×100 2.4025×10−12

Table 6.24 presents the comparison of absolute errors for x(t) in the

three-species Lotka-Volterra model between the RK4 reference solution and the

6-iteration PIM, 6-iteration MPIM, 6-iteration ADM, and 6-iteration MADM over the

interval 0≤ t ≤ 5. Based on the results, the ADM error increases as time progresses,

from 1.1916× 10−5 at t = 1 to 4.6281× 100 at t = 5. This is consistent with the

graphical result, where the ADM solution begins to move away from the RK4 curve

at later times. The PIM error is very small at the early time points, but increases

to 1.0277× 10−1 at t = 5, showing some deviation near the end of the interval. In

comparison, MPIM gives relatively small errors throughout the selected time points,

with values remaining within the order of 10−4. Meanwhile, MADM gives the

smallest displayed errors, with values around the order of 10−12, indicating a very

small discrepancy from RK4 under the selected computational setting. Overall, the

absolute error results suggest that the multistage methods reduce the difference from

RK4 compared with the corresponding classical methods for x(t).
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Figure 6.18 Solution of y(t) using 6-iteration PIM, 6-iteration MPIM (∆t = 0.01) and
RK4 (∆t = 0.01).

Figure 6.18 illustrates the numerical behaviour of y(t) for the three-species

Lotka-Volterra model computed using the 6-iteration of PIM, the 6-iteration ofMPIM,

the 6-iteration of ADM, the 6-iteration of MADM, and RK4 over the interval 0≤ t ≤

5. Based on the figure, the RK4 solution shows that y(t) increases gradually from

the initial value and approaches a higher level towards the end of the interval. The

MPIM and MADM solutions show good graphical agreement with the RK4 solution,

as bothmethods follow the increasing trend throughoutmost of the simulation interval.

In contrast, the classical PIM and ADM solutions begin to deviate from the RK4

reference solution at later times. The PIM curve remains close to the RK4 solution

at the early stage but slightly moves away near the end of the interval, while the

ADM curve increases more rapidly after approximately t = 2.5 and does not maintain

the same trend as RK4. This suggests that the classical non-multistage methods are

less consistent in capturing the later behaviour of y(t). Overall, the graphical result

suggests that the multistage approaches provide more consistent numerical behaviour

than the classical PIM and ADM for y(t) in the three-species Lotka-Volterra model.
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Table 6.25
Comparison of Absolute Errors for y(t) in the Three-Species Lotka-Volterra Model
Between RK4, 6-iteration PIM, 6-iteration MPIM, 6-iteration ADM, and 6-iteration
MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
1 6.4290×10−10 4.2537×10−5 3.5437×10−5 1.2377×10−12

2 1.4125×10−5 2.3477×10−4 7.3144×10−3 2.7849×10−12

3 1.1435×10−3 3.5225×10−4 1.3554×10−1 3.7086×10−12

4 1.9853×10−2 2.7200×10−4 9.3805×10−1 3.0935×10−12

5 1.4181×10−1 1.5909×10−4 3.8600×100 1.9440×10−12

Table 6.25 presents the comparison of absolute errors for y(t) in the

three-species Lotka-Volterra model between the RK4 reference solution and the

6-iteration PIM, 6-iteration MPIM, 6-iteration ADM, and 6-iteration MADM over the

interval 0≤ t ≤ 5. Based on the results, the ADM error increases as time progresses,

from 3.5437× 10−5 at t = 1 to 3.8600× 100 at t = 5, which is consistent with the

graphical result where the ADM solution moves away from the RK4 curve at later

times. The PIM error is very small at the early stage, but increases to 1.4181×10−1

at t = 5, showing some deviation near the end of the interval. In comparison,

MPIM gives relatively small errors throughout the selected time points, with values

remaining within the order of 10−5 to 10−4. Meanwhile, MADM shows the smallest

displayed errors, with values around the order of 10−12, indicating a very small

discrepancy from RK4 under the selected computational setting. Overall, the absolute

error results suggest that the multistage methods reduce the difference from RK4

compared with the corresponding classical methods for y(t).
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Figure 6.19 Solution of z(t) using 6-iteration PIM, 6-iteration MPIM (∆t = 0.01) and
RK4 (∆t = 0.01).

Figure 6.19 illustrates the numerical behaviour of z(t) for the three-species

Lotka-Volterra model computed using the 6-iteration of PIM, the 6-iteration of

MPIM, the 6-iteration of ADM, the 6-iteration of MADM, and RK4 over the interval

0 ≤ t ≤ 5. Based on the figure, the RK4 solution shows that z(t) increases gradually

from the initial value and approaches a nearly steady level after approximately t = 3.

The MPIM and MADM solutions show good graphical agreement with the RK4

solution, as both methods follow the increasing and stabilising behaviour of z(t)

throughout most of the interval. In contrast, the classical PIM and ADM solutions

begin to deviate from the RK4 reference solution at later times. The PIM solution

remains close to the RK4 curve at the early stage but moves downward near the end

of the interval, while the ADM solution decreases sharply after approximately t = 2.5

and fails to maintain the stabilising trend shown by RK4. This suggests that the

classical non-multistage methods are less consistent in capturing the later behaviour

of z(t). Overall, the graphical result suggests that the multistage approaches provide

more consistent numerical behaviour than the classical PIM and ADM for z(t) in the

three-species Lotka-Volterra model.
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Table 6.26
Comparison of Absolute Errors for z(t) in the Three-Species Lotka-Volterra Model
Between RK4, 6-iteration PIM, 6-iteration MPIM, 6-iteration ADM, and 6-iteration
MADM.

Time |RK4-PIM| |RK4-MPIM| |RK4-ADM| |RK4-MADM|
1 3.0435×10−8 3.2778×10−4 4.1285×10−5 1.9590×10−12

2 6.8578×10−5 5.0296×10−4 1.1818×10−2 4.1440×10−12

3 4.0904×10−3 3.6507×10−4 2.9039×10−1 4.0819×10−12

4 5.4238×10−2 1.8002×10−4 2.6173×100 2.6975×10−12

5 2.8530×10−1 6.4656×10−5 1.3813×101 1.4007×10−12

Table 6.26 presents the comparison of absolute errors for z(t) in the

three-species Lotka-Volterra model between the RK4 reference solution and the

6-iteration PIM, 6-iteration MPIM, 6-iteration ADM, and 6-iteration MADM over

the interval 0 ≤ t ≤ 5. Based on the results, the ADM error increases noticeably as

time progresses, from 4.1285×10−5 at t = 1 to 1.3813×101 at t = 5. This supports

the graphical observation where the ADM solution deviates from the RK4 curve

at later times. The PIM error is very small at the early time point, but increases to

2.8530×10−1 at t = 5, indicating some loss of agreement near the end of the interval.

