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ABSTRACT 

 

This paper presents the development of a Singly Diagonally Implicit Block Backward 

Differentiation Formula (SDIBBDF) of order 3 for solving stiff Ordinary Differential 

Equations (ODEs). The general formula is derived using Taylor series expansion, yielding two 

approximate solutions that are computed simultaneously in a block. The proposed method is 

shown to be zero-stable, consistent, convergent and A-stable. Numerical results based on 

maximum error and execution time, indicate that the proposed method outperforms the existing 

methods in solving stiff ODEs. 

 

Keywords: Block backward differentiation formula; singly diagonally implicit; stiff ODEs 

 

1. INTRODUCTION 

 

First-order ordinary differential equations (ODEs) involve derivatives with respect to a single 

independent variable and one or more dependent variables. They are fundamental in 

mathematics and the sciences, as they describe the relationship between a function and its 

derivative with respect to one variable. ODEs are widely used to model various physical 

processes, including those in mechanics, chemistry and electrical circuits. A first order ODE, 

for example, is typically expressed as 

 

𝑦′(𝑥) = 𝑓(𝑥, 𝑦), 𝑦(𝑎) = 𝑦0, 𝑥 ∈ [𝑎, 𝑏]  (1) 

 

where y is the dependent variable, x is the independent variable and 𝑓(𝑥, 𝑦) is a given function. 

Numerous numerical methods have been developed to solve ODEs, including both linear 

and nonlinear types, as well as stiff and non-stiff cases. Among these, stiff ODEs are 

particularly challenging because some components of the solution change rapidly over short 

intervals, while others change much more slowly. This contrast requires the use of specialized 

numerical techniques that are better suited to handle stiffness. In many real-world mathematical 

models, the associated initial value problems (IVPs) are often stiff, particularly in areas such 

as vibration analysis, chemical engineering and control theory. Consequently, researchers 

continue to explore innovative analytical and numerical methods to effectively solve stiff IVPs 

in these complex systems. 

The backward differentiation formula (BDF) has long been a widely used method for 

solving stiff ODEs. Traditionally, most numerical methods generate only a single 
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approximation of 𝑦𝑛+1 at each step 𝑥𝑛+1. However, a study by Ibrahim et al. [1] introduced the 

block backward differentiation formula (BBDF) as an alternative approach aimed at reducing 

the number of integration steps and computational time required by conventional solvers, while 

preserving accuracy and satisfying stability requirements. This method has attracted 

considerable interest within the research community, demonstrating improved efficiency and 

accuracy over non-block methods and existing solvers, see [2] – [11]. Various studies have 

since applied the BBDF approach to stiff problems, further confirming its potential for 

enhancing both computational performance and solution reliability. 

Subsequent research has improved the efficiency and accuracy of the BBDF method for 

solving stiff problems by incorporating a diagonally implicit structure. This structure reduces 

the computational effort required for evaluating differentiation coefficients, resulting in lower 

cumulative errors compared to fully implicit methods, see [3], [5] – [7] and [9] – [11]. In 

diagonally implicit methods, the system matrix is structured as a lower triangular matrix with 

constant diagonal entries, which simplifies the computational process. Notably, this allows the 

Jacobian matrix to be evaluated only once per step, thereby significantly reducing the 

computational load typically associated with fully implicit methods. This development has led 

to the formulation of singly diagonally implicit methods, where the matrix maintains identical 

constants along the diagonal, as demonstrated by Aksah et al. [5] and Aksah et al. [6], further 

minimizing computational cost. 

Building upon this foundation, the present paper introduces the ρ-Singly Diagonally 

Implicit Block Backward Differentiation Formula (ρ-SDIBBDF), a refined extension of the 

BBDF method designed to offer improved performance and competitiveness with existing 

approaches. 

 

2. DERIVATION OF THE METHOD  

 

This section presents a detailed derivation of the ⍴-SDIBBDF method. The operational 

procedure of the method is illustrated in Fig. 1. 

