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Abstract 

 
The movement of fluid within a porous medium plays a pivotal role in various industrial applications including 

water circulation in geothermal reservoirs, nuclear waste storage, food processing and others. Nonetheless, 

examining unsteady boundary layer flow in a stretching sheet over a porous medium presents a complex interplay 

of nonlinear differential equations influenced by multiple external factors. This study also incorporates the effects 

of velocity and thermal slip to provide deeper insights. By applying similarity transformation, the governing non-

linear partial differential equations were transformed into a system of nonlinear ordinary differential equations. 

Subsequently, the ordinary differential equations were numerically solved using the BVP4C method within 

MATLAB software. Numerical results are presented for the dimensionless velocity profile, temperature profile, 

skin friction coefficients and the local Nusselt number under varying parameter conditions. Following that, the 

results were validated by comparing the BVP4C method with other established numerical methods ensuring the 

reliability of the findings. The findings indicate that an increase in the permeability parameter leads to a decreased 

velocity profile and skin friction coefficient while simultaneously enhancing the temperature profile and the local 

Nusselt number. 
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1. Introduction 
 

The theory of boundary layer flow was first introduced by Ludwig Prandtl who is German 

scientist [1]. The study was a significant development in understanding the fluid behaviour 

around solid object since he has made it necessary to analyze more simply. This flow can be 

categorized into steady and unsteady states depending on whether the fluid properties remain 

constant or change over time. Therefore, this study focuses on unsteady boundary layer flow 

and heat transfer in a porous medium that may be found in nature such as soil, road pavement, 

petroleum reservoirs, biological tissues, print paper, wood, and nanostructured materials [2]. 

To analyze unsteady boundary layer flow over porous media, numerical techniques such as 

the BVP4C method are employed. BVP4C stands for boundary value problem for ordinary 

differential equations with fourth-order accuracy is a reliable numerical solver that handles 

complex fluid flow problems with boundary conditions specified at multiple points. This 

method is particularly useful for higher-order differential equations that do not have closed-

form analytical solutions, making it widely applicable in engineering, physics, and biological 

studies [3]. Researchers have extensively used BVP4C to investigate various fluid dynamics 

problems, including unsteady magnetohydrodynamic (MHD) flows, nanofluid interactions, and 

convective heat transfer in porous media as seen in [4] and [5]. 
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Numerous studies have examined unsteady MHD flow over porous surfaces using different 

analytical and numerical techniques. From [6] and [7], they analyzed Casson fluid over a 

vertical porous plate using the Galerkin finite element method and Laplace transform method, 

respectively, highlighting how heat source parameters influence velocity and temperature 

profiles. Similarly, [8] studied unsteady MHD nanofluid flow over a rotating and stretchable 

disk using the shooting method and the fourth-order Runge-Kutta-Fehlberg method, 

demonstrating how magnetic parameters affect velocity and temperature. Other researchers 

have utilized analytical solutions, such as the optimal auxiliary function method [9] and the 

conformal map method [10] to study porous medium flow under various conditions. 

For numerical approaches, methods like the finite difference method in [11] and [12], 

Fibonacci wavelet series collocation method [13] while Keller-box method [14] have been 

employed to investigate unsteady MHD flow in porous media. Studies have shown that fluid 

velocity and temperature distributions are significantly affected by parameters such as porosity, 

magnetic fields, and heat sources [15]. BVP4C has been extensively applied in research 

involving biological systems, such as nanofluid flow with injected nanoparticles in arteries [16] 

and heat transfer in hybrid nanoparticles within divergent channels [17]. 

Therefore, this study aims to further analyze on unsteady boundary layer flow over a porous 

stretching sheet conducted using the BVP4C method [18]. The findings will contribute to a 

deeper understanding of heat transfer and fluid dynamics in engineering applications, 

particularly in the fields of aerodynamics, energy systems, and biomedical engineering. 

 

2. Methodology 
 

The unsteady boundary layer flow occurred in the porous medium under the conditions of 

stretching sheet shown in Figure 1. The diagram applied Cartesian coordinate system with the 

origin marked as O was the stagnation point where the velocity of fluid was zero because of 

high pressure.  

