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Abstract: The commutativity degree of G can be used to measure how close a group is to be abelian.
This concept has been extended to the probability that two random integers are co-prime. Two integers
s and t are said to be co-prime if their greatest common divisor is equal to one. This concept has been
further extended to the co-prime probability of G, where the probability of the order of a random pair
of elements in the group are co-prime. In this paper, the co-prime probability for all p-groups, where
p is prime number is determined.
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1 Introduction

The commutativity degree of a group G, denoted as P(G), is the probability that two random elements
in G commute. In late 60s, Erdos and Turan [1], applied the concept of commutativity degree for
symmetric groups. Then, Erfanian et al. [2] introduced the relative commutativity degree of G where
they define this probability as the probability for an element of a subgroup H and element of a group G
commute with one another, denoted and gave several bounds for it.

Furthermore, Bureaux and Enriquez [3] introduced the concept of P(G) to the probability that two
random integers are co-prime. Two integers s and t are said to be prime to one another or co-prime if
their greatest common divisor is equal to one, i.e, (s,t)=1. The numbers s,t,u,...,k are said to be co-

prime if every two of them are co-prime. For (s,t,u,....k)=1 which means that there is no number

except 1 which divides all of s,t,u,...,k. In 2008, Hardy and Wright [4] established the result in number
theory that (Theorem 332)

“m‘{(s,t)e[n]2 ,?cd(s,t):l}‘ :%.

where [n] = {1, 2, ..., n}. They concluded that n positive integers chosen arbitrarily and independently
are co-prime is % ~ 0.608.

T
In this paper, the co-prime probability is introduced. This concept is defined as the probability of the
order of two random elements in the group are relatively prime, denoted as R, (G). Furthermore, by

using the definition of the co-prime probability of a group, this probability is determined for p-groups,
where p is prime number.

Hence, this paper consists of three parts where the first part provides some basic ideas on the
commutativity degree and its extensions. The second part states some basic concepts, which are related
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to the commutativity degree, as well as to the co-prime probability of a group. The main results are
presented in the third part.

2 Preliminaries

The definitions of the dihedral groups, the quaternion group and a p-group, where p is a prime number
together with formal definitions of the commutativity degree and its generalization are provided in this
section.

Definition 1 [5] The Dihedral Group

For n>3, the n-th dihedral group is defined as a group consists of rigid motions of a regular n-gon,
denoted by D, . The dihedral groups, D, of order 2n can be presented in a form of generators and
relations given as follows:

D, =<a,b:an =b? =e,ba=a’1b>.
Definition 2 [5] The Quaternion Group

The quaternion group, Q,, is defined by

Q ={L-Li,~i, j,—j.k—k}

Definition 3 [6] A p-Group

A group G is a p-group if and only if the order of G is a power of p, where p is a prime number.

Definition 4 [1] The Commutativity Degree of a Group

Suppose that s and t are two random elements of a group G. The commutativity degree of a group is
given as follows:

(s.t)eGxG:st=ts|
6f |

p(c;):|

3 Results and Discussion

The co-prime probability of G is determined for p-groups. This probability is defined as the probability
of the order of two random elements in the group are co-prime.

Definition 5 The Co-Prime Probability of a Group

The co-prime probability of a group G, denoted as P, (G), is defined as:
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{(st)eGxG ;(|s|,|t|):1}\_

S =i

copr

The following proposition provides the co-prime probability of p-groups.

Proposition 1

Let G be a finite p-group of order p",where n>1.Then P_ (G)= 2p 1

copr 2n

Proof

Suppose G is a p-group where p is a prime number. Thus |G| =p", n>1. Let s,teG.

Case 1: If s=e,then e is co-prime to all elements t in G, since (|e|,|t|=1). Let Bz{(e,t)erG}.

Then, the total pair of elements s and t that are relatively prime is |B|=|G| = p".

Case 2: If t=e, then all elements in seG are co-prime with t, since (|s./g[=1). Let
B:{(s,e)erG:s;te}.Then the total pair of elements s and t that are relatively prime is
B]=1e]-[fe} =" -1.

Case 3: If s and t are two non-identity elements of G, then |s| = p,where 1<v<n and |t|= p", where

1<ws<n. Thus (|s|,[t|)= p", where 1<r <n which implies (|s|,|t|) 1. Hence s and tare not co-prime.

Let A={(s,t)eGxG|(|s].|t|)=1}.By considering all cases, A=BC. Then, the number of possible
pairs of s and t that are relatively prime in G is |A=|B|+|C|. Thus, |A|=p"+p"-1=2p"-1. By

{(s)eexG:(s)=8] |4 _2p"-1_2p"-1

Definition 5, P__(G) = n
of o (w) P

copr

To illustrate Proposition 1, the following examples can be considered.

Example 1

Suppose D; is the dihedral group of order 16 or 2, i.e, D, =<a,b:a8 =b? =e,ba=a’7b>. In D,, there
are  le[=1 [q =|a3| =|a5| =|a7| =8,|a2| :|a6| :4,|a4|: 2 and |b| =|ab|:|a2b| =|a3b|:|a“b|:|a5b| =

|a7b| = 2.Firstly, the value of the co-prime probability of D, is computed by using Definition 5. If s =e,
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and teD,, then s and t are co-prime. If t=e,and seD,\{e}, then s and t are also co-prime.
31

Otherwise, s and t are not co-prime. Hence, P, (D;) = TS

Next, the value of co-prime probability of D, is computed by using the formula. Thus, by Proposition

i SR 2(2)' -1 -
1, P, (G)= 2p2n ! which implies Pcopr(Ds)z%zﬂ, the similar result.
(24) 256

4 Conclusion

In this paper, the co-prime probability is introduced. The co-prime probability of G has been found for
2p" -1

2n "

p-groups. It has been found that for p-groups, the co-prime probability is equal to
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