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PREFACE

This e-book, Calculus 1 Differentiation, aimed to
help students in Calculus subject. Targeted users
for this module are students who take Calculus

course. This e-book is divided into eight

subtopics, w

nich include The Definition of

Derivatives,

echniques of Differentiation,

Derivatives of Trigonometric, Exponential, and

Logarithmic Functions, The Chai

of Tangent to

the Curve, Second

Implicit Differentiation, and
Approximation. All eight subtopics above will be
completed within 14 weeks in accordance with
the planned lessons. Mathematical tips and
formulas will be placed in accordance with the
subtopics, whilst each calculus question will be
displayed based on the syllabus covered during
the lesson. At the end of each topic, targeted

students shou

discuss the solutl

existence of t

on of Calculus pro
nis e-book, hopefu

whole.

N Rule, Equation

Derivative,
Inear

d meet up with the

O

ecturer to

em. With the

Ly it will be
beneficial and give positive impact on teaching
and learning for students and lecturers as a
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~ 21 THE DEFINITION OF DERIVATIVE

~ « the derivative of ((x) with respsect to x is the

function f(x).

.« the derivative interpreted in two main ways:

- 1.£'@a) is the slope of the tangent line to the curve
4 = £x) at the point (a, f(a)).

2.¢'(x) measures the instantaneous rate Of change
Of y with respect to x. HEEEE

FORMULA -

fcx) fcx*-h)-ftx)




EXAMPLEY:
= 2x + 3 using the definition of
differentiation. | |
~« State the Definition of Cifferentiation
. f) = fx+ew)-fo>
-+ Replace x with (x + h) in the function f(x) = 2x + 3

- Fexeh) = 2x+ndF3
~ foeemyz 2xe2bes
o Substitute f(x + h) and g(x) into the limit definition

oD = lim o (ke 2ne3) - (2x43)
h=0 h

~ « Simpliry the Numerator
. ') =lim 2x¢2he3 -2x-3
. 22 O Y O O O O

[ lexy=(m] BS [ [ [ [ [ [ [] ]
b

koo

o Evaluate the limit

EEEHEEF SN NEEEEN




2.2 TECHNIQUES OF DIFF ERENTIATION
CONSTANT FUNCTION

. D_er_watl_ve Of Cons’(ant Functqon 5= || = i =
BRI EIEERERREREEEER

POWERFUNCTWNZ:.ZZZZZZZZZZ_'

o Power Rule

N '{tx%’xfd(x")-'nk"_'ﬁﬁﬁﬁﬁﬁﬂﬁﬁﬁ_ﬁ

= [cﬁcx)]~ C #Cx)
X

:-TheSumRu!e EEEEEEEEEEE
£ (%) + q(x) al-FCx)-!-d (x)
| [‘(3—-] .d)(fl”””“
:-TheDufferenceRule:i::i:'i::"'"'
[ﬁcxs-qcx)]- d £ -4d g0x)
| ERrFNEEEEEEN
[,c(x\q(,()]-'uv rvu' or udv + vdu

Ax dx

3 The Quo‘uent Rule
| £0x) = vu'-uv' or wdv)
qcx} A I ( ) )

vt




~ THE DERIVATIVES OF
~ STANDARD FUNCTIONS

[Ceex—— Secxtans |
._




'EXAMPLE 1:
: Dufferentuate each Of the followmg thh respect to x.

ﬁaB%ch-Si b 9=
f'(2)=0 || dy =

ax

X

‘),
l

VS EY

2] |

\

2dy
EXAMPLE2:
Digferentiate each of the following with respect to x.
Dyt osere WEGOE (2-30°
LT LTI Is £2-43.)(2F3x)
AN 6x=-3 T F-bx-6x+qx?
Fla= -2t
EXAMPLES:

e f()=(x*-2) (Ux™ ) |, find f'(x)
+ identify and differentiate uandv =~

M XT=2 VI YxPeX
uw'zZax  vizgx i+l
~+ apply the product fule formula

a CFMfdm) =uv'+vu!
olx B

e s (xT- 2y (8 xa D) F (U XD (2X)