 

 
Fig. 1. 2-point block method of constant step size 

 

The block method shown in Fig. 1 calculates approximate values for 𝑦𝑛+1 and 𝑦𝑛+2 

simultaneously, utilizing a preceding block containing two previous points, 𝑥𝑛−1 and 𝑥𝑛. In 

this paper, we developed the extended method in [7] to obtain the corrector formula of ⍴-

SDIBBDF method in the following form for a constant step size, h  

 

∑ 𝛼𝑘,𝑖−2

𝑘+𝑚−1

𝑖=0

𝑦𝑛+𝑖−2 = ℎ𝛽𝑘,𝑚+𝑘−1 (𝑓𝑛+𝑘 − 𝜌𝑓𝑛+𝑘−1), 
(2) 

 

where 𝛼𝑘,𝑘 = 1, 𝛽𝑘−1,𝑘 = 𝜌𝛽𝑘,𝑘, m = 3 represents the order of the method and k = 1, 2 

corresponds to the solution points 𝑦𝑛+1 and 𝑦𝑛+2, respectively, with 𝛼𝑖𝑖 = 𝛾. The linear 

difference operator for the block multistep method, as shown in (2), is given by 
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ℒ𝑘[𝑦(𝑥𝑛); ℎ] = ∑ (𝛼𝑘,𝑖−2 𝑦(𝑥 + (𝑖 − 2)ℎ)) − ℎ𝛽𝑘,𝑤 [𝑦′(𝑥 + 𝑘ℎ)

𝑤

𝑖=0

− 𝜌𝑦′(𝑥 + (𝑘 − 1)ℎ)] = 𝐶𝑞𝑦𝑞 + 𝑂(ℎ𝑝+1). 

(3) 

 

where 𝑤 = 𝑘 + 𝑚 − 1. 

To obtain 𝑦𝑛+1 and 𝑦𝑛+2, 𝑘 = 𝑖 = 1,2 are substituted accordingly in (2). Each point will 

be indicated by letting 𝛼𝑘,𝑘 = 1 and considering 𝛼0,1 = 0, 𝛼0,2 = 0 for 𝑦𝑛+1 and 𝑦𝑛+2, 

respectively. The Taylor’s series expansion of (3) is solved concurrently yield the 

corresponding formula for ⍴-SDIBBDF where 𝜌 = −0.75 and takes the following form 

 

𝑦𝑛+1 =
9

25
ℎ𝑓𝑛 +

12

25
ℎ𝑓𝑛+1 +

63

50
𝑦𝑛 +

1

10
𝑦𝑛−2 −

9

25
𝑦𝑛−1,  

𝑦𝑛+2 =
9

25
ℎ𝑓𝑛+1 +

12

25
ℎ𝑓𝑛+2 −

9

25
𝑦𝑛 +

1

10
𝑦𝑛−1 +

63

50
𝑦𝑛+1. 

(4) 

 

Equation (4) can be written in matrix form as 

 

[
1 0

−
63

50
1

] [
𝑦𝑛+1

𝑦𝑛+2
]

= [0
1

10
0 0

] [
𝑦𝑛−3

𝑦𝑛−2
] + [

−
9

25

63

50
1

10
−

9

25

] [
𝑦𝑛−1

𝑦𝑛
] + ℎ [0

9

25
0 0

] [
𝑓𝑛−1

𝑓𝑛
]

+ ℎ [

12

25
0

9

25

12

25

] [
𝑓𝑛+1

𝑓𝑛+2
]. 

(5) 

 

By taking 𝑦′ = 𝜆𝑦 and insert 𝜆𝑦 = 𝐻 into (5), then we have 

 

[
1 −

12

25
𝐻 0

−
63

50
−

9

25
𝐻 1 −

12

25
𝐻

] [
𝑦𝑛+1

𝑦𝑛+2
] = [

−
9

25

63

50
+

9

25
𝐻

1

10
−

9

25

] [
𝑦𝑛−1

𝑦𝑛
] + [0

1

10
0 0

] [
𝑦𝑛−3

𝑦𝑛−2
], 

(6) 

 

which is equivalent to 𝑃𝑌𝑚 = 𝑄𝑌𝑚−1 + 𝑅𝑌𝑚−2, where 

 

𝑃 = [
1 −

12

25
𝐻 0

−
63

50
−

9

25
𝐻 1 −

12

25
𝐻

] , 𝑄 = [
−

9

25

63

50
+

9

25
𝐻

1

10
−

9

25

] , 𝑅 = [0
1

10
0 0

] 

 

𝑌𝑚 = [
𝑦𝑛+1

𝑦𝑛+2
] , 𝑌𝑚−1 = [

𝑦𝑛−1

𝑦𝑛
] , 𝑌𝑚−2 = [

𝑦𝑛−3

𝑦𝑛−2
] . 