In comparison, MPIM gives relatively small errors across the selected time points,

with values remaining within the order of 10−4. Meanwhile, MADM shows the

smallest displayed errors, with values around the order of 10−12, suggesting a very

small discrepancy from RK4 under the selected computational setting. Overall, the

absolute error results suggest that the multistage methods reduce the difference from

RK4 compared with the corresponding classical methods for z(t).

6.6 Concluding Remarks

This chapter investigated the applicability of the classical PIM and the

proposed MPIM for solving several nonlinear systems of ordinary differential

equations. Particular emphasis was given to the Monkeypox Transmission Model,

which involves strongly coupled human and rodent compartments and represents a

challenging nonlinear epidemiological system. The results show that the classical

PIM is only reliable over a limited time interval, as its approximation deteriorates and

becomes unstable when the solution is extended over a long computational domain.
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In contrast, the MPIM remains stable throughout the simulation interval by applying

the Picard iteration successively over smaller subintervals.

For the Monkeypox Transmission Model, the numerical solutions obtained

using PIM, MPIM, ADM, and MADM were compared with both the RK4 and the

RK8. The inclusion of RK8 provides an additional higher-order numerical reference,

whereas RK4 is retained because it is commonly used in related Monkeypox

modelling studies. The comparisons with both RK4 and RK8 consistently show

that the multistage methods, particularly MPIM and MADM, provide substantially

more stable approximations than the corresponding classical PIM and ADM

methods. Although the numerical differences relative to RK4 and RK8 vary across

the compartments and time points, the overall results confirm that the multistage

implementation effectively controls the error growth and instability observed in the

standard iterative methods. In addition, the comparison with the available infected

human data indicates that MPIM, MADM, RK4, and RK8 are able to capture the

general trend of the infected population more reliably than PIM and ADM.

The performance of PIM and MPIM was further assessed using the

COVID-19 model, the Michaelis–Menten biochemical reaction system, and one-,

two-, and three-species Lotka–Volterra models. Across these nonlinear systems, the

classical PIM generally provides acceptable approximations during the early stages

of the simulation but shows increasing deviation as the time interval becomes longer.

Conversely, MPIM consistently improves the long-term numerical behaviour of the

standard PIM and remains close to the RK4 reference solution. Where available,

ADM and MADM were also included as additional semi-analytical benchmarks.

The results demonstrate that the multistage approaches provide more reliable

solutions than their respective classical forms, with MADM often producing the

smallest displayed errors relative to RK4 or to the exact solution in the one-species

Lotka–Volterra problem.

Overall, the findings establish that the multistage strategy is effective in

extending the applicability of the classical PIM to nonlinear systems with long

computational intervals, strong coupling, and complex dynamical behaviour.

While PIM remains useful as a simple semi-analytical approach for short-time

approximation, MPIM provides a more stable and reliable framework for long-term
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simulation. Therefore, this chapter supports the use of MPIM as an improved

Picard-based method for solving nonlinear systems of ordinary differential equations

and provides a basis for its further application to more complex mathematical models.
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CHAPTER 7
CONCLUSION AND RECOMMENDATIONS

The primary aim of this thesis was to develop and evaluate three enhanced

Picard-based numerical methods, namely the Multistage Picard Iterative Method

(MPIM), the Picard Iterative Method for nth order problems (PIMn), and the

Multistage Picard Iterative Method for nth order problems (MPIMn). The motivation

for this work stemmed from the limited long-time reliability of the classical Picard

Iterative Method (PIM) and its direct formulation for first-order differential equations.

To address these limitations, this thesis proposed MPIM by incorporating a multistage

time-marching structure to improve long-time numerical behaviour. In addition,

PIMn and MPIMn were developed to extend the classical Picard-based framework

for the direct solution of higher-order differential equations without reducing them

into equivalent first-order systems.

The first major application of the PIM and MPIM in this thesis involved the

Monkeypox transmission model. The standard PIM produced reliable approximations

only over short computational intervals but showed increasing deviations over longer

simulations due to error accumulation. In contrast, MPIM improved the long-time

approximation by updating the solution across successive subintervals. To provide

a broader comparison, ADM and MADM were also included as supplementary

semi-analytical methods. The numerical results of PIM, MPIM, ADM, and MADM

were compared with RK4 and RK8, where RK8 was additionally employed as

a higher-order numerical benchmark because the Monkeypox model involved an

extended simulation interval and a large number of computational stages.

To further validate the PIM and MPIM framework, the methods were applied

to additional nonlinear systems, including the COVID-19 model, the biochemical

reaction model (Michaelis–Menten system), and the multispecies Lotka–Volterra

equations. For each application, ADM and MADM were included as supplementary

semi-analytical comparison methods, while RK4 was used as the numerical

benchmark. The numerical findings showed that MPIM generally produced more

reliable long-time approximations than the classical PIM. The inclusion of ADM and
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MADM provided an additional comparative basis for evaluating the behaviour of the

proposed Picard-based approach across biological, epidemiological, and ecological

systems.

In chapter 1, the introduction to the study was presented, outlining the research

motivation, problem statement, research objectives, research questions, and the overall

structure of the thesis.

In Chapter 2, a systematic review of the literature was conducted, covering the

background of Monkeypox disease, mathematical modelling of infectious diseases,

and the development of the Picard Iterative Method and its modifications. The chapter

critically examined existing numerical approaches and identified their limitations

in terms of stability, convergence, and applicability to higher order and long-term

simulations. These findings established the research gap addressed in this thesis,

particularly the limited application of Picard-based methods in epidemiological

modelling and direct higher order differential equations.

In chapter 3, the mathematical development of the proposed MPIM, PIMn

and MPIMn methods was detailed. This chapter presented the derivations, iterative

formulations, convergence analysis, and implementation strategies that formed the

foundation for applying these methods to nonlinear ODEs and PDEs. The chapter

established how MPIM enhances global accuracy and how the nth-order formulation

allows PIM to be applied directly to higher order systems.

In Chapter 4, the discussion began with the formulation of the PIMn method

for solving nth-order initial value problems directly. This formulation provided the

basis for extending the classical Picard Iterative Method to higher order differential

equations without first reducing them into systems of first order equations. The next

section presented the application of PIM and MPIM to the Riccati equation, where

the numerical results showed that MPIM gave more reliable approximations than

PIM over the considered interval. The following section then examined the nonlinear

second-order Duffing equation using PIMn and MPIMn. The results indicated that

PIMn could produce acceptable approximations over shorter intervals, but its accuracy

became less consistent as the simulation interval increased. Finally, the Pohlhausen

flow equationwas considered to further evaluate the performance of PIMn andMPIMn

for a higher order nonlinear problem. Overall, the findings suggest that the multistage
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modification helps improve the stability and accuracy of the Picard-based approach,

particularly for longer simulation intervals, while still depending on the problem type,

time step size, and number of iterations used.