~+ expand and simplify
| ..(‘_'(.,(): [5_7(3-(—?,,(_2.."3(-:1. L

.12




EXAMPLE 4:
A oy=3-2x |, find dy

x*+d . dx

« identify and differentiate u and v/

wz 3-2x V= x4y
| M= e2] | v x|

Wl 0 e s i

ﬂ : vu'-—uv'
ax g2

= (MUY C-2) - (3220 (2x)

(x*+4)2

~« expand and simplify the numerator |

dY = (-2x-F) - (6x=-Hx*)
dx (xteyd?
Ay = ax-ex-f

ax St wT




2.3 DERIVATIVES OF TRIGONOMETRIC,
- EXPONENTIAL & LOGARITHMIC
~ FUNCTIONS

- fory

- Sin (x)

 cos Ck): |

Ctanoy | sectod |

- Sec (X))  |sectYtanck) |

 CoseC (x) |-coseccot)|

Lo B

- InG




'EXAMPLE 1:

Find the derivative ? Of the followmg functtons

a) \j = x cos X
+ identify and dufferen’ua’ce u and V.

:u x | v:cosx: |
u'za2ax V= -sinx

ot e ot e,

2 [foogea] = wv'ew’

Y = (x*)(-Sinx) + Ccos ) (ax)
dx

. simplifg |

J‘J ='-—x s\nX-l-ax cosx:
o\x_




EXAMPLE 2:

Fmd the derwatwe J\? of the following functions.

- \n ,( | ax

uden’ufg and dufferentuate u and V.

u=1Inx v= 3x?

| --applg the quotient rule.
—ch) = vu'-uv’
‘50‘) | v
o\q = C3x> ) c-> L cm D¢ 6x)
o simplify
ay =
dx




2.4 THE CHAIN RULE

_« The chain rule is a formula used to find the derwatwé
“Of a composite function, which is a function nested
inside another function (like an "outer" and "inner"
Iager)

take the derwa’uve 0[— the outer func’uon while '(eepmg
‘the inner function the same. and then multuplg it bg
‘the derivative of the inner function. |

ﬁTHEﬁCHAlNﬁRULE FORMULAS L[] ]

~« Lagrange's Notation (Function Notation):

L Td e d tabsmLleb A T LTI LT T[]}
el few g

. Leubmz S Nota’uon (Varuable No‘ca‘uon)
' lf 3 = f(u) and u = g(x) then:




EXAMPLE®:

fo = 322+5)"

| --Ideniifg ihé du{ef fﬁnétfori. f.(u:) én& ihnér :fu.flc:’cién.:g(x):
.I.ci-:u;::,;.,,;h;s':::”"'”"""”'

| [FOr=foT | | [ 1]

- g(n)= 39%t5

_« Difgerentiate each function
- fy =l

| (3"[‘3) = 69
~+ Multiply the derivatives
 F'ta) = H(3R4B) - ba
~« Simolipy

- Flea =24 (3ats5)®




EXAMPLE 2:

: ;F[i)=: sin ()

~« ldentify the outer function, f(w) and inner function. g(x)
fo=sin v
gtt) = .13 |

~« Differentiate each function
 #70) = cos0

B NRE

~« Multiply the derivatives

Flwd = cosc2) 3™

+ Simpligy

/() * 3w cos (27)




EXAMPLE3: | | [ [ [ [ [ [ [T [[TTT]T]
]fs;sw?_ﬁqgﬁﬁﬁiﬁﬁiﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ

1, |dent|f3 the outer func‘uon f(u) and inner functuon g(x)

'3-—(3%9%)

.
|
3 4
¥
i
$
4

. . . . . . . . . . . . . . . . . . . .

. Digerentiate each function ~ ~\ |/

—w Mul’uplg the derwa’uves

d‘é Y, A T T

ﬁf-;Sf.me"rs;fffffffffffffffffffff
1 et-A [T

—————————————————

13q3-q




2 5 EQUATION OF TANGENT TO
A CURVE

WHAT IS TANGENT

LA tangent line to a curve at a specufuc pom’c is a
~ straight line that touches the curve at that exact
- point. It matches the direction and steepness of the
 curve at that smgle spot. -
: e In calculus, finding the equation of a tangent line
~ bridges the gap between nonlinear curves and linear
| algebra. It tells us the instantaneous linear behavior

~ Of a function at a single moment.

