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ABSTRACT

Blasius equation can be solved using analytical and numerical methods. However, it is known
that numerical methods give an approximate solution. Therefore, this research uses an
analytical approach to solve the Blasius equation, the governing equation of the boundary
layer problem. This paper aims to solve the Blasius equation and its application on the
boundary layer flow over a flat plate using Laplace Transform Method (LTM) with Adomian
Polynomials, which helps to deal with the nonlinear terms. The governing partial differential
equation is transformed into an ordinary differential equation. Then, the solutions are
obtained using MAPLE software. The previous studies validate the results obtained. Next, the
velocity profile of the boundary layer is determined. The velocity profile of the boundary layer
showed that as the distance across the plate increase, the value of the velocity increases until
it reaches 1.0 at the plate end.
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1. Introduction

The Blasius problem can be solved analytically or numerically. An analytical method is a set
of logical steps applied to solve a problem that is proven to find the exact answer to the
problem (Brownlee, 2018) . The analytical method will give an exact answer. In contrast, the
numerical method will provide an approximate solution and is not precise (Brownlee, 2018).
The Homotopy Perturbation Method (HPM) was presented by Swaminathan et al. in 2021 to
find an analytical solution to nonlinear problems in homogeneous reactions that occur in the
mass-transfer boundary layer. Blasius equation is a third-order ordinary differential equation.
The Blasius equation can be considered the first exact solution of the Navier-Stokes equation
(Gerhart et al., 2021). Paul Richard Heinrich Blasius was the first person to successfully solve
the Blasius equation analytically in 1908 (Gerhart et al., 2021). Blasius equation can describe
the fluid's velocity profile in the boundary layer on a semi-infinite interval or flat plate
(Makhfi & Bebbouchi, 2020). There was a research done by Selamat et al. (2019) on solving
two forms of the Blasius equation and its application to the two-dimensional laminar viscous
flow over a half-infinite domain.

This is an open access article under the CC BY-SA license
(https://creativecommons.org/licenses/by-sa/4.0/).

28


mailto:22019415344@istudent.uitm.edu.my,%2032019207384@istudent.uitm.edu.my

Ali et al., Mathematics Letters, 2 (2): 28-41, 2023

The boundary layer problem is one of the fundamental problems in fluid mechanics
(Rahmanzadeh et al., 2020). It was first introduced by an aerodynamicist, Prandtl, in 1904
(Schlichting & Gersten, 2017). A very thin layer close to the body, known as the boundary
layer, is the layer in which the flow is affected by friction between the solid surface and the
fluid (Schlichting & Gersten, 2017). The no-slip condition is one of the applications of the
boundary layer problem where there is no slip between the fluid and the solid boundary layer.
At this stage, the velocity of the fluid inside the boundary layer will increase from zero at the
surface to the full value of the corresponding potential flow. Shah and Li (2018) research
discussed the thermal and laminar boundary layer flow over prolate and oblate spheroids.
Nandeppanavar et al. (2022) conducted research on laminar boundary flow over the layer of a
wedge with an external magnetic field. One of the analytical methods that can be used to
solve the boundary layer flow over a semi-infinite flat plate is the Laplace Transform method.

The Laplace Transform method (LTM) transforms a higher order differential equation
into a polynomial form (Zill & Cullen, 2012). The LTM is an analytical method widely used
in mathematics and its application (Deakin, 1981). The LTM first arose when Swiss
mathematician Leonhard Euler wrote integrals that resemble the modern version and the first
paper regarding Laplace transform in 1737 (Deakin, 1980). LTM is said to be used for the
first time by Bateman in 1910. The method is named after the French mathematician and
astronomer Pierre-Simon Marquis de Laplace. Aggarwal et al.(2018) applied Laplace
Transform Method (LTM) to solve the population growth and decay problems. In 2019,
Aggarwal et al., conducted research on applying LTM for solving improper integrals whose
integrand consists of an error function with Adomian polynomials to deal with nonlinear
terms.

Adomian Polynomials are integral to a nonlinear analysis by Adomian
Decomposition Method (ADM), where ADM is a method to solve an ordinary and partial
differential equation (Fatoorehchi & Abolghasemi, 2016). George Adomian first developed
ADM from the 1970s to the 1990s (Hasan, 2012). Saelao and Yokchoo (2020) presented that
the modified ADM is based on applying the conventional Adomian decomposition method,
which only involves the calculation of the first Adomian polynomials. Another research
conducted by Chang (2018) on deconstructing the nonlinear terms of the boundary value
problem into a series of Adomian Polynomials, which helps to simplify the computations.

