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Abstract

In this article, we introduce a generalized class of close-to-convex functions, G, (a,5,t) which
ia f'(Z)
g'(2)

. Furthermore, we find the representation theorem and coefficient bound for

denoted as Re(e J>5’(Z€E) where |a|£7z, cosa >0, 0<5<1, -1<t<1 and

_1+tz

g'(2)

Gy (a,6,t) using Herglotz Representation Theorem.
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Introduction

Complex analysis is the poetry of mathematics which studies a subfield of mathematics that
investigates complex numbers, including their functions, derivatives, limits, manipulation, and
other mathematical properties. Geometric Function Theory (GFT) is a branch of complex
analysis that studies the geometric properties of one-to-one analytic functions. It was started by
the German mathematician Ludwig Bieberbach in 1916. According to Duren [1], an analytic

function f(z)maps one region to another in the complex plane one-to-one.

Let C represent complex numbers, and let f(z) be a complex-valued function of the complex
variable z. A function f is called univalent in a domain D € C if it is one-to-one, meaning that
if z,z,eD,f(z)=/(z,) , then z =z,. (Goodman, [2]). Additionally, a function is called

analytic at a point m e D , if it can be differentiated at every point in a neighbourhood around
z,.Let 4 denoted the class of function of the form

f(z)=z+azz"+a3z"+...+anz"=Z+Zanz" (1.1)
n=2
which are analytic in the unit disc, E={z:|z|<1}. The function f(z) is also known as
normalized univalent function if it satisfies conditions of f(z)=/'(0)-1=0 are fixed is
denoted by S.
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Based on Kaharudin [3], if f €S is given by (1.1) and f € G, (a,5), then

:E(lJrAM(n_l)j, n=2.34..
n\2

where the functions in this class satisfy the condition

Re{ei“ &} >0, (ze E)

a

n

g'(2)

with |a|< 7, cosa >4, g‘(z)z%
—Zz

In addition, Yahya, Soh, and Mohamad [4] stated that if feS and /e G(a,5) then

. :E(LFM} n=273.4,.
i 2

" 2
where the functions in this class satisfy the condition

ic‘& >3, (ze
Re{e g’(z)} 6,( E)

z

with ’a’<7r, cosa >0, g'(m)=1 =
—Z

In the present paper, we focused on the generalized class of close-to-convex functions,
Gy (a,6,t) which is denoted as S and satisfies the condition

Re[em MJ>5,(Z€E) (1.2)

g'(2)
1+1¢ . .. . .
where|a| <7, cosa>6, 0<5<1, —-1<t<1 and g'(z)= ; . The main objectives in this study
-z
are to find representation theorem and to determine the coefficient bound for the G («,6,1) by

using Herglotz Representation Theorem.

Preliminaries

To obtain the main result, we applied the Herglotz Representation Theorem to derive the Representation
Theorem for G, (,6,t).

Theorem 1
Let fe Sand feG, (a,é‘,t), then
o 1-
e Se)l=2) (2)(1-2) -0 —isina

1+¢z _
cosa—0 p(z).
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Proof.

' 1 —
Based on (1.2), let M be written as
+

iz

r'e)0-2) . <
— =1+ z". 2.1
s Z;pn 2.1
Then, (2.1) can be written as
. f'(z)(l—z) i
e =" _-5=1+ z".
1+12z ,,Z::‘p"
By applying into the relation P, we have
. f'(z)(l—z) . i
121 J NN T 5 — o 1+ n _ 5 . 2.2
e e @2
By expanding the equation (2.2)
o f'(2)(1-2) &
5=+ )» “pz"-F6.
1+1¢z ; P
We can apply the definition of e = cos « + isin « into the equation,
) ! 1- >
e M—é‘ =cosa +isina+ e“pz"-5.
1+1z n=1
We divide the equation with cosa—J to obtain P,
. "(z)(1-z - ia n
e"zif( ) )_5_,'51110, cosa—5+2e D,z
1+tZ — n=1
cosa—o0 cosa —o0
Therefore,
- f'(z)(l-z [ ia n
elaw_é_iSIHa Z(e pn)Z
1+ iz =1+ n=l1
cosa —o cosa -5
eia
by applying b, = LA , we have
cosa —
_f! 1-
e’“m—é—isina ,
1+1z =1+)» b z"
cosa—o0 el
We related the function in P with
f'(z)(l-z
e"zif (1)( )—5—isina 2.3)
+iz zp(Z). :
cosa -9

So that, feG, (a,&,t) if and only if p(z)eP. Based on (2.3), it is noted that cosa —J should always

be positive which brings about the condition cosa>& in the definition of the class G, («,d,t). In
addition, by using an approach of Herglotz representation theorem for function in P give a

representation function for G (&,6,1).
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Now, we shall prove our main result.

Main Results

In this section, we shall focus on the coefficient bound of G, («,6,t).

Theorem 2
If feG,(a,6.t), then

|a,|< %(r(l —24,n)+1+24,,(n-1)), n=2734,.

and equality is attained for each » when f is an extreme point of G, (a,6,t).