In Chapter 5, the PIM and MPIM were applied to nonlinear partial

differential equations through the Newell Whitehead Segel equation. The application

demonstrated how the Picard-based iterative framework can be implemented for a

nonlinear PDE problemwhile preserving the iterative structure of the original method.

The numerical results showed that both PIM and MPIM were able to approximate

the solution over the considered interval. However, MPIM generally produced closer

agreement with the benchmark solution and smaller absolute errors compared to the

standard PIM. This suggests that the multistage modification improves the accuracy

and stability of the Picard-based approach for the nonlinear PDE problem considered

in this study, particularly when the solution is evaluated over a longer simulation

interval.

In Chapter 6, the PIM and MPIM were applied to nonlinear systems of ODEs,

including the Monkeypox transmission model, COVID-19 model, biochemical

reaction model, and multispecies Lotka-Volterra equations. To provide a broader

semi-analytical comparison, ADM and MADM were also applied to all four

systems. For the COVID-19, biochemical reaction, and multispecies Lotka-Volterra

models, the numerical approximations were compared with the RK4 benchmark.

For the Monkeypox transmission model, both RK4 and RK8 were included, with

RK8 serving as an additional higher-order numerical benchmark for the extended

simulation interval. The results indicated that MPIM generally produced more stable

and accurate approximations than the classical PIM over the considered time intervals.

In several cases, the standard PIM showed increasing deviations as the simulation

time increased, whereas MPIM maintained closer agreement with the numerical

benchmarks. The ADM and MADM results further provided supplementary evidence

for assessing the relative numerical behaviour of the proposedmultistage Picard-based

approach.

Overall, the results of this thesis indicate that MPIM and MPIMn provide

useful extensions of the classical Picard-based approach for solving the selected

linear and nonlinear differential equation models considered in this study. Both
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methods preserve the iterative structure of the classical PIM and can be implemented

directly in Maple without requiring linearisation of the governing equations. Across

the tested ODE and PDE models, including epidemiological systems, chemical

kinetics, ecological interactions, nonlinear oscillators, and boundary-layer flow

problems, MPIM generally produced more accurate and stable approximations

than the classical PIM over the considered simulation intervals. Meanwhile, PIMn

extended the applicability of the classical Picard approach to higher order differential

equations and showed satisfactory performance over shorter time intervals, although

its accuracy became less consistent in longer simulations. In comparison, MPIMn

maintained smaller absolute errors and closer agreement with the exact or RK4

benchmark solutions for the higher order problems investigated. These findings

suggest that the multistage Picard-based methods have potential as practical numerical

approaches for solving selected differential equation models in applied sciences,

particularly when longer simulation intervals are required.

7.1 Recommendations

The results of this thesis suggest several promising avenues for further

research. First, although the MPIM has demonstrated strong accuracy for nonlinear

ODEs and PDEs, future studies could extend the method to more complex

classes of differential equations such as fractional differential equations, delay

differential equations, and stochastic differential equations, which frequently arise in

epidemiological modelling, biological systems, and financial dynamics.

Second, the PIMn and MPIMn developed in this thesis can be further

enhanced. Future research may also extend the PIMn and MPIMn framework to

fractional-order differential equations and delay differential systems. Many modern

applications in physics, biology, and finance involve memory-dependent or hereditary

processes that cannot be adequately described by classical integer-order models.

Extending the PIMn and MPIMn to such generalized systems would broaden its

applicability and contribute to the advancement of iterative-based numerical solvers

for complex dynamical systems.

Third, the PIMn and MPIMnmay also be generalised to handle variable-order

or mixed-order differential equations, and it may be coupled with adaptive step-size
175



techniques or embedded error estimators to improve robustness when applied to highly

nonlinear or rapidly oscillatory systems.

Fourth, beyondMaple, future work could focus on implementingMPIM, PIMn

andMPIMn in Python, MATLAB, or Julia, providing wider accessibility and enabling

large-scale simulations or integration into existing computational platforms.

Fifth, themethods introduced in this thesis can be extended tomulti-dimensional

PDEs, such as higher-dimensional reaction–diffusion equations, Navier–Stokes-type

fluid models, or coupled multiphysics systems. Investigating how the methods

behave in 2D and 3D settings would deepen understanding of their scalability and

stability.

Finally, future research should include a more rigorous theoretical

convergence and stability analysis for the MPIM, PIMn and MPIMn. While

the numerical experiments conducted here strongly support their effectiveness, a

formal mathematical theory would further strengthen the foundation and reliability

of these methods for broader scientific applications.
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APPENDIX A

Maple code for Initial Value Problems (IVPS)

Picard Iterative Method for nth Order (PIMn) for Example 1

This appendix presents the Maple code for applying the PIMn to solve the

given initial value problem (IVP) in Example 1. The implementation includes the

initial condition and the iterative procedure used to obtain the approximate solution

directly in its higher-order form.

> ###nth-order Initial Value Problems

> restart;

> Digits:=16:

> ##Initial Condition

> y[0](t):=1+2*t:

> ##Apply Picard nth-order to IVPs

> for n from 0 to 10 do

> y[n+1](t):= y[0](t) + int((t-s)*(subs(t=s, -diff(y[n](t),

t$1)^2)), s=0..t):

> epsilon:=evalf(subs(t=0.1,abs(y[n+1](t)-y[n](t))));

> if epsilon <=10^(-5) then break else print(epsilon) end if

> end;

Picard Iterative Method for nth Order (PIMn) for Example 2

This appendix presents the Maple code for applying the PIMn to solve the

given initial value problem (IVP) in Example 2. The implementation includes the

initial condition and the iterative procedure used to obtain the approximate solution

directly in its higher-order form.

> ###nth-order Initial Value Problems

> restart;

> Digits:=16:

> ##Initial Condition

> y[0](t):=1+2*t:
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> ##Apply Picard nth-order to IVPs

> for n from 0 to 10 do

> y[n+1](t):= y[0](t) + int((t-s)*(subs(t=s, -diff(y[n](t),

t$1)^2)), s=0..t):

> epsilon:=evalf(subs(t=0.1,abs(y[n+1](t)-y[n](t))));

> if epsilon <=10^(-5) then break else print(epsilon) end if

> end;
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APPENDIX B

Maple code for Riccati Equation

Picard Iterative Method

This appendix presents the Maple code for applying the Picard Iterative

Method (PIM) to solve the Riccati equation. The implementation includes the initial

condition and the iterative procedure used to obtain the approximate solution.