           
 

Figure 1: Physical Model of Flow and Coordinate System [18]. 

The arrows denoted as ( , )
(1 )

ax
U x te

t
=

−
defined as stagnation flow velocity where 𝑎 > 0 

represent as the straining parameter and 𝛼 is a constant. The direction showed that the velocity 

decreased as it entered the porous medium and moved away from the y-axis. Next, the arrows 
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represented as ( , )
(1 )

cx
U x tw

t
=

−
 indicated as the stretching velocity where the 𝑐 > 0 defined 

as stretching parameter. The direction displayed that the fluid flow moved along the x-axis. 

The governing equations in unsteady boundary layer flow defined as the mathematical 

equations that represented behaviour of fluid. The equations were in the form of partial 

differential equations which contain more than one variable. There were three fundamental 

equations which are Eq. (1) - (3) and the boundary conditions in Eq. (4). 

 

Conservation of continuity: 

0,
u v

x y

 
+ =
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(1) 

Conservation of momentum: 
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Conservation of energy: 
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(4) 
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where: 

,u v = velocity along x and y axis 

   T = temperature of fluid 

  1K = the permeability of the porous medium 

   





= = kinematic viscosity 

    = dynamic viscosity 

    = density of fluid 

   k = thermal conductivity of fluid  

   t  = time 

   
p

c = specific heat. 

 

Then, the velocity and thermal slip and were changes throughout time in the way described 

below in Eqs. (5) and (6) 

( )
1

2
1 1 ,N N t= −

 

(5) 

( )
1

2
1 1 ,D D t= −

 

(6) 

where:  

     𝑁 = initial values of velocity  

     𝐷 = thermal slip factors. 

 

Furthermore, the surface temperature was provided by Eq. (7) 

( )
2 1

2( , ) 1 ,
2

cx
T x t T T tw o

v


 
= + − 

   
(7) 

where: 

     𝑇𝑤 = wall temperature 

     𝑇∞ = free stream temperature 

     𝑇𝑜 = rate of temperature increases along the sheet (constant). 
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Moreover, the similarity variables are provided by Eqs. (8) – (10) 

,
(1 )

c
y

v t



=

−  

(8) 

( ),
(1 )

cv
y x f

t
 


=

−  

(9) 

( ) ( ),T T T Tw  = + − 
 

(10) 

where: 

            𝜂 = boundary layer thickness 

            𝜓 = stream function 

            𝑇 = temperature. 

 

By substituting the similarity variables Eqs. (8) – (10) and implement the derivation 

process has transformed the equation Eqs. (1) – (4) into ordinary differential equations as 

shown in Eqs. (11) – (13) 

 

Conservation of momentum: 

( ) ( )   ( ) ( ) ( )
2 2( ) ( ) 0,

2
f ''' f f '' f ' A f '' f ' b b K b f '


      

 
+ − − + − + + − =   

 
 

(11) 

 

Conservation of energy: 

( )31
( ) ( ) 2 0

2
,

A '
'' f ' f '

Pr

 
    

+
+ − − =  (12) 

 

where the unsteadiness parameter A
c


= and velocity ration parameter b

c


= . 
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Boundary conditions: 

( ) ( )

( )

( )

( )

0 1 0 ,

(0) 0,

1 '( ).

,

0 as .

f ' f ''

f
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(13) 

where  is the velocity slip parameter and 

1

2

1

c
D

v


 
=  

 
is thermal slip parameter. 

After that, the physical quantity of interest that have examined in this study are the skin friction 

coefficient and local Nusselt number in Eqs. (14) and (15) 

 
Skin friction coefficient: 

 

    
2( )

wC
f Ue




=  where 

0

u
w

y y
 

 
=  

  =

, (14) 

 

which w  defined as the shear stress.  

 

Local Nusselt number: 

 

            
( )

xqwNux
k T Tw

=
− 

 where 

0

T
q kw

y y

 
= −  

  =

, (15) 

which qw defined as the surface heat. 

