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operators specifically the Hamacher and the Heronian mean. These
integrations are designed to enhance the effective representation and
synthesis of decision criteria. To achieve this, a novel framework, the

ﬁey\{vords:h_ Set bipolar pythagorean neutrosophic set-generalized Hamacher Heronian
ngmg(f):%%rr) IcSe mean (BPNS-GHHM) has been proposed. The proposed method
Heronian Mean satisfies all properties and demonstrates its effectiveness in solving
E/(l:ggl\ljlunction complex MCDM problems.
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1. INTRODUCTION

Decision-making frameworks often influenced by objectives, alternatives, and risks, further challenged by
imprecision and uncertainty in human judgment. These challenges can lead to inconsistencies, biases,
misinterpretations, and other issues in decision-making processes (Rane et al., 2024). To address these
complexities, the Bipolar Pythagorean Neutrosophic Set (BPNS) theory, introduced by Ahmad et al. (2024),
integrates bipolarity, neutrosophic logic, and Pythagorean fuzzy sets, offering a robust framework for
evaluating both positive and negative membership degrees (Rodzi et al., 2024), as well as indeterminacy
and non-membership degrees across multiple criteria. BPNS effectively addresses the shortcomings of
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traditional Fuzzy Sets (FS) and Intuitionistic Fuzzy Sets (IFS) in handling contradictory information
(Salamat et al., 2024).

Originating from Neutrosophic Set (NS) theory (Smarandache, 1998), BPNS and its extensions such
as Interval Neutrosophic Set (INS) (Wang et al., 2004), Interval-Valued Neutrosophic Set (IVNS) (Wang
et al., 2005), Single-Valued Neutrosophic Set (SVNS) (Wang et al., 2010), and more, offer advanced tools
for managing ambiguity (Sajid et al., 2024). This framework has been applied in diverse fields, including
medical data analysis (Mustapha et al., 2021), big data analysis (Abdulbagi et al., 2025), finance and
management science (Mandala et al., 2025), supply chain (Mohamed et al., 2024), healthcare (Elsayed &
Arain, 2024), infrastructure design (Algahtani et al., 2024), agriculture (Saeed & Shafique, 2024), halal
certification (Rodzi et al., 2023) and more, effectively addressing the limitations of traditional set theories.

Aggregation operators (AOs) are essential tools in decision-making, synthesizing multiple criteria or
preferences into a unified outcome. A variety of AOs, such as the Maclaurin symmetric mean, Choquet
integral, ordered weighted average, and others like, Dombi, Hamacher, Einstein, and Frank operators, offer
diverse methods to address the complexities and uncertainties (Igbal & Kalsoom, 2024) of real-world
decision-making. The Hamacher operators introduced by Wolfgang Hamacher in the 1970s, offers a
flexible generalized of standard algebraic operators, accommodating complex relationships and
uncertainties better than traditional algebraic and Einstein operators (Akram et al., 2023).

The Heronian mean (HM) is notable for capturing the interconnections among input values (Mahmood
etal., 2023), making it valuable in decision-making. The Generalized Heronian Mean (GHM) extends HM
by offering multiple criteria, adding flexibility to manage complex relationships in decision problems.
However, HM and GHM do not account for input weights (Li & Yang, 2021), leading to the development
of Generalized Weighted Heronian Mean (GWHM) which incorporates weighting factors to reflect the
relative importance of criteria. GWHM enhances the applicability and adaptability of the Heronian mean-
based model in MCDM scenarios (Anusha et al., 2023; Ahemad et al., 2023). These foundational
aggregation operators have laid the groundwork for novel advancements, particularly in combining them
with fuzzy and neutrosophic frameworks to enhance their applicability in MCDM.

Numerous researchers have advanced decision-making methodologies by integrating aggregation
operators with fuzzy and neutrosophic set framework to address uncertainty and complexity. Asif et al.
(2025) introduces and analyzes Pythagorean fuzzy Hamacher interactive operators for multi-attribute
decision-making (MADM), demonstrating the effectiveness, stability, and flexibility in handling
ambiguities and enhancing decision-making through detailed sensitivity analysis. Thilagavathy and
Mohanaselvi (2024) developed T-spherical fuzzy Hamacher Heronian mean operators, including weighted
geometric, ordered geometric, and hybrid geometric variants, for group decision-making. Mei et al. (2023)
proposes an improved single-valued neutrosophic Hamacher weighted averaging (ISNHWA) operator
integrated with grey relational analysis (GRA) to address limitations in existing aggregation operators,
demonstrating its rationality and effectiveness in multi-criteria decision-making (MCGDM).