> restart:

> with(plots):

>######Initial Value

> u[0](t) := -0.5:

> ######Apply PIM

> for n from 0 to 10 do;

> u[n+1](t) := u[0](t) + int(1 - u[n](t)^2, t);

> epsilon:=evalf(subs(t=0.1,abs(u[n+1](t)-u[n](t))));

> if epsilon <=10^(-5) then break else print(epsilon) end if

> end;

Multistage Picard Iterative Method

This appendix presents theMaple code for implementing theMultistage Picard

Iterative Method (MPIM) to solve the Riccati equation. The implementation includes

the initial value and the multistage iterative procedure applied over partitioned time

intervals to obtain improved approximate solutions.

> restart; Digits := 10:

> ######Initial Value

> u[0](t) := -0.5:

> ######Apply MPIM

> for m from 0 to 6 by 0.01 do

> for n from 0 to 3 do

> u[n+1](t) := u[0](t) + int(1 - u[n](t)^2, s = m .. t);

> end do:
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> a := simplify(eval(u[k](t), k=4)):

> masa:=m+0.01:

> uu := evalf(subs(t = masa, u[n](t))):

> u[0](t) := uu:

> print(u[0](t));

> end do;
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APPENDIX C

Maple code for Duffing Equation

Picard Iterative Method for nth Order (PIMn) for Damping Duffing Equation

This appendix presents the Maple code for applying the PIMn to solve the

damping Duffing equation. The implementation includes the initial condition and the

iterative procedure used to obtain the approximate solution directly in its higher-order

form.

> ##Solution of Damping Duffing Equation using Picard nth-order

> restart;

> Digits:=16:

> ##Initial Condition

> y[0](t):=1+ t:

> ##Apply Picard nth-order

> for n from 0 to 10 do

> y[n+1](t):= y[0](t) + int((t-s)*(-subs(t=s, diff(y[n](t), t)) -subs(t=s, (y[n](t))^3)), s=0..t):

> epsilon:=evalf(subs(t=0.1, abs(y[n+1](t)-y[n](t))));

> if epsilon <= 10^(-5) then break else print(epsilon) end if

> end;

Multistage Picard Iterative Method for nth Order (MPIMn) for Damping

Duffing Equation

This appendix presents the Maple code for implementing the MPIMn to

solve the damping Duffing equation. The implementation includes the parameter

settings, initial conditions, and the multistage iterative procedure applied directly to

the higher-order equation to obtain improved approximate solutions.

> #### Solution of Damping Duffing Equation using MPIMn

> restart:

> Digits := 16:

> h := 0.01:

> # Damped Duffing: u'' + u' + u^3 = 0

196



> # let y=u, v=u' -> v' = -v - y^3

> F := (s, y, v) -> -v - y^3:

> # Initial conditions: u(0)=1, u'(0)=1

> y0 := 1.0:

> v0 := 1.0:

> for k from 0 to 600 do

> m := k*h:

> masa := m + h:

> # initial guess (expressions in t)

> yphi0 := y0 + v0*(t - m):

> vphi0 := v0:

> # 1st Picard correction

> vphi1 := v0 + int(F(s, subs(t=s, yphi0), subs(t=s, vphi0)),

s = m .. t):

> yphi1 := y0 + int(subs(t=s, vphi1), s = m .. t):

> # 2nd Picard correction

> vphi2 := v0 + int(F(s, subs(t=s, yphi1), subs(t=s, vphi1)),

s = m .. t):

> yphi2 := y0 + int(subs(t=s, vphi2), s = m .. t):

> # ===== PRINT EQUATIONS EACH ITERATION =====

printf("\n================ Stage k=%d: [%g, %g]

=================\n", k, m, masa):

> print("phi0:\n"):

> print(vphi0):

> print(yphi0):

> printf("phi1:\n"):

> print(simplify(vphi1)):

> print(simplify(yphi1)):

> printf("phi2:\n"):

> print(simplify(vphi2)):
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> print(simplify(yphi2)):

> # update at end of stage (numeric)

> y0 := evalf(subs(t=masa, yphi2)):

> v0 := evalf(subs(t=masa, vphi2)):

> printf("UPDATE at t=%.2f: u ~ %.16f, u' ~ %.12f\n", masa, y0,

v0):

> end do:

Picard IterativeMethod for nth Order (PIMn) for Undamping Duffing Equation

This appendix presents the Maple code for applying the PIMn to solve the

undampedDuffing equation. The implementation includes the initial condition and the

iterative procedure used to obtain the approximate solution directly in its higher-order

form.

> ###Solution of Undamping Duffing Equation using Picard nth

order

> restart;

> Digits:=16:

> ##Initial Condition

> y[0](t):=t:

> ##Apply Picard nth-order

> for n from 0 to 10 do

> y[n+1](t):= y[0](t) + int((t-s)*(cos(s)*sin(2*s)- 3*subs(t=s,

y[n](t))+ 2*subs(t=s, (y[n](t))^3)), s=0..t):

> epsilon:=evalf(subs(t=0.1, abs(y[n+1](t)-y[n](t))));

> if epsilon <=10^(-5) then break else print(epsilon) end if

> end;
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Multistage Picard Iterative Method for nth Order (MPIMn) for Undamping

Duffing Equation

This appendix provides the Maple implementation of the MPIMn for the

undamped Duffing equation, including the initial value and the multistage updating

process without transforming the equation into a first-order system.

> restart:

> Digits := 16:

> h := 0.01:

> f := (s, y) -> cos(s)*sin(2*s) - 3*y + 2*y^3:

> y0 := 0.0:

> v0 := 1.0:

> for k from 0 to 600 do

> m := k*h:

> masa := m + h:

> phi0 := y0 + v0*(t - m):

> phi1 := y0 + v0*(t - m) + int((t-s)*f(s, subs(t=s, phi0)),

s = m .. t):

> phi2 := y0 + v0*(t - m) + int((t-s)*f(s, subs(t=s, phi1)),

s = m .. t):

> printf("\n========== Stage k=%d: [%g, %g] ==========\n",

k, m, masa):

> printf("phi0(t) =\n"); print(simplify(phi0));

> printf("phi1(t) =\n"); print(simplify(phi1));

> printf("phi2(t) =\n"); print(simplify(phi2));

> # update y

> y0 := evalf(subs(t=masa, phi2)):

> # update v

> v0 := evalf(v0 + int(f(s, subs(t=s, phi2)), s = m .. masa)):

> printf("UPDATE at t=%.2f: y = %.10f, v = %.10f\n", masa, y0,

v0):

end do:
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APPENDIX D

Maple code for Pohlhausent Flow Equation

Picard Iterative Method for nth Order (PIMn)

This appendix presents the Maple code for applying the PIMn to solve the

Pohlhausen flow equation. The implementation includes the initial conditions and the

iterative procedure used to obtain the approximate solution directly in its higher-order

form.