One of Blasius equation applications is on the boundary layer flow over a semi-
infinite flat plate. Some researchers used a numerical approach to solve the Blasius equation,
but the numerical method gives less accurate results. Therefore, this paper used an analytical
approach to solve the Blasius equation on the boundary layer flow over a flat plate because
the approach can give an exact solution. The Laplace transform method with Adomian
polynomials is one of the practical analytical approaches for solving the governing equation
that describes constant laminar flow over a semi-infinite flat plate. The Laplace transform
method suits this problem since it does not need unnecessary linearization and the Adomian
polynomials help simplify the nonlinear terms.

The research focuses to identify the governing equation of boundary layer flow over a
semi-infinite flat plate, to solve the governing equation using Laplace transforms with
Adomian polynomials and to obtain the results using the MAPLE software. Hence, the
velocity effect of fluid flow over a flat plate is discussed.

2. Methodology

This study aims to solve the Blasius equation and its application on the boundary layer flow
past a flat plate using the Laplace Transform Method (LTM) with Adomian Polynomials.

2.1 Transforming the Governing Equation to ODE using the Similarity Variable
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The Navier-Stokes equation governs the governing equation for boundary layer flow over a
semi-infinite flat plate as

ou Jv 0 1
Bl

dx dy @)
du du 0%u

—tv——=v (2)

ox oy oy’

where
u . velocity component in x
o . velocity component in y
v . the fluid’s viscosity

The equation (1) and (2) describes the continuity equation and momentum equation,
respectively. The boundary conditions are given by

y=0,u=v=0, (3)
y = oo, M_,Uoo’ (4)
x=0,u=U__. (5)

o0

Given that boundary layer equations from (1) and (2) with boundary conditions for the
governing boundary layer equation are given by equation (3). The flow outside of the
boundary layer is the uniform upstream flow « = U, which is

u—-U as y oo (6)

The equations (3) and (6), with the boundary conditions, are in nonlinear, partial differential
equations for unknown velocity field # and v. The dimensionless similarity variable

U
n=y, / — . Next, the stream function 1(x,y), can be written as
VX

oy oy
u= 3y v= - M @)
The dimensionless stream function v —f(5)+/vxU =0 is defined as f(n) = \/_ , Where
vxU
f=£(n) is an unknown function. From equation (7),
_dy  Ody dn df [ U
v dy dn 9y V¥ atd dg '\ vx
df :
U U (n)
n
8
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and

and

0% U 9
ayz VX 8773
Substituting the equations (8) until (11) into equation (2), yield

pY (U N T e (U0 (o

dp ZXWBUZ 2\ x |” dp / vx dp? Ml an’

(v o) 1 [vu_ [U 9% (u? o’
uf (—En a,,2]+5 - —f](U ;3_?72]_‘{ v O}

vt (o) vt (o) Ut (9F) wi ).
A e e B G B e

2x 6772 VX 87]3
U? (9% 20 0¥
- + =0
X aq2 X 87]3
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o  dYf

2——+f—5=0 14

o (14)
zfrlr +ff” = (15)

Hence, the governing equation (2) for the steady laminar flow over a semi-infinite flat plate
known as Blasius Equation can be written as

1
S =0, (16)

For the boundary conditions, at ; =0 since « =v =10 due to the no-slip boundary condition.
Thus, from equation (9)

o(0)=0= - —f =£(0) =0

From equation (8)
u(0)

U

f(0)= =0=7'(0)=0

and as n = oo , the velocity « should approach the freestream velocity. « = U such that,

U
f'(,]_.oo)=?=1=>f’(oo)=1

Therefore, the boundary conditions
y=0; f(0)=£"(0) =0, (7)
y=oc,f'(c0)=1 (18)

2.2 Solve the ODE using the Laplace Transform Method with Adomian Polynomials

Laplace Transform Method (LTM) with Adomian Polynomials was used to solve the
governing Blasius equation problem.
Theorem 2.2 The Laplace transform of nonlinearities (General) (Fatoorehchi &

Abolghasemi, 2016)

Let N be a general nonlinear operator, which maps a Hilbert space H to H. Without loss of
generality, and it is obvious that Ny can include differential or integral terms. For example,

dy
| dy dy — [(dy .
Ny=y? o or Ny =y - +e dr 4 (_dz )sin(y). Moreover, let A be the Adomian

polynomials, which decompose the nonlinear operator N. Provided that y = Zciti it holds
i=0
that,
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A =5, e g
1= Zefafey )
An analytical solution for this problem as follows
N ( 1)k A¥.0.3320573364*

y(x)=k§1 2 (3k+2)!