~ Tangent at point (xy)




2 5 EQUATION OF TANGENT TO
A CURVE

ﬁ STRAIGHT LINE EQUATION

.« To write a straught ine equa’uon on!g 2 pteces Of ‘
~_information are required: = NN

1. A coordinate pair. (x.y). where the Ime sits
2.A sIOp m. whuch is the steepness of the line.

K In calculus to fmd the graduen’c m. is by fmdmg the :
| derwatwes of the equation of the curve

- m= 'F(‘ll)

~« The formula for the straught line equa’uon

lj -F(n,) ¥(n.)(91. W | T 1]




"EXAMPLE :
 fex) = ®- 2%, where x=2.
~ « Find the y-coordinate (The point)
fluw) =a?-27 2z2
C f(ay= 237 -2¢2)
=Yy
| _Thefcoqrdjmaécejofjthje ooint is (2.4)
~ « Find the derivatives of the function
| .F.’(Q_)..-_-.qu."_z. |
~ + Calculate the specific slope by substituting the x=2
Sinto £

 m=4gr(a) =322 -2
L] =110
- m =10

 + Substitute into the straight line equation
Ly -fags Penin-n.)

Y=o (am2)

- Yy-Y4Y = [Oa-20




2 6 SECOND DERIVATIVES

THE DERIVATIVE OF A DERIVATIVE

o If the first derivative represents the rate 0f change |

~ of a function, the second derivative represents the

rate of change of the first derivative.

~ « In simple terms, it measures how fas’c the sIOpe Of- a

~ curve is changing. '

o |f the first derivative tells you whether you are
~moving up or down, the second derivative tells you
“how the curve is bendmg

HOW TO WRITE
o Lagrange's Notation (Prime Notation)
-Second deriva’tive S TLAT %

— LEIme. s Nota‘tlon

Furst derwa’uve-—- e —
'S‘econ'd derivat'ive=‘fl_g iEiE R
EREEEEEREELAREEEEN




2 6 SECOND DERIVATIVES

:SECOND DERIVATIVEINGRAPHS =
~« While the first derivative determines if a graph is
H increasing or decreasmg the second derivative
~determines the concavity (the direction of the bend)
- of the graph.

BEHAVIOUR OF

SIGN CF ¢"(x) SLOPE SHAPE GF CURVE

PCSITIVE (>0) SLCPE INCREASES CONCAVE UP

NEGATIVE (<O) SLOPE DECREASES CONCAVE COWN

ZERC (=0), SLOPE STCPS ~ POSSIBLE INFLECTION
UNCEFINED BENCING | PCINT

INFLECTION POINT
~« An inflection point occurs where a graph changes its
~concavity from concave up to concave down. or vice

~versa. To fmd potential mflectuon points in a problem
~set f'(x) = O and solve for x




2 6 SECOND DERIVATIVES

: REAL WORLD APPLICATIONS BN
~ « The easiest way to understand the phgsucal meanmg |

of the se;ogd _de_ru./a'_cw_e u_s fch_mugh phgmcg a_nd. W

“motion:. L]
1 Dusplacement s(1): Posrtuon Of the ObJEC‘t T
2. Velocity, v(t) /s(t) Rate Of- change Of NN
‘displacement
3, Acceleration. a(t) / v'(¥) / s"(t)
'Rate of change of velocity
o If the velocity is positive but the accelerationis
-negative. the object is moving forward but slowing
~down. Graphically. this is an mcreasmg func‘uon that
~is concave down.




EXAMPLE 1:

fray=2t-52°ran

. Fmd the furs’c derwatwe |
f (%) = ‘m" 152 y2

: .:o;fferema:tez the:re:sun: :
+'2) = 12a® -30a

EXAMPLE 2:
:{-‘ca.) oS (3%)

"« Find the furst derwatwe

-Fca) --sm caq,) --3- -

""'3 sin CQ’L)

| 'Dufferentua’ce the result

: F_”C_q._) T""".'3. . c.os (afx.) .

9csa)

3




2.7 IMPLICIT DIFFERENTIATIONS
~ « sometimes functions are given not in the form y= f(x)
_but in a more complicated form.
| j o it is difficult to express y explicitly in terms of x.
¢ such functions are called implicit functions.
| exp!i.cit :becauée s;om.e’d;ing. is :maae .cleér énd.