> restart:

> Digits := 18:

> # Initial conditions

> alpha := 1.154701:

> y[0](t) := 0: # y(0)

> y1[0](t) := 0: # y'(0)

> y2[0](t) := alpha: # y''(0)

> # Picard iterations for y''' = (y')^2 - 1

> for n from 0 to 10 do

> y[n+1](t) := y[0](t) + y1[0](t)*t + (y2[0](t)/2)*t^2

+ int(((t-s)^2)/2 * ((subs(t=s, diff(y[n](t),

t))^2 - 1)), s=0..t):

> epsilon := evalf(subs(t=0.1, abs(y[n+1](t) - y[n](t))));

> if epsilon <= 10^(-10) then print("Converged at n=", n+1,

"epsilon =", epsilon); break; else print("n =", n+1,

"epsilon =", epsilon); end if;

> end do:
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Multistage Picard Iterative Method for nth Order (MPIMn)

This appendix presents the Maple code for implementing the MPIMn to

solve the Pohlhausen flow equation. The implementation includes the parameter

settings, initial conditions, and the multistage iterative procedure applied directly to

the higher-order equation to obtain improved approximate solutions.

> restart:

> Digits := 16:

> h := 0.01:

> T := 6:

> kmax := trunc(T/h):

> # ODE: f''' = (f')^2 - 1

> g := (s, fp) -> fp^2 - 1:

> # Initial conditions

> F0 := 0.0:

> Fp0 := 0.0:

> Fpp0 := -1.154701:

> printf("Initial: f=%.6f, f'=%.6f, f''=%.6f\n", F0, Fp0, Fpp0);

> for k from 0 to kmax-1 do

> m := k*h:

> tn := m + h:

> printf("\n========== Stage k=%d: [%g, %g] ==========\n", k+1,

m, tn);

> # Initial guess (3rd order Taylor)

> phi0 := F0 + Fp0*(t-m) + (Fpp0/2)*(t-m)^2:

> printf("phi0(t) =\n");

> print(simplify(phi0));

> # 1st correction

> phi1 := F0 + Fp0*(t-m) + (Fpp0/2)*(t-m)^2 + int(((t-s)^2)/2 *

g(s, subs(t=s, diff(phi0,t))), s = m .. t):

> printf("phi1(t) =\n");

> print(simplify(phi1));
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> # 2nd correction

> phi2 := F0 + Fp0*(t-m) + (Fpp0/2)*(t-m)^2 + int(((t-s)^2)/2 *

g(s, subs(t=s, diff(phi1,t))),s = m .. t):

> printf("phi2(t) =\n");

> print(simplify(phi2));

> # Update at tn

> F0 := evalf(subs(t=tn, phi2)):

> Fp0 := evalf(subs(t=tn, diff(phi2,t))):

> Fpp0 := evalf(subs(t=tn, diff(phi2,t$2))):

> printf("UPDATE at t=%.2f:\n", tn);

> printf("f = %.16f\n", F0);

> printf("f' = %.10f\n", Fp0);

> printf("f'' = %.10f\n", Fpp0);

> end do:
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APPENDIX E

Maple code for Newel Whitehead Segel Equation

Picard Iterative Method (PIM)

This appendix presents the Maple code for applying the PIM to solve the

Newell Whitehead Segel equation. The implementation includes the initial condition

and the iterative procedure used to obtain the approximate solution of the nonlinear

partial differential equation.

> restart:

> with(plots):

> u[0](x,t) := exp(2*x):

> ######Apply Picard Method

> for n from 0 to 6 do

> u[n+1](x,t) := u[0](x,t) + int(subs(t=s, diff(u[n](x,t), x$2)

- 3*u[n](x,t)), s = 0 .. t):

> epsilon := evalf(subs(t=0.1, x=0, abs(u[n+1](x,t) - u[n]

(x,t)))):

> if epsilon <= 10^(-5) then print("Converged at n=", n,

"epsilon=", epsilon); break; else print(n, epsilon); end if;

> end do:

Multistage Picard Iterative Method (MPIM)

This appendix presents the Maple code for implementing the MPIM to

solve the Newell Whitehead Segel equation. The implementation includes the

initial condition and the multistage iterative procedure applied over partitioned time

intervals to obtain improved approximate solutions of the nonlinear partial differential

equation.

> restart; Digits := 16:

> u[0](x,t) := exp(2*x);

> for m from 0 to 6 by 0.01 do

> for n from 0 to 3 do

203



> u[n+1](x,t) := u[0](x,t) + int(subs(t=s, diff(u[n](x,t), x$2)

- 3*u[n](x,t)), s = m .. t):

> end do:

> a := simplify(eval(u[k](x,t), k=4)):

> masa := m + h:

> uu := simplify(subs(t = masa, u[4](x,t))):

> u[0](x,t) := uu:

> print(masa, evalf(subs(x=0, uu)));

> end do:
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APPENDIX F

Maple code for Monkeypox Transmission Model

Picard Iterative Method (PIM)

This appendix presents the Maple code used for the implementation of the

PIM in solving the Monkeypox transmission model. The code includes the parameter

setup, initial conditions, and the iterative procedure applied to obtain the approximate

numerical solutions of the model.

> > 
(1)(1)

> > 

> > 

(5)(5)

(6)(6)

> > 

> > 

> > 

(4)(4)

(2)(2)

> > 

(8)(8)

(7)(7)

(9)(9)

(11)(11)

> > 

> > 

(3)(3)

> > 

> > 

(10)(10)

> > 

restart;with(Plot);

##############Parameter Setup
Digits:=10;

alpha1:= 0.423890; #transmission rate of humans from exposed to 
infectious class

alpha2:= 1.797575;  #rate of identification of suspected case

alpha3:= 0.025289;  #transmission rate of rodents from exposed to
infectious class

beta1:= 0.011503;  #contact rate between rodents and humans

beta2:= 0.747322;  #contact rate between humans

beta3:= 0.321102;  #contact rate between rodents

Lambdah:=0.34857;  #recruitment rate of humans

Lambdar:= 0.60822;  #recruitment rate of rodents

phi := 1.575454;  #proportion of humans not detected after 
diagnosis
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> > 

(19)(19)

> > 

> > 

> > 

> > 

(15)(15)

(23)(23)

(24)(24)

(18)(18)

(22)(22)

(17)(17)

(13)(13)

> > 

> > 

(12)(12)

> > 

(20)(20)

(14)(14)

> > 

> > 

> > 

(21)(21)