F M 3k-1
A =2 A k22
k F=0 3r rok—r—1

Consider the general function equation for ADM as follows

3k+2y

where, AO=Al =0 and

Lu+Nu+Ru=g,

where

L . invertible linear operator
N :nonlinear operator

R :remainder linear operator
g . bounded specified function
u . unknown function

(19)

(20)

(21)

However, Adomian Polynomials are applied to linearize the nonlinear term for the Blasius
equation. Then, let L™ 'as inverse operator of L and apply it to the equation (21) on both side

L 'Lu+L '"Nu+L 'Ru=L"g

(22)

By choosing L as the nth-order derivatives and L™! will become as an n-fold integration.
Then L™ !'Lu =u —a where a come out from the integration. ADM decomposes the solution as

u= 2 u . Letu =L 'g +a, equation (22) become
n=0

u =M0—L_1NM — L7 'Ry
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The ADM also composes the nonlinearity into a special infinite series of Adomian
Polynomials as

o0

Nu = ZoA"’ (24)
n=

where An is define as

fa =
An(”o""’”n)=,ﬂ[mNZ”“f] b (25)
A=0

i=0

As a result, a recurrence relation can be built to calculate the remaining solution components
as

u,  =-L7'A -L7'Ru ;i>0 (26)
I 1

i+1
Laplace Transform Method will be applied to Equation (16) as follows

1
")+ S f") =0 (27)

In this case, the Laplace transform properties above, which is the Laplace transform for nth-
order differentiation properties, will be applied to solve the ordinary differential equation
system

1
s°F(s) = s%£(0) = s£'(0) = £"(0) + S£Ur =0

(28)

By using theorem 2.2, the equation (28) can be written as
F()_E lig‘)A - =0 29
s) = R !:OGL{ L_(co ..... cr_n)}— (29)

Then, using the first two initial conditions, c0=0,c1=0 to calculate the Adomian
Polynomials Ny =ff"" that decomposed where it led to

£
AO(CO) = CUE(CU) =0

d2 d2
d7;2 (CU) + C()?(Cln) =0

Al(c(),clﬁ)=clr}

2

, ,d’ d* d? i
Az(cu,cln,czq ) =) i (CD)+ €.n i’ (C]?]) +CU i (6‘2?] ) =0
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> 3 L d . d? d? ; d?
A}(C‘U,C]T],CZF] €0 )—C‘3T] d1;2 (Cn)+62n dr]l (cln)+clu ch]z (c n )+Cn o (C‘3T]3)—0

2

2 3 4 4 d2 3 dz 2 d2 2 d2 d2 4
Afepeegtegrent)=e W(CO)”?»" E(Cln)”ﬂ W(%" )”WW(CS“)“OE(%" )

=9 2,2
—2(:2 n
4 e d’ d’ s 4
2003 4 S\ 5 4= 3 2 2= — (.. 4 - 5
A5(C()’C17]’Cz77 REGRPURSEY ) el dnz (Co)ﬂﬁ dn:(cln)ﬂﬁ dn:(czn )+C277 dn:(c3n3)+cln dnz(c-in )+C”dn2 (Csn )
- 3
—86‘26‘37]
i 2 i
A 17 - z = . . 17J . J = . . j ._l 172;'24
E(CO C[?}) _f-;()cf_}n dr]z(cf?]) j-;ch‘..'c.f](] )7;" : (30)
Apply Laplace transform in equation (30)
Dﬁ{Ai(cU,...,cin")} = cﬁ{_gzci_jcjj(j - 1)y _2]
i
- (1Y pri—2
= Tt
' Lo -2)
e
i-2)
| ._) 2.c,_cji=1),iz4
siTh =2 i (31)
Substitute equation (31) into equation (29)
C .
2 1 =T(G=-2) 2
F(s)=—-— [ , ¢, cJ '—1)]
53 2].§4 S£+2 ;2 =] j}(] (32)
2
— CQW if (E_Z)' J+liz '(J 1)
T2 T2E G0 B (33)
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Then, apply the basic properties of Laplace transform to equation (32) becomes (33)