Nithya Sri et al. (2024) constructed Einstein aggregation operators under the Bipolar Linear
Diophantine Fuzzy Hypersoft Set framework for social data. Yaacob et al. (2024) proposed Dombi-based
Heronian mean aggregation operators within the bipolar neutrosophic set framework to address the
limitations of the existing Dombi operator in the context of bipolar neutrosophic sets. Paul et al. (2023)
utilized Pythagorean fuzzy Hamacher aggregation operators for MCDM. Jamil et al. (2019, 2022) proposed
Hamacher operations based on bipolar neutrosophic sets, demonstrated their application in modelling
complex real-world MCDM problems.

Abdul Halim et al. (2024) introduces the rough neutrosophic Shapley weighted Einstein averaging
aggregation operator, combining Shapley fuzzy measures and Einstein operators to handle fuzziness,
uncertainty, and interaction in decision-making. These developments demonstrate advanced aggregation
operators within fuzzy and neutrosophic frameworks to address uncertainty and ambiguity in MCDM
https://doi.org/10.24191/mij.v6i1.4620
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problems. Alongside these advanced methodologies, score functions play a pivotal role in enhancing
decision-making processes by enabling the ranking of alternatives within fuzzy and neutrosophic
frameworks. This study aims to integrate bipolar Pythagorean neutrosophic sets with two aggregation
operators: the Hamacher and the Heronian mean operators.

This research study is organized as follows: Section 2 presents the fundamental and essential concepts
of BPNS, Hamacher operations, and Heronian mean. Section 3 proposes the BPNS-GHHM aggregation
operator. The overall conclusion and future research directions are presented in the last section.

2. PRELIMINARIES

This section provides a comprehensive overview of the fundamental concepts and definitions related to
BPNS, Hamacher operators, and Heronian mean operators.
2.1 Bipolar Pythagorean Neutrosophic Set

The following definitions of bipolar neutrosophic set are based on Ahmad et al. (2024).

Definition 1. Let z be a nonvoid set. A BPNS with components D in Z is defined as:

D = {(z, a5 (2), 15(2), B3 (2), ap (2), 15 (2), Bp (2) ): 2 € Z} @)

where aj(2),15(2), B5 (2):Z — [0,1] and ap(2),15(2), Bp (2):Z > [-1,0]. aj(2),15(2), b5 (2)
represents positive membership degree, while a; (2), I; (2), S5 (2) represents negative membership degree
of an element z € Z. The condition for all z € Z shown below:

0<ap(@)?*+B3(2)?*<1

0<ap(@)?+pp(2)2 <1
0<ap(@)?*+ 132> +Bi(2)?* <2
0<ap(@?+1;@)?*+B5(2)?* <2

2.2 Heronian Mean Operators

The generalized Heronian mean (GHM) aggregation operator presented as follows:

Definition 2. Generalized Heronian mean (GHM) was introduced by Sykora (2009).
Let x;(i = 1,2, ...,n) be a set of non-negative real numbers, and p,q = 0. Then,

n n
GHMPA(xy, x5, o, Xp) = n(n D ZZx Px;1

i=1 j=1

+q

)

2.3 Hamacher Operations Under BPNSs

Definition 3. Hamacher t-norm and t-conorm (Hamacher, 1978).

Hamacher operators proposed a more generalized t-norm and t-conorm in Archimedean t-norm and t-
conorm. The Hamacher product, &, is a t-norm and the Hamacher sum, @, is a t-conorm, are two real
numbers a; and a; are defined as follows:
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aiaj (3)
T(a,a)=a; @ a; = ,6>0
(av0)) = a T+ A -o)(a +a — aq)
. a; + aj — a;a; — (1 — ¢)a;a; 4)
T(ai'aj)zai ®a]= 1_(1_c)ala] ;C>0

Definition 4. A new Hamacher operations of bipolar Pythagorean neutrosophic set.