> > 

> > 

> > 

(16)(16)

rho := 0.067689; #recovery rate

muh:= 1/(79*365); #natural death rates of humans

mur:=1/(5*365);  #natural death rates of rodents

deltah := 0.015016;  #disease induced death rates of humans

deltar := 0.000025;  #disease induced death rates of rodents

tau := 0.999763;  #rate of transmission from isolation to 
recovered class

###################Initial Condition
NH := 10000+50+0.57+0.43+0

SH[0] (t):= 10000;  #susceptible class human

EH[0] (t):= 50;  #exposed class human 

UH[0] (t) := 0.57;  #infected class human

QH[0] (t):= 0.43;  #isolation class 

RH[0] (t):= 0;  #recovery class

NR := 1000+100+10 
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> > 

> > 
(27)(27)

> > 

> > 

> > 

> > 

(12)(12)

(26)(26)

> > 

> > 

> > 

(25)(25)

> > 

> > 

> > 

> > 

> > 

(28)(28)

> > 

> > 

> > 

SR[0] (t):= 1000;  #susceptible class rodent 

ER[0] (t):= 100;  #exposed class rodent 

VR[0](t):= 10;  #infected class rodent 

#######################Apply Picard Method 
for n from 0 to 15 do;
SH[n+1](t) := SH[0](t) + int(Lambdah - (beta1*VR[n](t) + beta2*UH
[n](t))*SH[n](t)/NH - muh*SH[n](t) + phi*QH[n](t), t);
EH[n+1](t) := EH[0](t) + int((beta1*VR[n](t) + beta2*UH[n](t))*SH
[n](t)/NH - (alpha1 + alpha2 + muh)*EH[n](t), t);
UH[n+1](t) := UH[0](t) + int(alpha1*EH[n](t) - (muh + deltah + 
rho)*UH[n](t), t);
QH[n+1](t) := QH[0](t) + int(alpha2*EH[n](t) - (phi + tau + muh +
deltah)*QH[n](t), t);
RH[n+1](t) := RH[0](t) + int(rho*UH[n](t) + tau*QH[n](t) - muh*RH
[n](t), t);
SR[n+1](t) := SR[0](t) + int(Lambdar - beta3*SR[n](t)*VR[n](t)/NR
- mur*SR[n](t), t);
ER[n+1](t) := ER[0](t) + int(beta3*SR[n](t)*VR[n](t)/NR - (mur +
alpha3)*ER[n](t), t);
VR[n+1](t) := VR[0](t) + int(alpha3*ER[n](t) - (mur + deltar)*VR
[n](t), t);
epsilon:=evalf(subs(t=0.1,abs(SH[n+1](t)-SH[n](t))));
if epsilon <=10^(-5) then break else print (epsilon) end if
end;

0.01409560350
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(25)(25)

> > 

(28)(28)

> > 

(12)(12)

0.6204624361

0.1065267951
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(25)(25)

> > 

(28)(28)

> > 

(12)(12)

0.01001646435
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(25)(25)

> > 

(28)(28)

> > 

(12)(12)

0.0006660822742
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(25)(25)

> > 

(28)(28)

> > 

(12)(12)
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(25)(25)

> > 

(28)(28)

> > 

(12)(12)

0.00003454391848
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(25)(25)

> > 

(28)(28)

> > 

(12)(12)
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(25)(25)

> > 

(28)(28)

> > 

(12)(12)
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(25)(25)

> > 

(28)(28)

> > 

(12)(12)
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(25)(25)

> > 

(28)(28)

> > 

(12)(12)
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Multistage Picard Iterative Method (MPIM)

This appendix presents the Maple code used for the implementation of the

MPIM in solving the Monkeypox transmission model. The implementation includes

the parameter setup, initial conditions, and the multistage iterative procedure applied

to obtain improved approximate numerical solutions of the model.

> > 

(8)(8)

(5)(5)

(13)(13)

> > 

(9)(9)

> > 

(11)(11)

(7)(7)

(10)(10)

(6)(6)

> > 

> > 

(3)(3)
> > 

(12)(12)

> > 

(1)(1)

> > 

> > 

> > 

> > 

(2)(2)

> > 

(4)(4)

> > 

> > 

restart; Digits := 16;

############## Parameter Setup
alpha1 := 0.423890;  # transmission rate of humans from exposed 
to infectious class

alpha2 := 1.797575;  # rate of identification of suspected case

alpha3 := 0.025289;  # transmission rate of rodents from exposed 
to infectious class

beta1 := 0.011503;   # contact rate between rodents and humans

beta2 := 0.747322;   # contact rate between humans

beta3 := 0.321102;   # contact rate between rodents

Lambdah := 0.34857;  # recruitment rate of humans

Lambdar := 0.60822;  # recruitment rate of rodents

phi := 1.575454;     # proportion of humans not detected after 
diagnosis

rho := 0.067689;     # recovery rate

muh := 1/(79*365);   # natural death rates of humans

mur := 1/(5*365);    # natural death rates of rodents
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> > 

> > 

(19)(19)

(20)(20)

(22)(22)

(17)(17)

(13)(13)

(25)(25)

> > 

> > 

(24)(24)

(21)(21)

(15)(15)

> > 

> > 

> > 

(14)(14)

> > 

> > 

> > 

> > 

(23)(23)

(16)(16)

> > 

(26)(26)

> > 

> > 

(18)(18)

deltah := 0.015016;  # disease induced death rates of humans

deltar := 0.000025;  # disease induced death rates of rodents

tau := 0.999763;     # rate of transmission from isolation to 
recovered class

################### Initial Condition
NH := 10000 + 50 + 0.57 + 0.43 + 0;

SH[0] := 10000;  # susceptible class human

EH[0] := 50;     # exposed class human

UH[0] := 0.57;   # infected class human

QH[0] := 0.43;   # isolation class

RH[0] := 0;      # recovery class

NR := 1000 + 100 + 10;

SR[0] := 1000;   # susceptible class rodent

ER[0] := 100;    # exposed class rodent

VR[0] := 10;     # infected class rodent
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> > 

> > 

> > 

> > 

> > 

> > 

> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

(26)(26)