In general form,

Then, it is deduced to

c = - [ - +
1 1980 L 161,280 2880

f=cln+cz772+c31;3+c41;4+c5?)5+... (34)
cl=0, (35)
c
2
€= (36)
cg=0, (37)
=0,
“a (38)
c \2
) 2
C2 2
cC =— =
560 60
c?
2
=—-— 39
5T " 240 (39)
(36=0, (40)
¢, =0, (41)
2
) 11(,'205 ) 11 (¢, ¢,
77 336 336\ 2 )\ 240
3
) llc2
“s” 161,280 (42)
c =0, (43)
cm=0, (44)

Il 1
v = = — N L2
<, 2[990(58c2(,8+20c5 )]

1 ¢ 11 ? c 2\
2 2 2

c .= ——[58 — +20 ]
11 1980 2 161,280 240

1 2

319¢ * c 4 }
2

5¢4
2

‘N7 T 4257792 (45)
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The parameter c, will be determined by utilization of the last boundary condition, which is

y(ee)=1 using Pade Approximation of f'() and get c,=0.3320573360 .
substituting equations (35) until (45) into equation (34), yield
¢ ¢ e ? 5¢.*
fn) = ?2'72_ 2420 (RIS ,2280 - 4,2572,792 n
Hence,
<, 1 1023 5024
PO =e =35 160" " 357,072

37

10 4

Then, by

(46)

(47)



Ali et al., Mathematics Letters, 2 (2): 28-41, 2023

3. Results and Discussions

In this section, the validation of the results and velocity profile are discussed and analyzed.
The findings are presented in a graph and tables.

3.1 Validation of the study

The analytical solutions of equation (46) are obtained using the MAPLE software. To verify
the result of analytical solution of the Blasius equation using Laplace Transform Method
(LTM), the value of f(») using LTM is validated with the numerical solution of the RCW
method (Rahmanzadeh et al., 2020) and the analytical solution of Blasius (White, 2011).
Table 1 shows the analytical and numerical solutions of the Blasius equation. From the table,
the results obtained by LTM are in excellent agreement with the numerical solution of the
RCW method and the analytical solution of Blasius. Hence, the result of this study is valid
and reliable.

Table 1. Analytical and Numerical Solutions of Blasius Equation

f(n)
RCW Method Analytical Solution of
(Rahmanzadeh, Analytical Solution of Blasius using LTM
i 2019) Blasius (White, 2011) (present study)

0.4 0.0266 0.0266 0.0266
0.8 0.1061 0.1061 0.1061
1.2 0.2379 0.2379 0.2379
1.6 0.4203 0.4203 0.4203
2 0.65 0.65 0.65
24 0.9223 0.9223 0.9223
2.8 1.231 1.231 1.231

3.2 The Blasius boundary layer solution for velocity over a flat plate

The results of equation (47) are obtained using the MAPLE software and are presented in
Table 2.

Table 2. /(1) results of Blasius equation using LTM

n f'(n)
0 0
0.4 0.1328
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0.8 0.2648

1.2 0.3938

1.6 0.5168

2 0.6298

2.4 0.729

2.8 0.8112
12
1
038
< 06

o
0.4
02
0
0 1 2 3 4 5 6
n

Figure 1. Blasius velocity profile £'(z)

The velocity profile, f'() is shown in figure 1. From figure 1, the velocity profile starts at
the value of zero and will increase until it reaches 1.0 at the end of the plate. At this point, it
shows that the velocity of the fluid is similar to the upstream velocity.

4, Conclusion and Recommendations

In conclusion, this paper solves the Blasius equation and its application to the boundary layer
flow over a flat plate analytically using Laplace Transform Method (LTM) with Adomian
Polynomials. The findings of are listed as follows

e The results of f(5) using LTM are validated with the numerical solution of RCW
(Rahmanzadeh et al., 2020) and the analytical solution of Blasius (White, 2011).
The results show that LTM is reliable and accurate to solve the Blasius equation.
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o The velocity profile increases as the value of distance across the plate increase
until it reaches 1.0 at the plate end. The result satisfies the boundary condition
where f'(o0) =1,

Finally, solving a similar ordinary differential equation using different boundary conditions is
recommended for future research.
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