LetA, = (¢}, if, fif, t1, i1, fi)and A, = (tf,iF, /57, t5,i5, f5 ), be any two BPNSs and & > 0 be any real
number, then we define basic Hamacher operators with T > 0.

j(t*) ()’ (D)’ ()’ -0 r)(t ) (t;)z' ifif £t
4 ®, 4 1--0(H)*(e3)’ +@-0)(if +if —if if) e+ - (i + 15 -1 1)’ (5)

—tity —(ir-ip—iviy —(1-0)itiz) (U UE)A-U)A()* - - (D2 (5 )?
T+(1-T) (t] +t5 -t7t5)’ 1-(1-0)iTis ’ 1-(1-D)(2(f5)?

| Lty iz -if iy -(-if iy \/(f ) +(5) () ) -0 () (5 )
1— +opt et 1-(1-1)itit 4 + +
4 ®, A, = «H( O+ttt a-0ifif -0 () () ©6)

_ (r;)z+(t;)2—(t;)2(t2‘)2—(1—1)(t1‘)2(t2)2 irlp Ui fz)
1-(1-)(E)()? AT+ i) THA-DUT )

a+@-1()H8-a-(e)H? w(iH® ()P
5-A 1+@-1)(tH)H0+a-1) - (6158 +E-DA-iFNS+E-D(EDHS A+E-DA-)P+@-D ()T’ @

~ier 1% —7lif|® _ | +E-neD»-a+UD?8
A+E-DA+DNO+E-DIE S A+E-DA+HD)H+E-DITIS | +GE-DFDHI--DA+(7)HO

| tH? A+a-1)i)-(1-if)° @03 (1- (-4 ))
A+E-DA-tINS+T-DED? (1+-1)iH)+-1)(1-if)° +a-D(~£) D04 E-D(1-(~£)? ) ’ (8)

| a+E-nen?»é-a-n?? —lig 1% ~lfil®
A+E-DEDDT+E-DA-(DDE A+ DA+ +HE-DIiT |8 A+E-DA+T)T+E-DIfF1°

A% =

3. PROPOSED GENERALIZED HAMACHER HERONIAN MEAN OPERATOR FOR BPNS

This section outlines the proposed bipolar Pythagorean neutrosophic set-generalized Hamacher Heronian
mean (BPNS-GHHM) operator. Additionally, the associated properties and proofs for the aggregation
operator are presented.

3.1 BPNS-GHHM Operator
Definition 5. Letp,q = 0 and 4; = (t}, i, fi,t;,i;, fi)(i = 1,2, ...,n) be a collection of BPNSs.

The BPNS-GHHM operator defined as follows:
1
n n p+a
— p.q = P 4
BPNS — GHHMPA(A, Ay, ..., Ap) = n(n+ ) ZZ(A‘) ® (4))

i=1j=1

9)

Theorem 1. Let p,q = 0 and A; = (¢}, i}, f;*, t;,i7, [ )(i = 1,2, ...,n) be a collection of BPNSs. Based
on the Hamacher operations in Definition 4, the aggregated value of the BPNS-GHHM operator under
BPNSs information, as defined in Definition 5, is given as follows:
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AP <GP A = s B2 T 407 © 4 =

+q)
(.3 1(t+)P(t+)q)"<"+1>

2(p+q) 2(p+q)
( L XAt (- D(1-tF)PA+(— 1)(1 t+))q)n(n+1) (- 1)( L3 1(t+)p(t+)q)7'l(n+1)
2(p+q) 2(p+q)
Q. By (- DiHP A G- DD OO (BEL, B, (1-iDP A-iH )t
2(ptq) 20¥q) !
( L 2o (I E-DiHP(1+(— 1)L+)q)”‘"+1)+(1 1)( L S, (=P (- l+)q)n(n+1)
2pta) 2 2(p+q)
(2?12 A+ (-1 (= f1+) Y (1+(z— 1)( ) )n(n+1) (2?12 (- (- f+) Y(i- ( f;') )q)n(n+1)
2pta) 2 2(p+q)’
( L X (A E-D(= ff') Y(14+(z— 1)( ))q)"("+1)+(r—1)( l?'=12;}=1(1_(_E+)2)p(1_(_ﬁ) )q)n(nﬂ)
2(p+q) 5 2(p+q)
(B B 0 =D P -0 = (1, 5= () P a=(e7) )
2(p+a) 2 2(p+tq)’
(T, 2, a+ @D )z)p(1+(‘r—l)(t-_)z)q)"(”+1)+(r—1)( n LS ()P a—(t) )q)n<n+1>
2(p+q)

T(E 12] LiT |P|L |q)n(n+1)

2(p+q)

2(p+q)
(T, 2+ =D (1+i)P 1+ (-1 (1+i] ))q)"("+1>+(r (T, TPy 17 [Pl

+q)
—T(Z’-l 12;} . m—|z7|f].—|q)n(n+1)