Proof.
Given
1+ xz
P =
pe <:>p(z) jl

X

du, [x[=1,
— Xz

for some probability measure  on the unit X. Rearranging Theorem 1 to make as the

subject,
&—5—isina
eia g (Z) :p(z).
cosa—o0
Then,
ia f'(Z)

e =p(z)(cosa—5)+ 5 +isina,

g'(z)
by replacing cosa -6 = 4, , we have
¢ f'(z)= g'(z)[Aa5p(Z)+5+iSina:|.
Therefore,
f(z)=e"[g"(z)[ 4yp(z)+ 5 +isina]] 3.1)
which implies 4,; >0. From (3.1), we have,

1+ xz

1—xz

d,u(x)+é'+isina}.

f(z)=e"™ [g'(z)]|:(cosa —5)I
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Then, follows that

f(z)=e" f[g (¢)]{ cosa — 5)j1+x¢d,u(x)+5+isina}d¢,
Thus,
ZI Ja[1+xt¢j 1+x¢[ (cosa 5) 5+zs1na]
0[ 1-x¢
and
:[ +x +xp| e —25e 1
2)2”!(11—%{1 ¢[1_X¢25 ]}dy(x)d;é.
Then,
(1+xt¢)| 1+ x¢ e —285e ™ ]
IM : (1—Ec¢)2 )]]du(x) "
Now, let j=e " =25,
ZI_ + Xt +Xx0] 1
f(z):J'U[(l (1¢_))(C;)2 ¢/)Jd,u(x)Jd¢, (32)

Based on (3.2), we apply partial fraction to simplify this equation. Therefore

j.| J{ 2]+1 +J (121].);)2].“}#(7‘)}‘/5-

Therefore, substitute k = x¢ and j=e ** —25e ™,

= iut(eﬂ” 287 )

- 1_1x¢ (—t(2(e’i2“ —25e7)+ 1) —(e* —25e7)

t(l +e 25 ™ ) +lt+e ™ —25e™

:
+ - de(x)quﬁ.

Since,

1+e—i2a _258—1'205 — 2A ‘e—ia’

ad
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therefore, we have

f(z)zj-{jt( e 2567(1)

0 x

1
+
1-x¢

(—2t(e’i2“ —-26e ) —t- (e”“ —-26e ) (3.3)

2tA e' +24, e'
1-x¢

]dﬂ(x)}w

and
z)= j{t(e_[za —-25e™™ )Idy(x)
(e =206 ) (<20 =1)=0) [ 33 (30 d () G.4)

x n=0

. - , 1
+ (24,67 (1 +1)) [ X (n+1)(x9) dy(x)Jd;/ﬁ.
x n=0
From (3.4), substitute » =0, then
f(z)=t(e? =20 )+ (e —20e™ ) (=2t —1) =t +2A,,e (¢ +1)
=—t(e" —20e™ )~ (e —28e™ )t + 24,57 (1 +1)
=24, — (e —25e7)

i , thus f(z)=1.

. e’ +e
Substitute 4,5 =cosa —0 and cosa = ;

Then, rewrite equation (3.4) will yield

f(z)zj 1+t(e ™ —25e™ Id,u

0

(e 200 )2 ) ) [ S () (s

x n=l

+(2Aae t+1 )J‘i n+1 ,u(x)}dqﬁ.
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Integrating with respect to ¢ gives us,

)= (1 25
+((e*f2a —28e™ )(-2[—1)—t)ji(x)ndy(x)[ S J

x n=l

+ (ZAaée’i“ (t+ 1))ji(n + 1)(x)ndy(x)[ 2" j

x n=l1

and

f(Z) = Z(1+t(e”'2" _25e ))

x n=2

+(24,5¢7 (t+ l))J.g(n)(x)n_ldy(x)(ij.

n

Rearranging the equation, we have

f(z)= z(l+t(e'i2“ —25e™" )) (3.5)
. g H(eﬂa _ 25€_Z )(—2t -1)- t}j(x)nldﬂ(x)

and from (1.1), we have that f(z)=z+ Za,,Z" . By comparing (3.5) with (1.1), we have found

n=2

“ - H(@ﬂa —28e )(—21‘ - 1) _tJJ.(X)Hd/U(X)

that

n
x

+(2Ae—(”1)] I (n)(x)”‘ldu(x)}".

n
Rearranging the equation,

‘—2t (eiiz" —28e ™ ) —e " 1 28e 7 — 1+ 2tAa5e”‘“n +24 e

a

., d p(x).

,,an‘ H(x)n-l

n

o7
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o = y y By
Again since —e " +20e* =1-24 ¢ and ‘e “l=1,

[2r(1-24,,07 )4 124,567 1+ 214, n + 24,0

_ial’l‘ ”(X)nil}d,u(x)

an
n
|+1+24,,67 (n=1)-2td, 7N |,
- - |GNZE!
Thus,
n [e(1-24,5¢7n)+1+ 24,67 (n-1)| H(x)”"}dy(x)
n

t(1-24,,n)+1+24,, (n

< (n=1) J|ey ()

n

= l(z(l ~2d4,5n)+1+24,,(n—-1))
n

as required. Equality holds when f is an extreme function of G, («,d,t).

Based on the findings in Theorem 1 and Theorem 2, the representation theorem and coefficient
bounds have been established for the class of functions G, (a,é,t) .

Conclusion

In conclusion, there are two purposes of this paper, which are to find representation theorem
and to determine the coefticient bound for the G, (a, S ,t) . We believe that we have achieved all

the objectives that we have highlighted.
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