Using the similarity variables, the skin friction coefficient and local Nusselt number convert 

into Eqs. (16) and (17) 

 

( ) ( )
13
22 (0),b C Re f ''xf
=  (16) 

 

1

2( )N cv =
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1 1
2 2b Pr N u '( )Pe ,x x = −  (17) 

where the local Reynolds number denotes as 
U xeRex

v
= , Prandtl number 

pc
Pr

k


= and local 

Pe𝑐let number is 
1

Pe U xx e
m

= with m  is the thermal diffusivity. 

 

3. Result and Discussion 

 

Subsequently, numerical approach using the BVP4C method is applied to solve the ordinary 

differential equation Eqs. (11) and (12) with the boundary conditions Eq. (13). Firstly, create a 

function that declare all the necessary variables that are include in the ODEs represent as the 

‘odefun’ function and also define ‘bcfun’ code for the boundary conditions. Then, create an 

initial guess for the solution using ‘bvpinit’ function. This function also involves the process of 

discretization or separates the domain of the independent variable such as time into a mesh or 

grid of points. After that, call the ‘bvp4c’ function to solve the boundary value problem by 

passing the first-order ODE function, boundary conditions function and the initial guess in the 

form of piece-wise continuous polynomial. The following shows the transformed first order 

equations in Eqs. (18) – (20) 
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(20) 

 

Furthermore, the comparison of the present study was examined to ensure the validity of the 

numerical solution procedure used. The comparison on skin friction coefficient 0f ''( )  of steady 

boundary layer flow with no slip effects for different values of velocity ratio parameter b when 

A = K = λ = δ = 0 are tabulated in Table 1. From this table, it indicates that a strong agreement 

with these methods which confirm the validation of the implemented method. 

Table 1: Comparison of results of skin fiction coefficients 0f ''( )  for several values of 

b when A = K = 0 for steady flow and λ = δ = 0 with no slip condition 
b  Nazar et al. (2004) 

Keller-Box Method 

Rosali et al. (2020) 

Shooting Method 

Present Result 

BVP4C Method 

0.01 -0.9980 -0.998065 -0.998403828 

0.02 -0.9958 -0.995811 -0.996083557 

0.05 -0.9876 -0.987588 -0.987729976 

0.10 -0.9694 -0.969457 -0.969436241 

0.20 -0.9181 -0.918118 -0.918113199 

0.50 -0.6673 -0.667264 -0.667263682 

2.00 2.0176 2.017503 2.017502790 

3.00 4.7296 4.729282 4.729282329 

 

Afterward, the effects of the permeability parameter K, velocity slip parameter λ and thermal 

slip parameter δ were investigated on velocity profile, temperature profile as well as non-

dimensional quantities which are skin friction coefficients and local Nusselt number. Graphical 

representations of the results are used to demonstrate the behaviours of the flow and heat 

transfer. 
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Figure 2: Velocity profile 0f '( )  for different 

values of K when Pr = 0.7, A = 1, λ = 1, δ = 0 

and b = 0.5.  

 Figure 3: Temperature profile (0 )  for 

different values of K when Pr = 0.7, A = 1, 

λ = 1, δ = 0 and b = 0.5. 

Figure 2 and Figure 3 show the influence of various permeability parameter K on velocity 

and temperature profiles. Figure 2 indicates that the velocity decrease by the increasing values 

of K. Based on physical interpretation, the existence of porous medium has increases resistance 

to fluid flow thereby reducing the overall movement within boundary layer. From Figure 3, it 

is obvious show that the presence of porous medium increases the temperature profile. This 

indicates that the temperature decreases as the thickness of thermal boundary layer far away 

from the surface with the consistent heat transfer into the surrounding medium. 

 

 

 
Figure 4: Skin friction coefficient f ''(0 )  for 

different values of K when Pr = 0.7, A = 1,  

λ = 1, δ = 1 and b = 0.5.  

 Figure 5: Local Nusselt number '(0 )−  

for different values of K when Pr = 0.7,  

A = 1, λ = 1, δ = 1 and b = 0.5. 