Y= X-3x+5 D stated plainly

* Uy + 9> = 2yayt+ g — implicit because something is implied but
not stated directly.

B / to differentiate a
o function y respect to x,

we differentiate with
respect to y and then

multiply by oY clu /




EXAMPLE 1:
: using implicit differentiations, solve 4x + 3 = 29 x4 8
dtfferentuate both sides with' respect to X.
-—(‘-lx)"’d (3‘3" ' (29)4- A o)+ ey

ax  dx

.« evaluate the derwatwes term bg term '

'—|+331 dy = Qo\\l + 2%
dx  dx

e r.ea.rrange all %‘(’.. terms on one side.

3y 4y -2 dy =2x-4
dx Ox

€3y7-2) A9 = 2oy
dx

| -so!ve for 49
| A
dy s ey
AR .3.3".-2 |




2 8 LINEAR APPROXIMATIONS AND
DIFFERENTIALS

ESTIMATING TI-IE COMPLEX WITH TI-IE f ||
SIMPLE '

~« Calculating complicated functions like In(4.1) can be
difficult without the help of a calculator.

.« Linear approximation is a calculus techmque that uses

“the tangent line at a known, easy-to-calculate pom_t |
“to estimate nearby values on a complex curve.
‘Because a curve looks almost identical to its tangent
line if you zoom in close enough, the line serves as a
hughlg accurate proxy.

_« Differentials provide the formal mathematical -
‘framewor for this process. They isolate the
‘estimated change in the vertical output (dy) based on
‘a small change in the horizontal mput (dx).




i 2 a LINEAR APPROXIMATIONS AND
' DIFFERENTIALS

LINEAR APPROXIMATION (TI-IE TANGENT
LINE APPROXIMATION)

o If you have a function f(x) that is dufferen’tiable at a

- specific. clean starting point x = a. you can construct
its tangent ine equation. When written as an .
‘estimation function, this is called the Linearization of
fat a denoted as L(x).

"THE LINEARIZATION FORMULA

~+ Derived directly from the point-slope formula ’che ]
' template for lmear approxuma’uon is:

- W=+ @)
.« For values of X that are very close to a. the function
~ value is approxtma’celg equal to the linearization value:

f(X)’VL(X) HERE




_EXAMPLE:
BiiiINNNENEENEEEEEEEEEEEmE
. Define the function
e R T
Ry = T
~+ Choose a center point (closest whole number to )
BRL Ra N EEEEEEEESSEENERSES

..q.:.q...

B EStREESCSERAES

o Find the derivative and evaluateittoa




 EXAMPLE® | [ [ [ [ [T [T[[T[[[][]]
.« Build the linearization equaton

| ﬁLm) £(9) + £(9) (n - ‘1)

3+%ta =D)

R Substttue x=9.2 to approxumate .
_;an)NL(n)-—u-—(‘in °|) -

.:f'("ll) 2.0383 [ [ [ [ [ [ [ L[/ [[[]]




i 2 a LINEAR APPROXIMATIONS AND
' DIFFERENTIALS

DIFFERENTIALS
. Whule linear approximation looks at the new total

value along the tangent line. dufferentuals isolate the
‘amount of change along the tangent line.

| DEFINITION AND F ORMULA
o Let y = ((x) be a differentiable function.

~« We define dx the differential of x to be an- uﬁdependent

variable representing a small change in x (equwalent
HBEX ) IEEREEE | -
~ + We define dy (the dufferen’ual Of- 3) to be the

dependent variable representmg the estimated change
~iny along the tangent line. T T T 1]

dy=foode




2.9 LINEAR APPROXIMATIONS AND
 DIFFERENTIALS
“THE CONCEPT OF MATRIX: Ay Vs dy

TERM

ACTUAL
CHANGE IN X

CIFFERENTIAL
CF X

ACTUAL
CHANGE IN Y

CIFFERENTIAL
CFY

SYMBCL

MEANING

- THE PHYSICAL

CHANGE IN
THE INPUT

EQUAL BY

- CEFINITICN TC

Ax

THE TRUE

- VERTICAL RISE
~ ON THE CURVE

THE
ESTIMATED

- VERTICAL RISE

CN THE

- TANGENT LINE

HCW TGO
CALCULATE

Ay = fx-Ax)-
F(x)
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