 

The constant 𝐶𝑞 in (3) is given by 
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𝐶𝑞 = ∑
𝑗𝑞𝛼𝑗

𝑞!
−

𝑗(𝑞−1)𝛽𝑗

(𝑞 − 1)!

𝑘

𝑗=0

, 𝑞 = 0,1,2, … , 𝑝 + 1. 
(7) 

 

As stated in [11], the difference operator in (3) is deemed to be of order p if the coefficients 

𝐶0 = 𝐶1 =. . . = 𝐶𝑝 = 0, 𝐶𝑝+1 ≠ 0, where 𝐶𝑝+1 is identified as the error constant. By plugging the 

obtained values for 𝑎𝑗 and 𝑏𝑗  into (3), the result 𝐶0 = 𝐶1 = 𝐶2 = 𝐶3 = [
0
0

], 𝐶4 = [
−

9

100

−
9

100

] is 

obtained. The condition 𝐶4 ≠ 0 confirms that the ⍴-SDIBBDF is of order 3 and will hereafter 

be referred to as ⍴-SDIBBDF(3). 

 

3. STABILITY PROPERTIES OF THE METHOD 

 

This section outlines the essential criteria for ensuring the convergence of linear multistep 

methods (LMMs), as defined in Definitions 1, 2 and 3, emphasizing the requirements of 

consistency, zero stability and A-stability (see [12]). 

 

Definition 1. The LMM is said to be consistent if it has order 𝑝 ≥ 1. The method is consistent 

if and only if the following conditions are satisfied. 

 

∑ 𝛼𝑗 = 0

𝑘

𝑗=0

, 

∑ 𝑗𝛼𝑗

𝑘

𝑗=0

= ∑ 𝛽𝑗

𝑘

𝑗=0

. 

 

Definition 2. The method is said to be zero stable if there is no root of the first characteristic 

polynomial having modulus greater than one and if every root with modulus one is simple. 

 

Definition 3. A numerical method is A – stable if its region of absolute stability covers the 

entire of the negative half-plane 𝑅𝑒(ℎ𝜆) < 0. 

 

Upon substituting the coefficients of 𝑃, 𝑄, and 𝑅 from (6) into the determinant formula, 

denoted as |𝑃𝑟2 − 𝑄𝑟 − 𝑅| = 0, we derive a stability polynomial with the following structure. 

 

𝑅 = 𝑡4 −
24

25
𝑡4𝐻 −

2169

2500
𝑡3 +

144

625
𝑡4𝐻2 −

783

625
𝑡3𝐻 −

153

1250
𝑡2 −

81

625
𝑡3𝐻2

−
9

125
𝑡2𝐻 −

1

100
𝑡. 

(8) 

 

For zero stability, we set 𝐻 = 0 in (8) to obtain the first characteristic polynomial as follows 
 

𝑅 = 𝑡4 −
2169

2500
𝑡3 −

153

1250
𝑡2 −

1

100
𝑡. 

(9) 
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By solving (9) for t, gives 𝑡 = 0, −0.06620 − 0.07496𝐼, −0.06620 + 0.07496𝐼 and 𝑡 = 1. 

Since all |𝑡| ≤ 1, therefore by Definition 2, the method is zero stable. 

The boundaries of the stability regions for 𝜌 = −0.75 is determined by setting 𝑟 = 𝑒𝑖𝜃 in 

(8) and solving 𝑅 for 𝑡. The plots of the complex 𝐻-plane for a range of 𝜃 ∈ [0, 2𝜋] where 

|𝑡| < 1 are shown in Fig. 2. 