> > 

###Apply Multistage Picard Iterative Method to Monkeypox 
Transmission Model
for m from 0 to 120 by 0.01 do
for n from 0 to 3 do
SH[n+1] := SH[0] + int(Lambdah - (beta1*VR[n] + beta2*UH[n])*SH
[n]/NH - muh*SH[n] + phi*QH[n], t=m..t);
EH[n+1] := EH[0] + int((beta1*VR[n] + beta2*UH[n])*SH[n]/NH - 
(alpha1 + alpha2 + muh)*EH[n], t=m..t);
UH[n+1] := UH[0] + int(alpha1*EH[n] - (muh + deltah + rho)*UH[n],
t=m..t);
QH[n+1] := QH[0] + int(alpha2*EH[n] - (phi + tau + muh + deltah)*
QH[n], t=m..t);
RH[n+1] := RH[0] + int(rho*UH[n] + tau*QH[n] - muh*RH[n], t=m..t)
;
SR[n+1] := SR[0] + int(Lambdar - beta3*SR[n]*VR[n]/NR - mur*SR
[n], t=m..t);
ER[n+1] := ER[0] + int(beta3*SR[n]*VR[n]/NR - (mur + alpha3)*ER
[n], t=m..t);
VR[n+1] := VR[0] + int(alpha3*ER[n] - (mur + deltar)*VR[n], t=m..
t);
end do;
a := simplify( eval(SH[k], k=4) );
b := simplify( eval(EH[k], k=4) );
c := simplify( eval(UH[k], k=4) );
d := simplify( eval(QH[k], k=4) );
e := simplify( eval(RH[k], k=4) );
f := simplify( eval(SR[k], k=4) );
g := simplify( eval(ER[k], k=4) );
h := simplify( eval(VR[k], k=4) );
masa:=m+0.01:
SSH := evalf(subs(t=m+0.01, SH[n]));
EEH := evalf(subs(t=m+0.01, EH[n]));
UUH := evalf(subs(t=m+0.01, UH[n]));
QQH := evalf(subs(t=m+0.01, QH[n]));
RRH := evalf(subs(t=m+0.01, RH[n]));
SSR := evalf(subs(t=m+0.01, SR[n]));
EER := evalf(subs(t=m+0.01, ER[n]));
VVR := evalf(subs(t=m+0.01, VR[n]));
SH[0] := SSH:
EH[0] := EEH:
UH[0] := UUH:
QH[0] := QQH:
RH[0] := RRH:
SR[0] := SSR:
ER[0] := EER:
VR[0] := VVR:
end do;
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(13)(13)

(26)(26)
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APPENDIX G

Maple code for COVID-19 Model

Picard Iterative Method (PIM)

This appendix presents the Maple code for applying the PIM to the COVID-19

model. The implementation includes the parameter definitions, initial values, and the

iterative procedure used to compute the approximate solutions of the system.

> restart; with(Plot):

> ############# Parameter Setup

> Digits := 10:

> beta := 0.22:

> local_gamma := 0.09:

> ############# Initial Value

> s[0](t) := 0.999:

> u[0](t) := 0.001:

> r[0](t) := 0.0:

> ############# Apply PIM to COVID-19 Model

> for n from 0 to 15 do;

> s[n+1](t) := s[0](t) - int(beta*s[n](t)*u[n](t), t);

> u[n+1](t) := u[0](t) + int(beta*s[n](t)*u[n](t) - local_gamma

*u[n](t), t);

> r[n+1](t) := r[0](t) + int(local_gamma*u[n](t), t);

> epsilon := evalf(subs(t=0.1, abs(s[n+1](t)-s[n](t))));

> if epsilon <= 10^(-10) then break else print(epsilon) end if;

> end;
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Multistgae Picard Iterative Method (MPIM)

This appendix presents the Maple code for implementing the MPIM in solving

the COVID-19 model. The code includes the parameter setup, initial values, and the

multistage iterative process applied over partitioned time intervals to obtain improved

approximate solutions.

> restart;with(Plot):

> #############Parameter Setup

> Digits:=10:

> beta := 0.22:

> local_gamma := 0.09:

> #############Initial Value

> s[0](t) := 0.999:

> u[0](t) := 0.001:

> r[0](t) := 0.0:

> #############Apply MPIM to COVID-19 Model

> for m from 0 to 70 by 0.01 do:

> for n from 0 to 3 do:

> s[n+1](t):= s[0](t) - int(beta*s[n](t)*u[n](t), t=m..t):

> u[n+1](t):= u[0](t) + int( beta*s[n](t)*u[n](t) - local_gamma

*u[n](t), t=m..t):

> r[n+1](t):= r[0](t) + int( local_gamma*u[n](t), t=m..t):

> end do:masa:=m+0.01:

> a := simplify( eval(s[k](t), k=4) );

> b := simplify( eval(u[k](t), k=4) );

> c := simplify( eval(r[k](t), k=4) );

> ss:=evalf(subs(t=m+0.01,s[n](t))):

> uu:=evalf(subs(t=m+0.01,u[n](t))):

> rr:=evalf(subs(t=m+0.01,r[n](t))):

> s[0](t):=ss:u[0](t):=uu:r[0](t):=rr:

> print(s[0](t),u[0](t),r[0](t));

> end do;
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APPENDIX H

Maple code for Michaelis-Menten System

Picard Iterative Method (PIM)

This appendix presents the Maple code for applying the PIM to the

Michaelis-Menten system. The implementation includes the parameter definitions,

initial conditions, and the iterative procedure used to obtain the approximate solutions

of the system.

> restart;Digits:=16:

> #############Parameter Setup

> alpha:= 0.375:

> beta:= 1:

> epsilon:= 0.1:

> ###################Initial Condition

> x[0](t):= 1:

> y[0](t):= 0:

> ##Apply Picard Iterative Method to Michaelis Menten Equation

> for n from 0 to 15 do;

> x[n+1](t) := x[0](t) + int(-x[n](t) + (beta - alpha)*y[n](t)

+ x[n](t)*y[n](t), t):

> y[n+1](t) := y[0](t) + int(((1)/(epsilon))*(x[n](t) - beta

*y[n](t) - x[n](t)*y[n](t)), t):

> epsilon:=evalf(subs(t=0.1,abs(x[n+1](t)-x[n](t))));

> if epsilon <=10^(-2) then break else print(epsilon) end if

> end;
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Multistage Picard Iterative Method (MPIM)

This appendix provides the Maple implementation of the MPIM for the

Michaelis-Menten system, including the parameter initialization and the multistage

updating process.

> restart;Digits:=16:

> #############Parameter Setup

> alpha:= 0.375:

> beta:= 1:

> epsilon:= 0.1:

> ###################Initial Condition

> x[0](t):= 1:

> y[0](t):= 0:

> ###Apply MPIM to Michaelis Menten Equation

> for m from 0 to 1 by 0.01 do:

> for n from 0 to 4 do:

> x[n+1](t) := x[0](t) + int(-x[n](t) + (beta - alpha)*y[n](t)

+ x[n](t)*y[n](t), t=m..t):

> y[n+1](t) := y[0](t) +int(((1)/(epsilon))*(x[n](t) - beta

*y[n](t) - x[n](t)*y[n](t)), t=m..t):

> end do:

> a:=eval(x[k](t),k=5):

> b:=eval(y[k](t),k=5):

> masa:=m+0.01:

> xx:=evalf(subs(t=m+0.01,x[n](t))):

> yy:=evalf(subs(t=m+0.01,y[n](t))):

> x[0](t):=xx:

> y[0](t):=yy:

> print(x[0](t),y[0](t));

> end do;
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APPENDIX I

Maple code for Multispecies Lotka-Volterra

Picard Iterative Method (PIM) for Solving One Species

This appendix provides the Maple implementation of the PIM for solving one

species in the multispecies Lotka–Volterra model, including the parameter definitions

and iterative computation procedure.