2(p+q) 2(p+q)
(S Zea 1+ @D (17 )P+ =147 D) -1 (S, Sl 7] )

Proof: Using Eq. (8), we get

/ P A+E-DiHP-a-iH? a+@-1(= ff') P-(-(=11)"P
| A+E-D(1-t})P--D(EHP’ (+@-DiP+E-DA-iP | @+a-1)(-F) P +E-1)a-(-£H) 5P’
(AP =
_ |_a+G-neg )2)1’—<1—(ti‘)2>'ﬂ i P TP
(1+(r—1)(ti‘)2)1’+(r—1)(1—(t ) ! (1+@-1D) (1T DP+E- D] [P’ A+@-D(A+F7))P+E-D)If P

A+@-D(1-tHI--1)(tH)1 A+E-DIHH+E-DA=HT" [ (14— (-7, ))‘1+(1 na-(

(Aj)q =

|
hHe (A+@-Di)1-1-i}) \[ a+@-1)(-f, ))q a-( j
(

_|_areneppi-a=(g)He —tji7 |4 Tl
(1+(1-_1)(t]7)2)q+(1—_1)(1 (55 ))q A+@-D(1+5 DI+@-DIi5 |9 @+ @-D (14,7 )I+@-DIF |9

By referring to Eq. (6), then
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tHPEH
A+@-D (1t )P +a-1)(1-t] )I-@-1) (&P )T
A+(@-Dif P A+-Di)-(1-if P (1-i)?
(1+(1—1)i;f)P(1+(1—1)if)q+(r—1)(1—i*)z’(1—i‘r)q ’

A+ @-D ()P a+a-(-£) Y- ()P a-(-£7) )
W+ -0 ()P A+ -0 (-£) Y+ a-Da- (- P a-(-£) )0

(ADPR(A)T =

2

(1+@-DEDDHPA+E-D ()2 I-(1—(£7) )p(l( )Z)q
| @D ar D) E-Da-() P a-(6) )
—liy |Plif |9
=D (1+i)P 1+ -1+ ) T+ - DI Plif 1
—tlf 1P
a+@-D(+ )P a+a- (e el

According to Eq. (5),

i1 21 (AP ® (4)7 =

SR HPEH
TR I A+E-D (-t )P A+(- D(1-t] ))q @D, I, P ehHa’

Ty e (- DINHPA+E-DiNH T, T, (1-i )P (1-i])1
Ty X, A+ (- DiHP A+ (e~ 1)z+>q+(r DIE, I, - l+)1’(1 i’
2

S, S - (1) P a-1)(- J N, 3 a-(-) P a-(—£7) )
TS (+a-D(= )P A+ a-D(—£) Y+ =D I, I, (- P a=(—£7) e
)q

(-
)2

LS A+ DDA A+E-D(E)HDI-S, S, - () HPa-(tF

2

S ST A+HE-D(E)DP (L E-D(E)D) -1 S, S, a-(67) P a-(7) )4
—Ty, S 17 P71
TR B, (1 =D (1] )P (14 (- 1)(1+l Da+(- YL, I i PliT1e

T S 1P
S S (=D P A+ a-D(14,7 D+ -0 2 37 Pl

Based on Eq. (7),
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(L1247 ® (A7) =
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(B, B, (G- (-6 )P A+ -1 (1-¢F ) - -1) (T, 31 1<t+)v<t+)q)”‘"“)

(Z?:l27=1(1+(T—1)ii+)l’(1+(T—l)i;-')‘l)_n(_n+1)_(zl?'=1Z;,l:l(]__i?’)ﬂ(l_i}')q)—n(n+1)

2 2 ’
(B T (4 G- D P A+ E-DiH ) T 4 (-1 (B, D, (1-i)P (1-i)9) "D

2 2
(z;;lz;;l(1+(r—1>(—fi+)z)v(1+(z—1)(—f-+)2)q)”‘"“>—(zzzlz;;lu—(— ﬁ*)z)*’(l—(—f-*)z)Q)”‘"“)

)

(S @D ()P s (-17) )q)"("“)+<r—1)(2?=123;1(1—(—/7)2)1’(1—( ) )q)"("“)

(B, S, 1+ -1 ()P (14 (- 1)(E]) 2 - (z;;lz;‘=1(1—(t;)2)p(1—(t-‘)2)q)"‘"“)