 

 
 

Fig. 2. Stability region for 𝜌-SDIBBDF(3) for 𝜌 = −0.75 

 

By observing the stability region in Fig. 2 and thus by Definition 3, ⍴-SDIBBDF(3) is said to 

be A-stable. 

According to Definition 1, the consistency of ⍴-SDIBBDF(3) is assured since these 

methods have an order 𝑝 ≥ 1. Since 𝜌-SDIBBDF(3) demonstrate both consistency and zero 

stability, it can be concluded that the derived method is converged [13]. 

 
4. NUMERICAL RESULTS 

 

Four test problems will be solved numerically using 𝜌-SDIBBDF(3). Each problem will be 

addressed using different step sizes, ℎ = 10−2, 10−4, 10−6. 

 

Test Problem 1: Linear problem in [14] 

𝑦′ = 100(sin(𝑥) − 𝑦) 𝑦(0) = 0 𝑥 ∈ [0, 3] 
Exact solution: 

𝑦(𝑥) =
1

1.0001
(sin 𝑥 − 0.01 cos 𝑥 + 0.01𝑒−100𝑥) 

Eigenvalue: 𝜆 = −100 

 

Test Problem 2: Nonlinear problem in [15] 

𝑦′
1

= −(𝜀−1 + 2)𝑦1 + 𝜀−1𝑦2
2 

𝑦′
2

= 𝑦1 − 𝑦2(1 + 𝑦2) 

𝑦1(0) = 1 

𝑦2(0) = 1 

𝑥 ∈ [0,20] 

Exact solutions: 

𝑦1(𝑥) = 𝑒−2𝑥, 𝑦2(𝑥) = 𝑒−𝑥 

Eigenvalues: 𝜆 = −1, −100002 

 

Unstable 

Unstable 

Stable 
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Test Problem 3: Linear problem in [16] 

𝑦′
1

= −0.1𝑦1 

𝑦′
2

= −10𝑦2 

𝑦′
3

= −100𝑦3 

𝑦′
4

= −1000𝑦4 

𝑦1(0) = 1 

𝑦2(0) = 1 

𝑦3(0) = 1 

𝑦4(0) = 1 

𝑥 ∈ [0, 10] 

Exact solutions: 

𝑦1(𝑥) = 𝑒−0.1𝑥, 𝑦2(𝑥) = 𝑒−10𝑥, 𝑦3(𝑥) = 𝑒−100𝑥, 𝑦4(𝑥) = 𝑒−1000𝑥 

Eigenvalues: 𝜆 = −0.1, −10, −100, −1000 

  

Test Problem 4: Linear Problem in [17] 

𝑦′
1

= −21𝑦1 + 19𝑦2 − 20𝑦3 

𝑦′
2

= 19𝑦1 − 21𝑦2 + 20𝑦3 

𝑦′
3

= 40𝑦1 − 40𝑦2 − 40𝑦3 

𝑦1(0) = 1 

𝑦2(0) = 0 

𝑦3(0) = −1 

𝑥 ∈ [0, 10] 

Exact solutions:  

𝑦1(𝑥) =
1

2
[𝑒−2𝑥 + 𝑒−40𝑥(cos 40𝑥 + sin 40𝑥)] 

𝑦2(𝑥) =
1

2
[𝑒−2𝑥 − 𝑒−40𝑥(cos 40𝑥 + sin 40𝑥)] 

𝑦3(𝑥) = 2𝑒−40𝑥 [−
1

2
cos 40𝑥 +

1

2
sin 40𝑥] 

Eigenvalues: 𝜆 = −2, −40 

 

The numerical results for Test Problems 1–4 are compiled in Tables 1–4, accordingly. All the 

tested problems have been solved numerically by generating two approximations in a single 

block by using C++ Software. 𝜌-SDIBBDF(3) being compared with some existing methods of 

the same order in the literature. The numerical results of the maximum error and execution 

time are given in Tables 1–4, with 

 

𝑀𝐴𝑋𝐸 = 𝑚𝑎𝑥⏟
1≤𝑖≤𝑇𝑆

(𝑚𝑎𝑥⏟
1≤𝑖≤𝑁

|(𝑦𝑖)𝑡 − (𝑦(𝑥𝑖))
𝑡
|) 

 

where TS is the total number of steps, N is the number of equations, 𝑦𝑖 and 𝑦(𝑥𝑖) are the 

approximated and exact solutions, respectively. 