> restart;Digits := 16:

> ###Parameters

> beta:=1:

> alpha:=-3:

> x[0](t):=0.1:

> for n from 0 to 10 do;

> x[n+1](t):= x[0](t) + int(beta*x[n](t) + alpha*x[n](t)^2, t);

> epsilon:=evalf(subs(t=0.1,abs(x[n+1](t)-x[n](t))));

> if epsilon <=10^(-10) then break else print(epsilon) end if

> end do;

Multistage Picard Iterative Method (MPIM) for Solving One Species

This appendix provides the Maple implementation of the MPIM for solving

one species in the multispecies Lotka–Volterra model, including the parameter

initialization and multistage updating procedure.

> restart;Digits := 16:

> ###Parameters

> beta:=1:

> alpha:=-3:

> x[0](t):=0.1:

> for m from 0 by 0.01 to 7 do

> for n from 0 to 5 do

> x[n+1](t):= x[0](t) + int(beta*x[n](t)+ alpha*x[n](t)^2,

s=m..t);
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> end do:

> a := simplify(eval(x[k](t), k=6)):

> masa := m + 0.01:

> xx := evalf(subs(t = masa, x[n](t))):

> x[0](t) := xx:

> print(x[0](t));

> end do;

Picard Iterative Method for Solving Two Species

This appendix provides the Maple implementation of the PIM for solving two

species in the multispecies Lotka–Volterra system, including the parameter setup and

iterative computation process.

> restart;Digits := 16:

> ###Parameters

> b[1]:=0.1: a[11]:=-0.0014: a[12]:=-0.0012:

> b[2]:=0.08: a[21]:=-0.0009: a[22]:=-0.001:

> ###Intial Value

> x[0](t):=4:

> y[0](t):=10:

> for n from 0 to 10 do;

> x[n+1](t):= x[0](t) + int(x[n](t)*(b[1] + a[11]*x[n](t)

+ a[12]*y[n](t)), t);

> y[n+1](t):= y[0](t) + int(y[n](t)*(b[2] + a[21]*x[n](t)

+ a[22]*y[n](t)), t);

> epsilon:=evalf(subs(t=0.1, abs(x[n+1](t)-x[n](t))));

> if epsilon <=10^(-10) then break else print(epsilon) end if

> end do;
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Multistage Picard Iterative Method for Solving Two Species

This appendix provides the Maple implementation of the MPIM for solving

two species in the multispecies Lotka–Volterra system, including the parameter

initialization and multistage updating process.

> restart;Digits := 16:

> ###Parameters

> b[1]:=0.1: a[11]:=-0.0014: a[12]:=-0.0012:

> b[2]:=0.08: a[21]:=-0.0009: a[22]:=-0.001:

> ###Intial Value

> x[0](t):=4:

> y[0](t):=10:

> ###Multistage PIM

> for m from 0 to 70 by 0.01 do

> for n from 0 to 4 do

> x[n+1](t):= x[0](t) + int(x[n](t)*(b[1] + a[11]*x[n](t)

+ a[12]*y[n](t)), s=m..t);

> y[n+1](t):= y[0](t) + int(y[n](t)*(b[2] + a[21]*x[n](t)

+ a[22]*y[n](t)), s=m..t);

> end do:

> a := simplify(eval(x[k](t), k=5));

> b := simplify(eval(y[k](t), k=5));

> masa:=m+0.01:

> xx:=evalf(subs(t=m+0.01, x[n](t))):

> yy:=evalf(subs(t=m+0.01, y[n](t))):

> x[0](t):=xx:

> y[0](t):=yy:

> print(x[0](t),y[0](t));

> end do;
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Picard Iterative Method for Solving Three Species

This appendix presents the Maple code for applying the PIM to solve three

interacting species in the multispecies Lotka–Volterra model. The implementation

includes the parameter definitions, initial values for all three species, and the iterative

procedure used to obtain the approximate solutions.

> restart;Digits := 16:

> ###Parameters

> beta:=0.1: alpha:=0.1:

> ###Initial Value

> x[0](t):=0.2: y[0](t):=0.3: z[0](t):=0.5:

> ###Apply PIM to Three Species

> for n from 0 to 10 do;

> x[n+1](t):= x[0](t) + int(x[n](t)*(1 - x[n](t) - alpha*y[n](t)

- beta*z[n](t)), t=0..t);

> y[n+1](t):= y[0](t) + int(y[n](t)*(1 - beta*x[n](t) - y[n](t) - alpha*z[n](t)), t=0..t);

> z[n+1](t):= z[0](t) + int(z[n](t)*(1 - alpha*x[n](t) - beta *y[n](t) - z[n](t)), t=0..t);

> epsilon:=evalf(subs(t=0.1,abs(x[n+1](t)-x[n](t))));

> if epsilon <=10^(-10) then break else print(epsilon) end if

> end do;

Multistage Picard Iterative Method for Solving Three Species

This appendix presents the Maple code for implementing the MPIM to

solve three interacting species in the multispecies Lotka–Volterra model. The

implementation includes the parameter setup, initial values for all three species,

and the multistage iterative process applied over partitioned time intervals to obtain

improved approximate solutions.

> restart;Digits := 16:

> ###Parameters

> beta:=0.1: alpha:=0.1:

> ###Initial Value

> x[0](t):=0.2: y[0](t):=0.3: z[0](t):=0.5:
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> ###Apply MPIM to Three Species

> for m from 0 to 7 by 0.01 do

> for n from 0 to 5 do

> x[n+1](t):= x[0](t) + int(x[n](t)*(1 - x[n](t) - alpha*y[n](t) - beta*z[n](t)), s=m..t);

> y[n+1](t):= y[0](t) + int(y[n](t)*(1 - beta*x[n](t) - y[n](t) - alpha*z[n](t)), s=m..t);

> z[n+1](t):= z[0](t) + int(z[n](t)*(1 - alpha*x[n](t) - beta *y[n](t) - z[n](t)), s=m..t);

> end do:

> masa:=m+0.01:

> a := simplify(eval(x[k](t), k=6));

> b := simplify(eval(y[k](t), k=6));

> c := simplify(eval(z[k](t), k=6));

> xx:=evalf(subs(t=m+0.01, x[n](t))):

> yy:=evalf(subs(t=m+0.01, y[n](t))):

> zz:=evalf(subs(t=m+0.01, z[n](t))):

> x[0](t):=xx:

> y[0](t):=yy:

> z[0](t):=zz:

> print(x[0](t),y[0](t),z[0](t));

> end do;
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