’

2
(2?=12?=1(1+(r—l)(r;)Z)P(1+(r—1)(t-‘)2)q)"<"“)+(r—1)(2?lx?zl(l—(t;)z)?’(l (e7) )™

T(Z 12;‘ i |P|l |¢I)n(n+1)

’

2
(zn, z};l(l+(r—1)(1+i;))p(1+(r—1)(1+i;))q)"<"+1)+(r—1)(z;1=1 T i [Plig|a )

2
(T, B0 1A P19

2 —_2
(S S @+ @D (47 P =D (1447 D) D 1) (52 2 17|17

By referring to Eq. (8),

1
p+q _
[n(n+1) (Z 1(Ai)p ® (A].)CI)] -
2(p+q)
cr, Z;}:l(ti’r)p(tf)q)n(n+1)
2(p+q) 2(p+q)’
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2(p+q) 2(p+q)’
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+q)
(T X P |")"<"+1>

2(p+q)

2(p+q) 2(p+q)
(B By (=D ()P e (177 D) D e (i, T P )

Eqg. (10) has shown proven.
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Theorem 2. (Idempotency property) 4 = (ti", i, f;*,t7,i7, f7)(i = 1,2, ...,n) be aset of BPNSs. If 4; =

(th,if, fit,t7,i7, f;7) for all i, then BPNS — GHHMP9(A,, A, ..., Ay,) = A

Proof: Since A; = (t},if, fi*, t7,i7, fi (i = 1,2, ..,n), then,

BPNS = GHHMPA(Ay, Ay, ..., Ay) = |——— (S, TI_1 (AP ® (4 )q)]p+q
(Z LT AP ® Aq)]p+q
(zzzlzz-zlfl"*q)]m

("("_“)) (Ap+q)]ﬁ

2

nn+1)

- [n(n+1)

_[ 2
- n(n+1)

= n(n+1)

=4
= BPNS — GHHMPA(A,, A,, ..., A,;) = A

Theorem 3. (Monotonicity property) For any two set of BPNSs, 4; = (¢}, i}, fit,t;,i;, f;)and A}
(tH*, i fﬁ* t;7 07, f7 ) such that A; < Af forall i =1,2,...,n. If tt < t+*, it > l‘“*,f+ > ft and

i

> tim < l‘*,f‘ < f~*, then,
BPNS — GHHMP4(A,, A,, ..., A,)) < BPNS — GHHMPA(A3, A3, ..., AL).

Proof: If t* <t*,i* = i™, ft>ftandt~ =t i~ <i™™ f~ <[~ then,

2(p+q)
(S, S, HP e+ <
2(p+q) 2(p+q) =
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( ‘{1=1Z7=1(t£+*)p(t}-*)q)n(n+1)
2(p+q) 2(p+q) *
(B, 20, +a-D (1=t )P A+ @-D(1-6] )P D_(-1) (3L, T (6P (e a) D
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2(p+q) 2(p+q) =
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2(p+Q) 2(p+q)
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2(p+q) 2(p+q)
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The validity of Theorem 3 has been proven.

Theorem 4. (Boundedness property) For a collection of BPNSs, let A4; =
(&, it f5 67,6, )i = 1,2, ...,n), where T > 0 and if
A™ = (min(t?),max(it), max(f ), max(t™), min(i~), min(f 7))

= (max(t*), min(i**), min(f ), min(t ™), max (i) , max(f ™))

Proof: From the results presented in Theorem 2 and 3, the following can be inferred as:
AT = BPNS — GHHMPA(A%, A%, ..., A"),
A~ = BPNS — GHHMP9(A~,A™,...,A7).
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As a result, BPNS —GHHMP4(A~,A",..,A”) < BPNS — GHHMP4(4,, Ay, ...,A,) < BPNS —
GHHMPA(AY, A%, ..., AY). Hence, A~ < BPNS — GHHMP4(A,, A,, ..., A,;) < A*.

4.  CONCLUSIONS

This study introduces the Hamacher t-norm and t-conorm under BPNS information. A new operational law
of BPNS based on Hamacher aggregation operators has been proposed, which is then applied to Heronian
mean operators, to introduce the BPNS-GHHM operator. The findings of this study can be applied to
address complex, real-world problems characterized by uncertain and incomplete information. The

proposed model offers a versatile framework that can be implemented across a variety of real-life
applications, thereby providing a solid foundation for future research and advancements in this area.
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