 

The following notations are used in the tables and figures below. 

 
h Step Size  

TS Total Steps 

MAXE Maximum Error 

TIME Execution Times in Microsecond 

𝜌-SDIBBDF(3) The proposed method 

𝜌-DIBBDF(3) 𝜌-Diagonally Implicit Block Backward Differentiation Formula of Order 3 in [7] 

BBDF(3) Block Backward Differentiation Formula of Order 3 in [1] 

DIBBDF(3) Diagonally Implicit Block Backward Differentiation Formula of Order 3 in [3] 
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Table 1. Numerical results for Test Problem 1 

h METHOD ρ TS MAXE TIME  

10−2 ρ-SDIBBDF(3) -0.75 150 1.82796e-04 1.02328e-05 

 ρ−DIBBDF(3) -0.75 150 1.82796e-04 1.44938e-05 

 BBDF(3)  150 7.32490e-04 3.07425e-04 

 DIBBDF(3)  150 6.28527e-03 5.91831e-04 

10−4 ρ-SDIBBDF(3) -0.75 15000 1.52831e-06 2.27680e-04 

 ρ−DIBBDF(3) -0.75 15000 1.52955e-06 2.46533e-04 

 BBDF(3)  15000 7.18301e-05 1.09631e-03 

 DIBBDF(3)  15000 1.72331e-06 1.83674e-03 

10−6 ρ-SDIBBDF(3) -0.75 1500000 1.57948e-10 2.17504e-02 

 ρ−DIBBDF(3) -0.75 1500000 1.59675e-10 4.21601e-02 

 BBDF(3)  1500000 7.35563e-07 8.01481e-02 

 DIBBDF(3)  1500000 1.73616e-10 6.05115e-02 

 
Table 2. Numerical results for Test Problem 2 

h METHOD ρ TS MAXE TIME  

10−2 ρ-SDIBBDF(3) -0.75 1000 5.16894e-04 2.15233e-05 

 ρ−DIBBDF(3) -0.75 1000 5.16894e-04 4.16859e-05 

 BBDF(3)  1000 8.30093e-03 4.85253e-04 

 DIBBDF(3)  1000 7.46796e-04 7.40845e-04 

10−4 ρ-SDIBBDF(3) -0.75 100000 6.30680e-08 1.58326e-04 

 ρ−DIBBDF(3) -0.75 100000 6.37046e-08 2.95505e-04 

 BBDF(3)  100000 8.90434e-05 5.69954e-03 

 DIBBDF(3)  100000 6.94730e-08 4.42888e-03 

10−6 ρ-SDIBBDF(3) -0.75 10000000 1.10599e-11 1.73860e-02 

 ρ−DIBBDF(3) -0.75 10000000 2.39278e-11 2.32923e-02 

 BBDF(3)  10000000 8.91027e-07 7.65485e-01 

 DIBBDF(3)  10000000 2.30985e-11 1.73304e+00 

 
Table 3. Numerical results for Test Problem 3 

h METHOD ρ TS MAXE TIME  

10−2 ρ-SDIBBDF(3) -0.75 500 2.88931e+02 1.26317e-05 

 ρ−DIBBDF(3) -0.75 500 2.88931e+02 3.73198e-05 

 BBDF(3)  500 3.34010e+03 3.24788e-04 

 DIBBDF(3)  500 1.75959e+03 1.43185e-04 

10−4 ρ-SDIBBDF(3) -0.75 50000 1.12590e-02 1.50521e-03 

 ρ−DIBBDF(3) -0.75 50000 1.12590e-02 2.63057e-03 

 BBDF(3)  50000 5.67155e-02 1.44454e-02 

 DIBBDF(3)  50000 1.66455e-02 1.68095e-02 

10−6 ρ-SDIBBDF(3) -0.75 5000000 1.57476e-06 1.59499e-02 

 ρ−DIBBDF(3) -0.75 5000000 1.59054e-06 8.65868e-02 

 BBDF(3)  5000000 7.34012e-04 2.19193e-01 

 DIBBDF(3)  500000 1.73430e-06 7.22086e-01 
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Table 4. Numerical results for Test Problem 4 