Figure 4 show that the skin friction coefficients decrease as permeability parameter K 

increases. The values of the skin friction coefficient approach certain values with the increase 

in the value of velocity slip parameter 𝜆 for different values of permeability parameter 𝐾. It can 

be observed that the effect of permeability parameter 𝐾 is small for large values of velocity slip 

parameter 𝜆. Next, Figure 5 demonstrates a trend as the permeability parameter 𝐾 increases, the 

local Nusselt number also increases. Based on physical perspective, this behaviour can be 
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explained by the fact that an increase in permeability enhances the fluid’s ability to pass through 

the porous medium which increases heat transfer properties.  

 

 

 

Figure 6: Velocity profile 0f '( )  for different 

values of λ when Pr = 0.7, A = 1,  

δ = 1, b = 0.5 and K = 1. 

 Figure 7: Temperature profile (0 )  for 

different values of λ when Pr = 0.7,  

A = 1, δ = 1, b = 0.5 and K = 1. 

Figure 6 and Figure 7 show the influence of various velocity slip parameter λ on velocity 

and temperature profiles. Figure 6 illustrated that the fluid velocity decrease when the velocity 

slip parameter λ increase. This is because when velocity slip occurs, the velocity of fluid flow 

close to the surface is no longer equal to the velocity stretching surface. Therefore, physically 

this slips condition represents as a surface with partial resistance towards the fluid movement 

in porous medium. Moreover, the result from Figure 7 discovered that the temperature profile 

exhibits an increasing pattern as the values of λ increase. Higher values of λ indicate greater slip 

at the surface, leading to enhanced heat transfer from the surface to the fluid due to lower 

tangential velocity. The temperature distribution is indirectly influenced by the velocity slip 

parameter 𝜆, which modifies the fluid flow close to the surface.  

 

 

 
Figure 8: Velocity profile 0f '( )  for different 

values of δ when Pr = 0.7, A = 1, b = 0.5, 

K = 1 and λ = 1. 

 Figure 9: Temperature profile (0 )  for 

different values of δ when Pr = 0.7,  

A = 1, b = 0.5, K = 1 and λ = 1. 
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Figure 8 and Figure 9 show the influence of various thermal slip parameter δ on velocity and 

temperature profiles. From Figure 8, it can be seen that by increasing values of the thermal slip 

parameter δ, the velocity profile does not change and remain constant. This shows that the 

thermal slip parameter has no observable effect on the velocity profile. This could occur when 

momentum diffusion dominates over thermal effects, meaning the velocity field is primarily 

governed by the momentum boundary conditions rather than thermal slip effects. Figure 9 

indicates that the temperature profile decreases due to increasing values of thermal slip 

parameter δ. Higher δ reduces the effectiveness of heat transfer between the boundary and the 

fluid, leading to a thinner thermal boundary layer. Physically, this means that the temperature 

changes more rapidly near the boundary and the thermal influence does not extend far into the 

fluid. 

 

4. Conclusion 

 

This study investigates the unsteady boundary layer flow of a stretching sheet over a porous 

medium. The boundary layer flow equations in nonlinear partial differential equations have 

been transformed into dimensionless ordinary differential equations through similarity 

transformation. Then, the equations are solved numerically using BVP4C method in MATLAB 

software. Hence, the results that are obtained as follows: 

 

i. The velocity profile 0f '( )  decrease as the increasing values of permeability 

parameter K and velocity slip parameter λ. 

ii. The velocity profile 0f '( )  constant when thermal slip parameter δ increases. 

iii. The temperature profile (0 )  decrease with the increasing values of 

permeability parameter K and thermal slip parameter δ. 

iv. The temperature profile (0 )  increase when velocity slip parameter λ 

increases. 

v. The skin friction coefficient f ''(0 )  decreases due to increasing permeability 

parameter K. 

vi. The skin friction coefficient f ''(0 )  increases with the increasing velocity 

slip parameter λ. 

vii. The local Nusselt number '(0 )−   increase when permeability parameter K 

increase. 

viii. The local Nusselt number '(0 )− decrease as velocity slip λ and thermal slip 

parameter δ increases. 
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