h METHOD ρ TS MAXE TIME  

10−2 ρ-SDIBBDF(3) -0.75 500 1.45990e-01 1.37232e-05 

 ρ−DIBBDF(3) -0.75  1.45990e-01 3.69631e-05 

 BBDF(3)   1.14580e+25 2.03291e-04 

 DIBBDF(3)   6.08664e-01 1.34293e-04 

10−4 ρ-SDIBBDF(3) -0.75 50000 5.05522e-05 2.73665e-04 

 ρ−DIBBDF(3) -0.75  5.11045 e-05 4.29651e-04 

 BBDF(3)   8.16801e-03 2.37062e-03 

 DIBBDF(3)   5.55654e-05 1.06007e-03 

10−6 ρ-SDIBBDF(3) -0.75 5000000 5.05600e-09 1.20465e-02 

 ρ−DIBBDF(3) -0.75  5.11183e-09 2.61469e-02 

 BBDF(3)   8.22481e-05 6.33621e-01 

 DIBBDF(3)   5.55636e-09 5.27749e-01 

 

Fig. 3–6 show performance curves of ρ-SDIBBDF(3), ρ−DIBBDF(3), BBDF(3) and 

DIBBDF(3), by plotting their 𝑙𝑜𝑔10 MAXE against 𝑙𝑜𝑔10 TIME. 

 

 
Fig. 3. Graph of 𝑙𝑜𝑔10 MAXE against 𝑙𝑜𝑔10 TIME for Test Problem 1 
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Fig. 4. Graph of 𝑙𝑜𝑔10 MAXE against 𝑙𝑜𝑔10 TIME for Test Problem 2 

 

 

 

 
Fig. 5. Graph of 𝑙𝑜𝑔10 MAXE against 𝑙𝑜𝑔10 TIME for Test Problem 3 
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Fig. 6. Graph of 𝑙𝑜𝑔10 MAXE against 𝑙𝑜𝑔10 TIME for Test Problem 4 

 

The performance curves of the methods ρ-SDIBBDF(3), ρ-DIBBDF(3), BBDF(3) and 

DIBBDF(3) reveal interesting insights into their efficiency. By plotting log10 MAXE and 

against log10 TIME for Test Problems 1 through 4, these methods are compared in terms of 

accuracy and computational time. The ρ-SDIBBDF(3) method consistently shows the best 

performance by achieving the lowest maximum error for a given computational time across 

different step sizes. The ρ-DIBBDF(3) method also performs well but it is slightly less accurate 

than ρ-SDIBBDF(3). On the other hand, the BBDF(3) method has the highest MAXE values, 

indicating lower accuracy despite using comparable or even more computational time. The 

DIBBDF(3) method strikes a balance between time and efficiency which performs moderately 

well. 

 Overall, ρ-SDIBBDF(3) consistently delivers the best results across all problems with ρ-

DIBBDF(3) following closely. The BBDF(3) method shows variable performance that 

occasionally matching with ρ-DIBBDF(3), while DIBBDF(3) is generally the least efficient. 

This analysis underscores the robust performance of the ρ-based methods, especially ρ-

SDIBBDF(3), across a range of numerical challenges. 

 

5. CONCLUSION  

 

In conclusion, the proposed ρ-SDIBBDF(3) method demonstrates superior accuracy and 

efficiency in solving stiff ODEs compared to existing methods such as ρ-DIBBDF(3), 

BBDF(3) and DIBBDF(3). It is proven to be zero-stable, consistent, convergent and A-stable. 

The inclusion of the free parameter ρ = -0.75 significantly enhances its performance, 

consistently yielding the lowest errors across test problems. Numerical results show that as the 

step size decreases, the method achieves lower maximum errors, confirming its precision. 

To further improve the method, future work may focus on optimizing computational 

efficiency, incorporating adaptive step size control, applying it to a wider range of real-world 

stiff problems, and conducting detailed stability and error analyses. These efforts will further 

enhance the power and versatility of the ρ-SDIBBDF(3) method for solving stiff ODEs. 
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